28 ≤ R(C_4, C_4, C_3, C_3) ≤ 36

Xu Xiaodong^∗

Guangxi Academy of Sciences Nanning, 530007, P.R. China

xxdmaths@sina.com

Stanisław P. Radziszowski

Department of Computer Science Rochester Institute of Technology Rochester, NY 14623, USA

spr@cs.rit.edu

MR Subject Classification 05C55

Abstract

Using four colors we construct a coloring of the edges of K27 which has no monochromatic quadrilaterals in the first two colors and no monochromatic triangles in the other two colors. This gives a new lower bound of 28 on the Ramsey number R(C4, C4, C3, C3). We also prove an upper bound of 36 for the same number using an estimate of the maximum number of edges in C4-free graphs.

1 Background

For graphs G_1, · · · , G_k, the generalized multicolor graph Ramsey number R(G_1, · · · , G_k) is the least natural number n such that in any edge coloring with k colors of K_n, there exists monochromatic G_i in some color i, 1 ≤ i ≤ k. A regularly updated survey of the most recent results on the best known bounds on various types of Ramsey numbers is maintained by the second author [6].

The best known lower bound of 27 for the graphs C_4, C_4, C_3, C_3 was established in 2005 by Engstrőm [4]. In the next section we construct a 4- coloring C_2 of the edges of K_{27} which has no monochromatic quadrilaterals in the first two colors and no monochromatic triangles in the other two

∗Partially supported by the National Science Fund of China (60563008)

colors. This improves the best known lower bound on the Ramsey number R(C_4, C_4, C_3, C_3) from 27 to 28. We also show that the known bound on the maximum number of edges in any C_4-free graph on 36 vertices implies that R(C_4, C_4, C_3, C_3) ≤ 36. In the following we use notation similar to that of our earlier paper [7], in which we presented a few similar constructions avoiding complete graphs.

2 The Construction

The construction of the coloring C_2 of the edges of K_{27} using 4 colors is accomplished in three stages. The matrix of the final coloring is presented in Figure 1.

Stage 1. Start with two 2-colorings G and H of K_5 with vertex sets U = {u_1, u_2, u_3, u_4, u_5} and V = {v_1, v_2, v_3, v_4, v_5}, respectively, where the edges of C_5 = u_1u_2u_3u_4u_5u_1 in G have color 1, other 5 edges of G have color 2, the edges of C_5 = v_1v_2v_3v_4v_5v_1 in H have color 3, and the other 5 edges in H have color 4. Clearly, there is no monochromatic C_3 or C_4 in G or H. Next, construct the product coloring C_0 of the edges of K_{25} on the vertex set U × V by defining:

C_0((u_{p1} , v_{q1} ), (u_{p2} , v_{q2} )) = { G(u_{p1} , u_{p2} ) if q_1 = q_2, H(v_{q1} , v_{q2} ) if q_1 ≠ q_2,

for 1 ≤ p_1, p_2, q_1, q_2 ≤ 5, and p_1 ≠ p_2 or q_1 ≠ q_2.

One can see the coloring C_0 as five copies of G interconnected by the edges of colors 3 and 4 according to H. There are no monochromatic triangles in any color, but there is a large number of C_4’s in colors 3 and 4.

Stage 2. Obtain C_1 from C_0 by recoloring the pentagon (u_1, v_1)(u_1, v_2) (u_1, v_3)(u_1, v_4)(u_1, v_5)(u_1, v_1) from color 3 to color 2, and two pentagons (u_2, v_1)(u_2, v_3)(u_2, v_5)(u_2, v_2)(u_2, v_4)(u_2, v_1) and (u_5, v_1)(u_5, v_3) (u_5, v_5) (u_5, v_2) (u_5, v_4) (u_5, v_1) from color 4 to color 1. Observe that no C_4’s in colors 1 and 2 where introduced by this step.

Stage 3. The final coloring C_2 of the edges of K_{27} on the vertex set U × V ∪ {s, t} is defined as an extension of C_1. For 1 ≤ p, q ≤ 5, the edges adjacent to {s, t} are colored as follows:

C_2(s, (u_p, v_q )) =

1 if p = 3, 2 if p = 2 or p = 4, 3 if p = 1, 4 if p = 5, u1 v1 1221 23333 44444 44444 23333 33
u2 v1 1 122 33333 41444 41444 33333 24
u3 v1 21 12 33333 44444 44444 33333 12
u4 v1 221 1 33333 44444 44444 33333 21
u5 v1 1221 33333 44441 44441 33333 42

u1 v2 23333 1221 23333 44444 44444 33
u2 v2 33333 1 122 33333 41444 41444 24
u3 v2 33333 21 12 33333 44444 44444 12
u4 v2 33333 221 1 33333 44444 44444 21
u5 v2 33333 1221 33333 44441 44441 42

u1 v3 44444 23333 1221 23333 44444 33
u2 v3 41444 33333 1 122 33333 41444 24
u3 v3 44444 33333 21 12 33333 44444 12
u4 v3 44444 33333 221 1 33333 44444 21
u5 v3 44441 33333 1221 33333 44441 42

u1 v4 44444 44444 23333 1221 23333 33
u2 v4 41444 41444 33333 1 122 33333 24
u3 v4 44444 44444 33333 21 12 33333 12
u4 v4 44444 44444 33333 221 1 33333 21
u5 v4 44441 44441 33333 1221 33333 42

u1 v5 23333 44444 44444 23333 1221 33
u2 v5 33333 41444 41444 33333 1 122 24
u3 v5 33333 44444 44444 33333 21 12 12
u4 v5 33333 44444 44444 33333 221 1 21
u5 v5 33333 44441 44441 33333 1221 42

  s 32124 32124 32124 32124 32124 4
  t 34212 34212 34212 34212 34212 4

Figure 1. (C_4, C_4, C_3, C_3)-good 4-coloring C_2 of the edges of K_{27}

C_2(t, (u_p, v_q )) =

1 if p = 4, 2 if p = 3 or p = 5, 3 if p = 1, 4 if p = 2,

and, finally, let C_2(s, t) = 4. Still a straightforward but little less obvious check shows that C_2 avoids C_4 and C_3 as required, i.e. it is (C_4, C_4, C_3, C_3)- good. The matrix form of coloring C_2 is presented in Figure 1, where s and t correspond to the last two rows and columns. Note that the colors of the edges added at this stage depend only on p, and not on q.

By the construction of C_2 we have:

Theorem 1. R(C_4, C_4, C_3, C_3) ≥ 28.

Observe that since K_3 = C_3 and Ramsey numbers are preserved under permutations of arguments, the above theorem is equivalent to R(K_3, K_3, C_4, C_4) ≥ 28.

As far as we are aware, no upper bound for R(C_4, C_4, C_3, C_3) has been published. One can easily derive an upper bound of 59 by using the known facts, R(K_3, C_4, C_4) = 12 and R(K_3, K_{12}) ≤ 59 (cf. [6]). However, we can do much better by employing bounds on the function ex(n; C_4), which is the maximum number of edges in any C_4-free graph on n vertices. Let t_n = ex(n; C_4).

Theorem 2. R(C_4, C_4, C_3, C_3) ≤ 36.

Proof. Suppose C is a (C_4, C_4, C_3, C_3)-good coloring of the edges of K_{36}. Since R(C_4, C_4, K_3) = 12 (cf. [6]), each vertex in C has degree at most 11 in color 3 and in color 4, and thus C has at most 198 edges in each of the colors 3 and 4. Irving [5] proved (see also Bollobás [1]) that t_n < n(1+ √ 4n − 3)/4, which used with n = 36 implies that C has at most 115 edges in each of the colors 1 and 2. Hence, we can color at most 2(198 + 115) = 626 edges, while

(_{36} 2 ) = 630 need to be colored. This is a contradiction. ♦

We note that a similar reasoning does not disprove the existence of a (C_4, C_4, C_3, C_3)-good coloring of K_{35} (in this case the same bound by Irving gives t_{35} ≤ 111). We conclude with some easy bounds on a similar Ramsey number R(C_4, C_4, C_4, C_3), which so far was not listed in the survey [6]. A (C_4, C_4, C_4, C_3)-good coloring of K_{20} can be obtained by ”doubling” Clapham construction: take two disjoint copies of the Clapham (C_4, C_4, C_4)-good coloring on 10 vertices [2], and color all edges in-between in color 4. The upper bound of 27 follows from a reasoning similar to that in the proof of Theorem 2, using the known value t_{27} = 71 [8] (the exact values of t_n are known up to n = 31 [3, 8]). Hence, we have

21 ≤ R(C_4, C_4, C_4, C_3) ≤ 27.

References

[1] Béla Bollobás, Extremal Graph Theory, in the Handbook of Combinatorics, Vol. II, The MIT Press - Elsevier, 1995, chapter 23, 1231–1292.

[2] C.R.J. Clapham, The Ramsey Number r(C_4, C_4, C_4), Periodica Mathematica Hungarica, 18 (1987) 317–318.

[3] C.R.J. Clapham, A. Flockhart and John Sheehan, Graphs without Four-Cycles, Journal of Graph Theory, 13 (1989) 29–47.

[4] Alexander Engstrőm, A Note on Two Multicolor Ramsey Numbers, Electronic Journal of Combinatorics, 12 #N14, 1 (2005), 3 pages,

http://www.combinatorics.org.

[5] Robert W. Irving, Generalised Ramsey Numbers for Small Graphs, Discrete Mathematics, 9 (1974) 251–264.

[6] Stanisław P. Radziszowski, Small Ramsey Numbers, Electronic Journal of Combinatorics, Dynamic Survey 1, revision #11, August 2006, 60 pages, http://www.combinatorics.org.

[7] Xu Xiaodong, Xie Zheng, Geoffrey Exoo and Stanisław P. Radziszowski, Constructive Lower Bounds on Classical Multicolor Ramsey Numbers, Electronic Journal of Combinatorics, 11 #R35, 1 (2004), 24 pages, http://www.combinatorics.org.

[8] Yang Yuansheng and Peter Rowlison, On Extremal Graphs without Four-Cycles, Utilitas Mathematica, 41 (1992) 204–210.