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Abstract:

We consider alternating Turing machines with the bound
on the number of alternations given by some function. By
restricting the class of machines to those operating in polynomial

time we obtain the hierarchy of classes between ngg'zﬁ (the

sum of polynomial-time hierarchy of Stockmeyer) and PSPACE. We
exhibit some problems to be complete in a special sense in the
class of problems solvable by alternating Turing machines
performing at most f(n) alternations. Also conditional
inequalities between classes are derived. The second part

of the paper relates these results to the measure STA intro-
duced by Berman [2]. Several properties of that measure are
presented.

Key words: alternation, nondeterminism, complexity classes,
PSPACE, PTIME, bounded alternation, STA measure.



PART I

I. Introduction

Deep conviction and intuition that the class PTIME
(problems solvable by deterministic Turing machines running
in polynomial time) is properly included in the class PSPACE
(problems solvable by Turing machines using polynomial amount
of memory) has supported many investigations considering
complexity classes probably 1lying essentially between PTIME
and PSPACE. The most known candidate for such a class is
NPTIME (the class of problems solvable in polynomial time

by nondeterministic Turing machines). We know that:
PTIME C NPTIME C PSPACE, (1)

but whether these inclusions are proper remains an open
question. The first inclusion, called the P # NP conjecture,
was posed by Cook in [7] and has been studied intensively

in [11, [2], [31, [41, [81], [17], [18] among others.

The works of Stockmever and Wrathall have provided
new insight into the second inclusion. They constructed the
hierarchy called "the polynomial-time hierarchy",

{Zﬁ: k=0}, of which the first step EE is equal to NPTIME.

They proved that this hierarchy has the property:

NPTIME C U EE C PSPACE.
k> =



In the first part of the paper we investigate what
probably isa nonempty gap between the sum of Stockmeyer's
hierarchy ktg EE and PSPACE. Stockmeyer proved that a

sufficient condition for the proper inclusion:

u =P PSPACE (2)
kip k ;

is that the polynomial-time hierarchy is infinite, but we

do not know whether this condition is necessary. If the
reader is convinced that (2) does not hold (or better still,
he can prove it), we suggest that he stor reading the text

at this point.

The heart of Stockmeyer's hierarchy is the finite
number of alternating quantifiers leading some relation
computable in polynomial time on a deterministic machine.
Using the notion of an alternating Turing machine (Chandra
and Stockmeyer [6] ) we extend this classification by letting
the number of alternationsto be dynamic and bounded by some

function.

On the other hand from [ 6] we know that alternating
Turing machines running in polynomial time (abbreviate

ATMpol) recognize exactly the problems lying in PSPACE.

Sections II and III recall the basic facts regarding
the polynomial-time hierarchy of Stockmeyer and alternating
Turing machines. The next section gives a new proof of the

theorem that PSPACE is equal to the class of languages

accepted by alternating Turing machines running in polynomial

if



time (ATMpol). In the proof we use a special kind of reduction
that preserves the number of alternations. In the later sections
we exploit this technique to show that some problems are
complete in the class of languages recognizable by ATMpol

with the number of alternations bounded by some function

f (n) (abbreviate ASTATE(f(n))). These classes appear to be
probable candidates to lie properly between 18)0 Ei’ and PSPACE.

le present three problems complete in the class ASTATE (f(n)):
the first is based on a diagonalization method, the second is

a restricted version of quantified Boolean formulas Bw while

the third is a game.

Towards the end of the first part of the paper we sketch

a program of further research.

The second part of the work relates these results to
the STA measure defined by Berman [2]. The class STA(s(n),
t(n), a(n)) denotes the class of languages which can be
recognized by ATM with simultaneous bounds on space, time
and alternations given by the functions s(n), t(n) and a(n).
Several properties of STA measure are derived, among others
such as STA(vol,pol,pol) = STA(pol,exp,pol). The classes
ASTATE (f(n)) considered in part I appear to be a special
case of the STA measure, since we have the equality

ASTATE (f(n)) = STA(pol,pol,f(n)).



II. Preliminaries

a) The vpolynomial-time hierarchy of Stockmeyer.

By the polynomial-time hierarchy we shall mean the following

family of classes of languages:

{28, 12 : i>0},

where:

1. Eg = ng = PTIME,

2 LE 23§+1 iff there exist a relation REHE and a
polvnomial p, such that:
xsL = J|y| < p(]x]) R(x,v),

B K€ﬂ§+1 iff there exist a relation SGEE: and a

polynomial r, such that:

XEK @ ¥ |y|<r(|x]|) s(x,y).

This definition, due to Wrathall [ 18] differs from the
original one, but she proved that they are equivalent.
The most important properties of this hierarchy are as

follows [17] ,[18]:

a) PTIME C 2P C U
= "L =i

=7 C PSPACE,

P
b) Z7

P
m;

NPTIME,

co-NPTIME = {L:L € NPTIME},



Py P P AP .
c) T VML c z . NN° ., for all n>0;

for all n>0 the problem whether the inclusion is

proper remains open,

P =P iy P - P
d) Ei Ei+1 = (V]Zl)zj Ei,
for any i>0 we do not know whether the hypothesis

of the implication is true.

We will use the family of problems.{Bp: n>o} and B, stricly
connected with the polynomial-time hierarchy.
Let us denote:

Xy = {le,...,Xjk_} +r 1<j<n, the finite sets of Boolean
J variables,

OX. = OX_..++-0Q

j i1 xjkj , where Q is the existential

quantifier J or universal
quantifier ¥.

Then Bp, B, are defined as follows:
B, = {F(Xl,...Xn): F(Xl""'xn) is the Boolean formula
with the set of variables U {X;:1< i <n} and

(3xl)(vx2)(3x3)...(ann) F(XgreeasX)) = 5

00

B. = WBn
w n=l

Let us note that Bl is exactly equal to the NPTIME-
complete set of satisfiable Boolean formulas (Cook [7 ]).
In [17], [18] it is showed that B is log-space complete

in PSPACE and B, is log-space complete in IJE.



b) Alternation.

By an alternating Turing machine (ATM) we shall mean the

machine defined by Chandra and Stockmeyer [6 ]. The
alternating Turing machine is a nondeterministic Turing
machine, where the set of states Q is divided into existential
states E and universal states U (Q=E UU,ENTU = 2)
The essential difference between nondeterministic and alter-
nating machines is in the notion of accepting computation. The
formal definition is rather complicated, but briefly speaking
the procedure for checking if the input x is accepted by

an A € ATM is the following:

Since we are dealing only with recursive languages,
we can assume without loss of generality, that all computations
of A (treated as a nondeterministic machine) for input x

are finite. Consider the computation tree of A for x:

accepting computation

The nodes of the tree represent the configurations of

machine A, the root is the initial configuration of A for x.



le call the confiqguration existential (marked J ) if
its state belongs to the set E and universal (marked ¥) if
its state belongs to U. The sons of a node C are those
configurations of A which are direct succesors of C (still
A treated as an nondeterministic machine). The leaves of the

tree are the terminal configurations of A.

We label all leaves which are accepting configurations
by 1, other leaves by 0. Then, proceeding from the bottom to
the top, label all nodes of the tree taking Boolean sum (product)
of the labels of the node's sons, if the node is an existential
(universal) configuration. Finally, x is accented iff the

root of the tree is labeled by 1.

In other words, x 1is accepted iff in the computation
tree of A for X we can choose a subree D, such that all
nodes of D are labeled by 1 and the labeling "agrees" with
the type of node (existential: one outcoming branch; univer-

sal: all outcoming branches are included in the subtree D).

Alternating Turing machine A€ATM accepts x in fewer than k
steps if there exists a subtree D as described above, which

has denth no greater than k.

The fundamental theorem [6 ], which we will use, says that:
ATIME (pol) = PSPACE, (3)
where ATIME (vol) denotes the class of languages recognizable

by alternating Turing machines running in polynomial time.



Other properties of ATM were studied by Paul and Reischuk

[14]. They show that alternation is more powerful than

nondeterminism.

In this paver we assume that the initial configura-

tion of an alternating machine is existential.



III. Connections between polynomial-time hierarchy and

alternation.

The theorem describing the computational power of alternating
Turing machines, ATIME (pol) = PSPACE, is proved in [6] by
a direct simulation of a machine operating in polynomial time,
and vice versa. We shall prove the same theorem, but using
another technique. Our oroof uses the PSPACE complete set
Bm - we show directly that it is complete in ATIME (pol) and
hence we can conclude the equality (3). The transformation
of the pnroof, anmart from providing a better understanding of
the theorem, has two advanteges. In the new proof it is easy
to count the number of alternations required for the solution
of a problem. Furthermore, our proof, after some slight modifica-
tions, will »ermit us to show similar results dealing with

classes lying between U{Zﬁz n>0} and PSPACE.

Theorem 1:

ATIME (pol) = PSPACE

The proof proceeds in two steps.The first, an obvious one,
is to show that Bw € ATIME (pol) . In the second it is demon-
strated that each language L€ATIME (pol) can be reduced in

polynomial time to Bw' Hence we have:

Le PSPACE « L< i B LeATIIE (pol) ,

because both classes PSPACE and ATIME (pol) are closed under
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polynomial-time reducibility.

1) Bw €ATIME (pol).

Consider the following alternating program:

1. Given Boolean formula « of length n determine
the number k - the number of changes of the type of
quantifier;

2. Q: = E pi:=1y

3. if Q=E then existentially execute for all xeX; {x:=0,x:=1};

4. if 0=U then universally execute for all xeX; {x:=0,x:=1};

5. if i<k then

(i:=i+1; Q:=if O=E then U else E; go to 3);

6. if a(Xy,...,%) =1 then ACCEPT else REJECT;

The above program can be easily rewritten into a formal
alternating Turing machine running in time 0(n2). The do-
minant time factor is produced by instruction 6.The correctness
of the alcorithm follows directly from the definition of an

accepting computation of ATIf.

2) B, is polynomial-time complete in ATIME (pol).

Let us take an arbitrary alternating Turing machine
M € ATMpol running in time p(n) for some polynomial p. On
the accepted input x of lenath n, machine M will
execute no more than t=p(n) steps. Denote by L the
language accepted by machine M. In polynomial time we will

deterministically produce for each x a Boolean formula ax’
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such that:
Xe L « ax € Bw'

The construction of Lo requires the following lemma:

Lemma :
The relation xe L can be defined by the formula of the

form: .
¥y Wy A¥ge-<Q, R(XYgreees¥y)y (4)
¥

t ]
Y; € ¥= {100 mk for i=1,...,t and m -the range of

nondeterminism of machine M,

R(X,yq,...,¥,) € PTIME.

Remark 1:

Although formula (4)can seem to be the same as that considered
by Chandra and Stockmever [6 ] in the proof of (3),
there is an essential difference. They are dealing only with
standard alternating Turing machines, which change the type
of the state on every move. In such a model the number of
alternations is always proportional to the running time of
the machine. In our model, the machines alternate only at some
points of the computation. Moreover,the changes of quantifiers
are not synchronized on the levels of the computation tree.
In such a manner the number of alternations can reflect some
aspects of the internal complexity of the problem solved on an

alternating Turing machine.
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Proof of the lemma:

The yi's represent a finite path in the computation tree
of M for x, such that all configurations on y; are of the
same type (E or U) and ¥i is maximal, i.e. it cannot be extended
without changing the type of configuration. Hence all possible
codes of y; are contained in the set ;z {1,...,m}j.

Given a sequence of yi's we can easily check in polynomial
time whether their concatenation ylyz...y:j is admissible,
that means all yi's are maximal when passing the computation
tree along the path yl...yj. Hence the following functions

are computable in a common polynomial time bound:

true <133 Y1Y2"'Yj is admissible,
p)j‘ (er---,yj) =
false otherwise,
.
configuration of M if yly2"'yj is admissible,

which is computed
from the initial
configuration for x

J =
Cx (yl,...,yj)— { along the path Yq---¥y

undefined otherwise,

oY j=1,...,ts
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For example, consider the computation tree of M for x of

the form:

type of the initial configuration of M

configuration____~~~~~~"3 e”’,,—for X

2
Cx(2,11)
We have:
3 .
Yy €3¢ {1,217, ¢=3, m=2,
1 2 1 2

Py (11) = B (11,1) = Py (123) Py (2,11) = true,

2 2 1

Py (1,1) = Py (21,1) = Py (22) = false.
Let us denote:
j true if C; (yl,...y.) is an accepting
ACCY (yqreveryy) = configuration

false otherwise,
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i i
Py (yl'..'yi)A(ACCx (yl,---,yt)v
P i+1 . s
P;(Yl""'yt)= AP (Yyreear¥i4q) if i is edd,
h S - = =
Py (yl,...,yi)A ACC, (yl,-..,yt) if i is even.

Now by the induction on t>1 we can prove that R can be

written as:
t

1 2 .
iZ{ PX (yl,...,yt) if t is even, (5)
and
=1 4 t t
X{l Py (Vyreeeryy) V (px(yl,...,yt)A ACC_(Yq/r+--r¥y))

if t is odd. (6)

Tor t=1,2 the formulas (6) and (5) have the form (p% A ci)
and pi A (ci v "1pi) v (pi A ci ) respectively (c;==ACCi).

Then the formulas:

1
(ayl) p}l{ A cx' (7)

1 1
(3y1)(Vy2) (p, n (cg

2 2 2
8
v Tpx)) v (P acy), (8)
define the relation x €L for t=1,2. Obviously, (7)deals with
an ordinary nondeterministic computation. In (8) the first
part says that it is possible to accept x without alternation
and formula (pi A ci) describes a possible accepting computation with

one change of quantifier.
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Generalizing to an arbitrary t=1, formulas (5) and
(6) preceded by a suitable prefix of quantifiers describe
the possibility that x € L is accepted in i=0,1,...,t-1

alternations.

This completes the proof of the lemma, since formulas
(5) and (6) are computable from XpYqreeor¥ge in a common

polynomial time bound. a

Remark 2:

Now, it would be possilbe to transform R directly to
some Boolean formula o, such that R = (3S)a, using a well
known method for expressing the next-move relation by a
propositional formula (where S is a set of additional
Boolean variables). However we are interested in eliminating
the quantifier (jS), therefore we proceed in another way.

O

In the final part of the proof of theorem 1 we
shall use the circuit value problem CVP which is log-space
conplete in PTIME (Ladner [13])., In the circuit value
problem, we are given a list L of assignments to

Cl""’cn of the form:
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Ci:=0,
Ci:=l,
Ci:=cj /\Ck 7 JiksE
Ci:=ij Ck’ j k<1
Ci:= '1Cj ’ g s

such that each Ci occurs on the left exactly once. The problem

is to determine the final Boolean value of Cn'

Let X, §i denote the binary code of x, y;. Treating
x and Yi's as sets of propositional variables and using the
completeness of CVP in PTIME, we can transform, in polynomial

time, the relation R to some instance B of CVP, such that:
R(X,Yqreeesyy) ® B(Xx, ;1,...,§t)=1, (9)

where X, §2,...,§t occur in B only as some assignments of
the type Ci:=0 or Ci: =1. These initial values of Ci encode
the arguments of R, while the structure of R is reflected

in the graph of the circuit B.

Consider two formulas:

=]
I

1 ll A12 S Aln = Cn'

o, = 11 Alz e Aln ACn,
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where:
(

C. < 0 if C.:=0 €L
1 i

(G - - if ¢ =1 &L
1 i

1, = c; * Cj A Cp if ci:=cj AC, €L

Ci < Cj v Ck b 05 Ci:=Cj ka el

G € T g if Q.:=1C. €l
1 3 i 3j

It is easy to note, that for given R(x, yl,...,yt):

R(X, ¥ reeeryy) @ (¥8) a;(s) @ (Is) a,(s), (10)

where the set of Boolean variables S is defined as follows:

S = {Ci:li is not of the form c;® 0 or Ci**l}.

The set S is composed from those variables whose values are

not coded directly by R(x,yl,...,yt).

Finally we can define formula @, as:

@, (X,¥y,---+ (¥, US)) if y_ is bounded by ¥

a2(§,§1,...,(§t Us)) if y, is bounded by ]

Obviously @, can be determined in polynomial time. Taking
into consideration (9) and (10) this completes the proof of

the theorem.
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The proof of the completeness of B, in ATIME (pol) may
apoear to be rather unnecessarily complicated, but that

technique was used to obtain the following corollary:

Corollary 1:

The transformation from the proof of theorem 1 preserves
the number of alternations. That is to say, the alternating
Turing machine M € ATMool making t alternations on input x
can be reduced in polynomial time to an instance of B, with

t alternations of quantifiers.

The resulting formula ax is a propositional formula,
but not in CNF-form (conjunctive-normal form). On the other
hand, using standard techniques for describing polynomial-time
computations with Boolean formulas we obtain CNF - formula
with leading existential quantifier. An interesting ovpen
question arises, whether we can prove theorem 1 using formulas

from Bwﬂ CNF, but in such a manner, that the corollary 1 holds.
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IV. Bounded alternation - preliminaries

An alternating Turing machine A € ATMpol accepts an
input x 1in k changes of the state type (alternations),
if it is possible to choose an accepting subtree D of the
computation tree D' of machine A fof input x, such that for
all naths from the root to leaves in D the number of changes
of the tyve of configuration (existential ¢ universal) does

not exceed k.

Definition
a) Machine A € AYMpol has the type-state complexity f£(n) iff

A accepts x in f(n) changes of the state type (alternations),

for all accented inputs x of length n.

b) ASTATE(f(n)) is the class of languages, such that:
L € ASTATE(f(n)) iff there exists an alternating Turing machine
A € ATMpol, such that A accepts L and

A has state type comnlexity f(n).

]
From the definition we can immediately obtain the following

properties of the classes ASTATZ (f(n)):

1. E(n) < g(n) = ASTATE(£f(n)) E ASTATE (g(n)),
- directly from the definition.
2, If f£(n) is monotonic and not bounded by any polynomial

then ASTATE(f(n)) = PSPACE,
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- from the assumption we are restricted to the class of
ATMpol, hence with the exception of finite interval,
every machine from ATMpol has state type complexity
f(n). Then ASTATE(f(n)) = ATIME(pol), which is equal

to PSPACE (theorem 1).

3. ASTATE(0) = Z%,

- from the assumption the initial configuration of every
machine A € ATM(pol) is existential. Then the class
ASTATE(0) is equal to the class of languages recognizable
by nondeterministic Turing machines running in polynomial

time.
Property 3 can be easy generalized to:

4. TP = ASTATE (k-1) for k>1,

Proof:
2 : Repeat exactly the proof of theorem 1 with t=const=k
in all places where t denotes the length of the

alternating sequence yl,...,yt.

Note that corollary 1 is important here,

D
%
R € PTIME, such that:

N

Take arbitrary LeZ Then there exists a relation

xeL & RS -\Lyz... ka R(x,yl,...,yk),
where the range of quantifiers is restricted to yi's

of length bounded by some polynomial p([x|). The

language L. is accepted by the following alternating
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A€ ATMpol with state type complexity

uring machine

k=-1) :
1) t:=p(|x|); i:=1; S:=E;
2)vhile i<k do
begin
if S=E then existentially construct yi of length t;
if S=U then universally construct Y; of length t;
if S=E then S:=U else §S:=E; 1i:=i+l

end;

3) 1f R(x,yl,...,yk) then ACCEPT else REJECT;

O

The above description of the alternating algorithm can easily be
transformed to a machine A € ATMpol with state type complexity

(k-1) .
Now, using the properties of Stockmeyer's polynomial-time

let us note that:
ASTATE (i+1) = (¥j)(jii = ASTATE (j)=ASTATE(i)),

hierarchy,
5. ASTATE (i) =
-directly from d4d) section IIa).
af @ s
6. ASTATE (const) = U ASTATE (i) =\, EE,
i= f
- from 4 this section.
L=
el
=U Zy,
k=0 “k
is closed

i Bm € ASTATE (const) ® PSPACE
- from 6 this section, using the fact that Ei is

under log-space reducibility and from log-space completeness

of Bw in PSPACE.
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8. B, € ASTATE(cn/log n) for some c>O,
- from the syntax of Boolean formula we can easy derive

that the number of alternations of quantifiers is

bounded by n/log n, then we use the alternating machine from

section I1I/1 for k = n/log n.

9. For any unbounded monotonic function f(n):

P
kgozk € ASTATE(f(n)) € PSPACE,

- first inclusion follows from properties 6 and 1, the
second one from properties 2 and 1 of this section. For
any function f(n) both inclusions are open problems when

we ask if they are proper.

In the following section we shall investigate the
classes ASTATE(f(n)) for certain functions f(n). All results

are conditional, in the sense that, if PTIME = PSPACE or

U
k>oz§ = PSPACE, then all the hierarchy vanishes, but it seems

as implausible as the equality PTIME = PSPACE or PTIME = NPTIME.
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V. Bounded alternation - completeness

The function f is regular if it is an unbounded,
monotonic, polynomial-time computable function from positive
integers to positive integers. In this section we shall in-
vestigate classes of problems solvable by alternating Turing
machines with the state type complexity f(n), where £ is
any regular function. In general, we do not know whether the
class ASTATE (f(n)) is closed under polynomial-tire Turing reducibility.

We will say that a reduction r of the class of machines
C C ATMpol to some problem P preserves the number of alterna-

tions if:

1) r is a reduction, i.e. for every input x and machine
M eC

X 1is accepted by M © p=r(x,M)e P

2) There exists a machine K € ATMpol recougnizing P, such
that the number of alternations made by K on an input
p=r (x,M) is not greater than the number of alternations

made by machine M on input x.

Further, the problem P is polynomial-time complete in the
class C preserving state type complexity if P can be recognized
by some machine from the class C and there exists a reduction
from C to P computable in polynomial time and preserving the

number of alternations.

In the sequel the class of languages ASTATE(f(n)) will
be identified with the class of appropriate machines, in this

case with the class of machines ATMpol with state type complexity
f(n).
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Using the method of Baker, Gill and Solovay [ 1] we prove

the following existential theorem:

Theorem 2:

There exists a polynomial-time complete problem in the

class ASTATE(f(n)) preserving state type complexity.

Proof:
Every alternating Turing machine can be converted to a
machine from the class ATMpol, and with at most f(n) changes
of the type of state, by attaching two clocks terminating
computations, if time or number of alternations exceeds
some predetermined value. We can thereby produce a list
of machines accepting all languages from the class ASTATE
(f(n)) and such, that each machine from the class ATMpol
with state type complexity f(n) is represented in the list
by some machine from the class ATMpol with the same state

type complexity.

We will denote by Ai the i-th machine from the list
and, without loss of generality, we can assume that pi(n)
is a strict upper bound on the running time of Ai’ where
pi(n)= i+ni. As usual, the binary code of a sequence Xyreees

X will be denoted by SKyreeerXe >

Consider the set of binary strings:
K = {<i,x,0"> : A; accepts x in time not greater than n}.
We shall prove that the set K is polynomial-time complete

in ASTATE (f(n)) and the reduction preserves the number of
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alternations.

First note,that K € ASTATE(f(n)). An alternating
machine M € ATMpol recognizes K by constructing and
simulating machine Ai for n steps. Obviously M has
the same state type complexity as Loy that means f(n).

Let S be an arbitrary language from the class
ASTATE (£ (n)) Then the set S is accepted by some machine
Ai' The reduction is given by the function g computable
in polynomial time:

g(x) = <i,x,0pi(lx|)>,

Hence we have:
X€eES * Ai accepts x €

© A, accents x in time < p,(|x|) and £(|x|)alterna-
tions

« <i,x,0pi(|x|%e K.

Finally, note that the number of alternations after the

reduction remains exactly the same.
O

Now we can conclude the following corollary:

Corollary 2:

If the polynomial-time hierarchy of Stockmeyer {E§ :1>0}

is infinite then:

U =P ASTATE (£f(n)) .
ok F
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Proof:
From property 9 section IV we know that:

Uz  c asTATE(£(n)).
k>0

Assume {”P: k>0} is infinite and ASTATE (f(n)) = Y Z>.

Consider the set K from the proof of the previous theorem.
There has to exist i>0 , such that K € E?. The class

E? is closed under polynomial-time reducibility ( [17],[18]).
Thus from the comoleteness of K in ASTATE(f(n)) we receive:

U zi = ASTATE(f(n)) C =P,
k>0 -

which contradicts with the infinity of the family {Zi:kzo}
0

It would be quite interestingto find a regular function
f bounded by some polynomial, such that there exists a set
S complete in ASTATE(f(n)) and the reduction decreases the
number of alternations. However, under weaker condition, i.e.

function £(n) = logn,we can formulate the following corollary:

Corollary 3:

i B, € ASTATE (log n) then PSPACE C U ASTATE (c-logn)
k=0

Proof:
Take an arbitrary language L € PSPACE and transform it to
Bw in polynomial time p(n). The resulting formula « has
length not greater than v(n), so the number of alternations

in @ is bounded by o(n). From the assumption that By €
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ASTATE (logn) we can decide whether « € Bw by alternating
Turing machine making log(p(n)) alternations. But there
exists some constant c, such that log(p(n)) < c.logn, so

L can be recognized in C-logn alternations. O

The ASTATE(f(n)) - complete problem K exhibited in theorem
2 is somewhat sophisticated. On the basis of the set Bw we
can find a more natural problem complete in the class
ASTATE(f (n)). Consider the set Bw restricted to these
formulas, in which the number of alternations of quantifiers
is bounded bv f(n), where n is the length of the formula.

Denote this set by Bm/f(n).

Theorem 3:
The set B /f(n) is polynomial-time complete in ASTATE (f (n))

and the reduction preserves the state type complexity.

Proof:
Repeat exactly the reduction to the set Bw from the
oroof of theorem 1, replacing t=p(n) by t=£f(n) in all
nlaces where t denotes the length of an alternating

Sequence Yj,...,¥y. 0
As an application of theorem 3 we can derive:

Corollary 4:

B,/logn ¢ PTIME ¢ ASTATE(log n) C PTIME

Proof:

Immediate from theorem 3. =
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Using once more the proof of theorem 1 we will establish
another problem complete in the class ASTATE(f(n)). Let
us recall the circuit value problem CVP which is log-space

complete in PTIME. Consider the following two-person game:

Game description (CVP(f))

Input is aninstance of CVP problem restricted to a list

of assignments of the form:

Ci:=ijCk, § <k,
Ci:=CjACk, j ., k<1,
Ci:=7 Cj' J<i; i<n

with the sequence of positive integers (al,...,af), where
f=f (n) (notice that there are no assignments C;:=0 and
Ci:=1). There are two players, the player I starts. Move
r consists of putting 0 or 1 to the first a, not yet
assigned variables Ci. If there is an insufficient number
of unassigned variables then the player who is to move,
puts some values to the remaining variables and the gaem

is finished.

The player I wins iff the complete assingment which
has been produced at some move of the game makes the value

of CVP true.

Theorem 4:

The problem of deciding, for any given input of the CVP(f)

game, whether the first player has a winning strategy is polyno-



29

mial-time complete in ASTATE(f(n)) and the reduction

preserves the number of alternations.

Proof:

Similar to the proof of the theorem 3.

Remark 3:

The game described above with the sequence of integers
(al,...,an), ai=1 for i=1,...,n, is similar to the game

G, (CNF) considered in [15] and the CVP-game in this case is
PSPACE-comnlete as manv other games described in [ 15 ]
and [9]. So, the interesting case is, for example, to
consider the game on CVP for the function f(n) equal to

logn
Finally, we shall oresent one more conditional corollary:

Corollary 5:
If there exists a problem P polynomial-time complete in
PSPACE, such that P € ASTATE(f(n)) then:

PSPACE C plél ASTATE (f (pol)),

In narticular if f(n) = (log nﬂ‘ then:

PSPACE C U = ASTATE(c(log n¥)  for k>1.
C

Proof:

An arbitrary language L € PSPACE can be transformed in
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the polynomial time p(m) to the problem P and recognized

by some machine from the class ASTATE (f(n)), where n=p(m)

O
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VI. Final remarks

The obvious generalization of the problems considered in

the orevious sections is to define the hierarchies:

Aé = ASTATE (log n + k), {A; : k=01,
A]Z( = ASTATE(k-log n), {Ai : k=01,
3 k 3

AL = ASTATE ((log n)™) {1».k : k=01,

and to denote:

ASTATE(log n + const) = U

ASTATE(clog n) =U A" ,
k>0 k

ASTATE(pol (log)) = U A

From property 1 of section IV, we know that the hierarchies

{Ai :k=01}, i=1,2,3 form chains. The function f(n) used in the
previous sections can be equal to any of the functions
aprearing here as the bound of state type complexity. Then

we can consider conditional inequalities between these
classes, the infinity of the hierarchies and so on. A few
examples of such relations were shown in sections IV

and V. Another possible one can be stated as follows:
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Corollary 6:
If the hierarchy {Ai

..

k 20} is infinite then:

ASTATE (poly (log)) g PSPACE

Proof:

The inclusion follows from property 9 of section IV. Assume
that {A]:: : k=0 }is infinite and PSPACE & ASTATE (pol(log)).
Consider the set B, complete in PSPACE. There has to exist
some k 20, such that Bje€ Ai. Take an arbitrary language
L e PSPACE. Because of corollary 1,L can be reduced in the
polynomial time p(n) to B, preserving the number of alternations.
Then we can recognize L on an alternating Turing machine with

state type comnlexity bounded by:
k k ¥ k+1
log(p(n)) < (deg(p)+c)” -+ (logn) <(logn)

and the inequalities hold almost everywhere. Now we can con-

3
k+1

of the hierarchy {A)::: k>0}.

clude that PSPACE C A which contradicts with the infinity

O

Another cuestion arising here is if there exists any
relation between the class ASTATE(f(n)) and subclasses of
PSPACE defined by computations with bounded amount of

memoryv to some fixed polynomial nk.
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PART II

VII. STA measure.

The ASTATE(f(n)) classes considered in the previous chapters
are the special case of the classes implied by the complexity
measure STA introduced by Bermen [2 ]. We say that a language
L is in the class STA(s(n), t(n), a(n)) if there exists a
single~tape machine M € ATMwhich accepts L and for every
x €L, |x|=n there is an accepting subtree D' of the
computation tree D of M for x, such that:

1. The length of any configuration in D' is bounded by

s(n),
2. The depth of the subtree D' is bounded by t(n),

3. The state-type complexity of D' is bounded by a(n).

Hence the class STA(s(n), t(n), a(n)) denotes the class
of languages which can be recognized by alternating TM with
simultaneous bounds on space, time and alternations given
by functions s(n), t(n) and a(n). By replacing some coordinate
of STA by a class of function C we shall mean the sum of
respective classes STA over (. We will use the following
classes of functions:

c-log= {c*log n: ¢ =0 1},

pol = {n

|
—_—
N

exp
EE = {2E*P. Exp ¢ exp}-
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The special cases of the function a(n) are:

det - only deterministic machines (without alternations),
0 - ordinary nondeterministic machines (without alternations),

k - the constant number of alternations.

We also use '=x

to indicate no limit in the given coordinate.
Some classes defined by the STA measure can be related to the

well known time and spvace classes in the straightforward manner:

PTIME = STA(pol, pol, det), (11)

PSPACE= STA(pol,exp,0)= STA (pol,ool,pol).

Remark 4: There is a slight difference between STA measure
defined here and that introduced by Berman. We
always assume that the initial configuration of

an alternating machine is existential.

O
The classes ASTATE(f(n)) considered in the part I can be
denoted by:
ASTATE(f(n)) = STA(pol,pol,f(n)). (12)
The next theorem is a generalization of Savitch's
result that PSPACE = NPSPACE. If we denote NPSPACE =

STA (pol,exp,0) then by simple induction it is possible to
show that PSPACE = STA(pol,exp,k) for any constant k. Ve
will prove even more, namely the last egquality will hold if

we replace the constant k by any polynomial.
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Theorem 5:

PSPACE = STA(pol,exp,pol). (13)

C: immediately from (11).

2: Let L be an arbitrary language from the class STA(pol,exp,pol).

Then there exists a machine M € ATM recognizing the language
L. and operating in space nk with the number of alterna-
tions bounded by n' for some fixed integers k and r. We shall
construct a deterministic algorithm A accepting the language

L. and using a polynomial amount of memory.

The construction of A:

Denote by | the next-move function of machine M and by

F: the transitive closure of F—. Given two configurations

Cl’ C2 of M of length nk we can deterministically check

in space n2k whether Cl Rl C, and all intermediate configura-
tions between c, and C, have length not exceeding nk.
Moreover, the following predicates Compl and Comp2 are

also computable in deterministic space n2k:

*
Compl(Cl,Cz) *C B Cyr C1 is an existential configura-
tion, C2 is a universal configuration,
all configurations apoearing between C1 and

C, are existential and not longer than nk,
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Comp2(C,,C,) * Cy L C,, C, is a universal configuration,
C2 is. an existential configuration and all
configurations appearing between C1 and C,

are universal and not longer than nk.

The predicates Comol, Comp2 compute whether it is possible
to pass from a configuration Cl to C, using machine M in the

k

space bound n with only one alternation at the last applica-

tion of the next-move function of M.

We shall use one more predicate:

ACC(C) ¢ M starting from configuration C, accepts C, operates
in space nk and does not make any alternation along

the accepting computation for C.

Let us note, that ACC(C) is also computable in deterministic
space n2k for C of length nk. . There are two cases: C can
be an existential or universal configuration. In the first

case ACC(C) denotes that M accepts C nondeterministically and

we can use Savitch's theorem NSPACE(s(n)) C DSPACE(s(n)z). The

second case is symmetric.

Now we can construct a recursive procedure TEST (C)
checking if the alternating machine M starting from an
arbitrary configuration C of length nk accepts C in the

k
space bound n".
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TEST(C) <« ACC(C) v
(3c,) [compl (c,cy) A
[ACC(Cl) v
(¥ C,) (Comp2 (Cy,C,) = TEST(Cy))11],
where all configurations have length not exceeding n®
(the quantifiers are bounded to the configurations of
length nk). Finally, the algorithm A has the folldwing form:

A: 1. C:=initial configuration of M for input x of

length n, the length of C is nk.

2. If TEST(C) then ACCEPT else REJECT.

Since the machine M operates in space nk , algorithm A

recognizes the language L, i.e. x € L iff A accepts x.

The recursive calls of the procedure TEST we implement
in a natural way on a stack. The quantifiers are realized
by simple looping over all the configurations of M of
length nk. The depth of the recursion in the procedure TEST
is bounded by n*/2 which is equal to half the number
of alternations made by M (we terminate the computation of TEST

without accepting if the depth of the recursion exceeds nr/2).

Let T(i) denote a memory requirement of the procedure
TEST for configurations C on which machine M alternates
at most 2i times. Then we have:

T(0) < n?k

T(i+1) € n2* 4 n¥ + T(D)
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Then the total memory requirement of the algorithm A
is bounded by T(nr/2)<;2n2k+r. Hence the language L belongs
to the class PSPACE, which terminates the proof of the

theorem. O

As a corollary we can obtain some trade-offs between

time and number of alternations using the STA-notation.

Corollary 7:

1. STA(pol,pol,pol) STA (pol,exp,0)

STA (pol,exp,pol)

I
I

2. STA(exp,exp,exp) STA (exp,EE,0) STA (exp,EE,exp)

Proof:

1. from (11) and (13)
2. direct "upward translation" of the point 1l(for similar

techniques see Book [3],[4]).
O

Remark 5:
Another interesting trade-off property of the STA

measure was obtained by Berman [2 ]:

2
U sTa(2®", 2°™ , en) = U sTa(2°?, 2°M, cn).
c>1 c>1
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VIII.Compendium of complexity classes.

The STA measure is monotonic with respect to its three
arguments. However it seems to be a very difficult question
at which points STA is strictly monotonic. We shall regard
the classes STA(s(n), t(n), a(n)) only for reasonable cases,
i.e. for function s,t,a satisfying s(n) < t(n)a a(n) < t(n).
Fixing space and time we will be changing the function a(n),
which bounds the number of alternations. The resulting

complexity classes are gathered in Table 1.
Time, space and the number of alternations are bounded
by the following classes of functions:

TIME : pol, exp, EE,

SPACE: 1log, pol, exp,

ALT : det- deterministic computations
0 - nondeterministic computations
k - constant

logn, nk, pol, exp.

The first three columns in the table denote the parameters
of STA, the fourth is the resulting complexity class, and in the
last one we include some remarks. The classes from the fourth

column form & nondecreasing chain. From the hierarchy theorem

DSPACE(f) % pspack (2/)
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we know that in this chain there are at least two points where
the succesive classes are different. However, so far we are

unable to specify exactly any such point.
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TABLE TI.
SPACE TIME ALT CLASS REMARKS
log pol det DLOGSPACE
log pol 0 NLOGSPACE
log poll k STA (log,pol, k)
1og' pol nk STA(log,pol,nk)
log pol pol PTIME [6],= f STA(log,pol,nk)
____________________________________________ RS PP RSP e e R
pol pol det PTIME } P : NP conjecture
pol pol 0 NPTIME
pol pol k-1 zg [17], [18] ,=ASTATE (k-1)
pol pol logn ASTATE (logn) sec.V
pol pol f(n)>logn| ASTATE (f (n)) sec.V
pol pol pol PSPACE [6],= % STA(pol,pol,nk)
pol exp det PSPACE
pol exp pol PSPACE thi.5
pol exp an STA(pol,exp,an)
pol exp exp EXPTIME [6],=g STA(pol,exp,2nk)
___________________________________________ b e e e
exp exp det EXPTIME exponential version
exp exp 0 NEXPTIME of the PZNP conjecture
exp exp pol STA (exp,exp,pol) &
exp exp exp EXPSPACE [6] ,= Y STA (exp,exp,2" )
exp EE det EXPSPACE
exp EE exp EXPSPACE Cox .7 +2
exp EE EE EE-TIME
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Table I is not complete, in the sense that there
are known complexity classes, which cannot be embedded
directly into this scheme (or possibly we do not know how
to do it). For instance, the class EXPLINTIME= éhDTIME(ch)

lies between PTIME and EXPTIME and we can't precise it more

exactly.

Some interesting results dealing with STA complexity
classes were obtained in classifying the complexity of
a few decidable logical theories:

1. The decision problem for the theory of real addition

2cn

is complete in the class STA(*, , n) — Bruss,

Meyer [5], Berman [2].

2. The elementary theory of Boolean algebras is complete

in the class STA( *,2cn, n) — Kozen [11].

3. The decision problem for Presburger arithmetic is

complete in the class STA( *,22*" , n) — Berman [2].

Let us mention also the work of Kintala and Fischer [10]
on bounded nondeterminism, where the technique for restricting
the computations and the resulting complexity classes seem to

have a similar structure as in the present paper.
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