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8. B, € ASTATE(cn/log n) for some c>O,
- from the syntax of Boolean formula we can easy derive

that the number of alternations of quantifiers is

bounded by n/log n, then we use the alternating machine from

section I1I/1 for k = n/log n.

9. For any unbounded monotonic function f(n):

P
kgozk € ASTATE(f(n)) € PSPACE,

- first inclusion follows from properties 6 and 1, the
second one from properties 2 and 1 of this section. For
any function f(n) both inclusions are open problems when

we ask if they are proper.

In the following section we shall investigate the
classes ASTATE(f(n)) for certain functions f(n). All results

are conditional, in the sense that, if PTIME = PSPACE or

U
k>oz§ = PSPACE, then all the hierarchy vanishes, but it seems

as implausible as the equality PTIME = PSPACE or PTIME = NPTIME.
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V. Bounded alternation - completeness

The function f is regular if it is an unbounded,
monotonic, polynomial-time computable function from positive
integers to positive integers. In this section we shall in-
vestigate classes of problems solvable by alternating Turing
machines with the state type complexity f(n), where £ is
any regular function. In general, we do not know whether the
class ASTATE (f(n)) is closed under polynomial-tire Turing reducibility.

We will say that a reduction r of the class of machines
C C ATMpol to some problem P preserves the number of alterna-

tions if:

1) r is a reduction, i.e. for every input x and machine
M eC

X 1is accepted by M © p=r(x,M)e P

2) There exists a machine K € ATMpol recougnizing P, such
that the number of alternations made by K on an input
p=r (x,M) is not greater than the number of alternations

made by machine M on input x.

Further, the problem P is polynomial-time complete in the
class C preserving state type complexity if P can be recognized
by some machine from the class C and there exists a reduction
from C to P computable in polynomial time and preserving the

number of alternations.

In the sequel the class of languages ASTATE(f(n)) will
be identified with the class of appropriate machines, in this

case with the class of machines ATMpol with state type complexity
f(n).
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Using the method of Baker, Gill and Solovay [ 1] we prove

the following existential theorem:

Theorem 2:

There exists a polynomial-time complete problem in the

class ASTATE(f(n)) preserving state type complexity.

Proof:
Every alternating Turing machine can be converted to a
machine from the class ATMpol, and with at most f(n) changes
of the type of state, by attaching two clocks terminating
computations, if time or number of alternations exceeds
some predetermined value. We can thereby produce a list
of machines accepting all languages from the class ASTATE
(f(n)) and such, that each machine from the class ATMpol
with state type complexity f(n) is represented in the list
by some machine from the class ATMpol with the same state

type complexity.

We will denote by Ai the i-th machine from the list
and, without loss of generality, we can assume that pi(n)
is a strict upper bound on the running time of Ai’ where
pi(n)= i+ni. As usual, the binary code of a sequence Xyreees

X will be denoted by SKyreeerXe >

Consider the set of binary strings:
K = {<i,x,0"> : A; accepts x in time not greater than n}.
We shall prove that the set K is polynomial-time complete

in ASTATE (f(n)) and the reduction preserves the number of
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alternations.

First note,that K € ASTATE(f(n)). An alternating
machine M € ATMpol recognizes K by constructing and
simulating machine Ai for n steps. Obviously M has
the same state type complexity as Loy that means f(n).

Let S be an arbitrary language from the class
ASTATE (£ (n)) Then the set S is accepted by some machine
Ai' The reduction is given by the function g computable
in polynomial time:

g(x) = <i,x,0pi(lx|)>,

Hence we have:
X€eES * Ai accepts x €

© A, accents x in time < p,(|x|) and £(|x|)alterna-
tions

« <i,x,0pi(|x|%e K.

Finally, note that the number of alternations after the

reduction remains exactly the same.
O

Now we can conclude the following corollary:

Corollary 2:

If the polynomial-time hierarchy of Stockmeyer {E§ :1>0}

is infinite then:

U =P ASTATE (£f(n)) .
ok F
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Proof:
From property 9 section IV we know that:

Uz  c asTATE(£(n)).
k>0

Assume {”P: k>0} is infinite and ASTATE (f(n)) = Y Z>.

Consider the set K from the proof of the previous theorem.
There has to exist i>0 , such that K € E?. The class

E? is closed under polynomial-time reducibility ( [17],[18]).
Thus from the comoleteness of K in ASTATE(f(n)) we receive:

U zi = ASTATE(f(n)) C =P,
k>0 -

which contradicts with the infinity of the family {Zi:kzo}
0

It would be quite interestingto find a regular function
f bounded by some polynomial, such that there exists a set
S complete in ASTATE(f(n)) and the reduction decreases the
number of alternations. However, under weaker condition, i.e.

function £(n) = logn,we can formulate the following corollary:

Corollary 3:

i B, € ASTATE (log n) then PSPACE C U ASTATE (c-logn)
k=0

Proof:
Take an arbitrary language L € PSPACE and transform it to
Bw in polynomial time p(n). The resulting formula « has
length not greater than v(n), so the number of alternations

in @ is bounded by o(n). From the assumption that By €
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ASTATE (logn) we can decide whether « € Bw by alternating
Turing machine making log(p(n)) alternations. But there
exists some constant c, such that log(p(n)) < c.logn, so

L can be recognized in C-logn alternations. O

The ASTATE(f(n)) - complete problem K exhibited in theorem
2 is somewhat sophisticated. On the basis of the set Bw we
can find a more natural problem complete in the class
ASTATE(f (n)). Consider the set Bw restricted to these
formulas, in which the number of alternations of quantifiers
is bounded bv f(n), where n is the length of the formula.

Denote this set by Bm/f(n).

Theorem 3:
The set B /f(n) is polynomial-time complete in ASTATE (f (n))

and the reduction preserves the state type complexity.

Proof:
Repeat exactly the reduction to the set Bw from the
oroof of theorem 1, replacing t=p(n) by t=£f(n) in all
nlaces where t denotes the length of an alternating

Sequence Yj,...,¥y. 0
As an application of theorem 3 we can derive:

Corollary 4:

B,/logn ¢ PTIME ¢ ASTATE(log n) C PTIME

Proof:

Immediate from theorem 3. =
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Using once more the proof of theorem 1 we will establish
another problem complete in the class ASTATE(f(n)). Let
us recall the circuit value problem CVP which is log-space

complete in PTIME. Consider the following two-person game:

Game description (CVP(f))

Input is aninstance of CVP problem restricted to a list

of assignments of the form:

Ci:=ijCk, § <k,
Ci:=CjACk, j ., k<1,
Ci:=7 Cj' J<i; i<n

with the sequence of positive integers (al,...,af), where
f=f (n) (notice that there are no assignments C;:=0 and
Ci:=1). There are two players, the player I starts. Move
r consists of putting 0 or 1 to the first a, not yet
assigned variables Ci. If there is an insufficient number
of unassigned variables then the player who is to move,
puts some values to the remaining variables and the gaem

is finished.

The player I wins iff the complete assingment which
has been produced at some move of the game makes the value

of CVP true.

Theorem 4:

The problem of deciding, for any given input of the CVP(f)

game, whether the first player has a winning strategy is polyno-
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mial-time complete in ASTATE(f(n)) and the reduction

preserves the number of alternations.

Proof:

Similar to the proof of the theorem 3.

Remark 3:

The game described above with the sequence of integers
(al,...,an), ai=1 for i=1,...,n, is similar to the game

G, (CNF) considered in [15] and the CVP-game in this case is
PSPACE-comnlete as manv other games described in [ 15 ]
and [9]. So, the interesting case is, for example, to
consider the game on CVP for the function f(n) equal to

logn
Finally, we shall oresent one more conditional corollary:

Corollary 5:
If there exists a problem P polynomial-time complete in
PSPACE, such that P € ASTATE(f(n)) then:

PSPACE C plél ASTATE (f (pol)),

In narticular if f(n) = (log nﬂ‘ then:

PSPACE C U = ASTATE(c(log n¥)  for k>1.
C

Proof:

An arbitrary language L € PSPACE can be transformed in
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the polynomial time p(m) to the problem P and recognized

by some machine from the class ASTATE (f(n)), where n=p(m)

O
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VI. Final remarks

The obvious generalization of the problems considered in

the orevious sections is to define the hierarchies:

Aé = ASTATE (log n + k), {A; : k=01,
A]Z( = ASTATE(k-log n), {Ai : k=01,
3 k 3

AL = ASTATE ((log n)™) {1».k : k=01,

and to denote:

ASTATE(log n + const) = U

ASTATE(clog n) =U A" ,
k>0 k

ASTATE(pol (log)) = U A

From property 1 of section IV, we know that the hierarchies

{Ai :k=01}, i=1,2,3 form chains. The function f(n) used in the
previous sections can be equal to any of the functions
aprearing here as the bound of state type complexity. Then

we can consider conditional inequalities between these
classes, the infinity of the hierarchies and so on. A few
examples of such relations were shown in sections IV

and V. Another possible one can be stated as follows:
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Corollary 6:
If the hierarchy {Ai

..

k 20} is infinite then:

ASTATE (poly (log)) g PSPACE

Proof:

The inclusion follows from property 9 of section IV. Assume
that {A]:: : k=0 }is infinite and PSPACE & ASTATE (pol(log)).
Consider the set B, complete in PSPACE. There has to exist
some k 20, such that Bje€ Ai. Take an arbitrary language
L e PSPACE. Because of corollary 1,L can be reduced in the
polynomial time p(n) to B, preserving the number of alternations.
Then we can recognize L on an alternating Turing machine with

state type comnlexity bounded by:
k k ¥ k+1
log(p(n)) < (deg(p)+c)” -+ (logn) <(logn)

and the inequalities hold almost everywhere. Now we can con-

3
k+1

of the hierarchy {A)::: k>0}.

clude that PSPACE C A which contradicts with the infinity

O

Another cuestion arising here is if there exists any
relation between the class ASTATE(f(n)) and subclasses of
PSPACE defined by computations with bounded amount of

memoryv to some fixed polynomial nk.
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PART II

VII. STA measure.

The ASTATE(f(n)) classes considered in the previous chapters
are the special case of the classes implied by the complexity
measure STA introduced by Bermen [2 ]. We say that a language
L is in the class STA(s(n), t(n), a(n)) if there exists a
single~tape machine M € ATMwhich accepts L and for every
x €L, |x|=n there is an accepting subtree D' of the
computation tree D of M for x, such that:

1. The length of any configuration in D' is bounded by

s(n),
2. The depth of the subtree D' is bounded by t(n),

3. The state-type complexity of D' is bounded by a(n).

Hence the class STA(s(n), t(n), a(n)) denotes the class
of languages which can be recognized by alternating TM with
simultaneous bounds on space, time and alternations given
by functions s(n), t(n) and a(n). By replacing some coordinate
of STA by a class of function C we shall mean the sum of
respective classes STA over (. We will use the following
classes of functions:

c-log= {c*log n: ¢ =0 1},

pol = {n

|
—_—
N

exp
EE = {2E*P. Exp ¢ exp}-
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The special cases of the function a(n) are:

det - only deterministic machines (without alternations),
0 - ordinary nondeterministic machines (without alternations),

k - the constant number of alternations.

We also use '=x

to indicate no limit in the given coordinate.
Some classes defined by the STA measure can be related to the

well known time and spvace classes in the straightforward manner:

PTIME = STA(pol, pol, det), (11)

PSPACE= STA(pol,exp,0)= STA (pol,ool,pol).

Remark 4: There is a slight difference between STA measure
defined here and that introduced by Berman. We
always assume that the initial configuration of

an alternating machine is existential.

O
The classes ASTATE(f(n)) considered in the part I can be
denoted by:
ASTATE(f(n)) = STA(pol,pol,f(n)). (12)
The next theorem is a generalization of Savitch's
result that PSPACE = NPSPACE. If we denote NPSPACE =

STA (pol,exp,0) then by simple induction it is possible to
show that PSPACE = STA(pol,exp,k) for any constant k. Ve
will prove even more, namely the last egquality will hold if

we replace the constant k by any polynomial.
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Theorem 5:

PSPACE = STA(pol,exp,pol). (13)

C: immediately from (11).

2: Let L be an arbitrary language from the class STA(pol,exp,pol).

Then there exists a machine M € ATM recognizing the language
L. and operating in space nk with the number of alterna-
tions bounded by n' for some fixed integers k and r. We shall
construct a deterministic algorithm A accepting the language

L. and using a polynomial amount of memory.

The construction of A:

Denote by | the next-move function of machine M and by

F: the transitive closure of F—. Given two configurations

Cl’ C2 of M of length nk we can deterministically check

in space n2k whether Cl Rl C, and all intermediate configura-
tions between c, and C, have length not exceeding nk.
Moreover, the following predicates Compl and Comp2 are

also computable in deterministic space n2k:

*
Compl(Cl,Cz) *C B Cyr C1 is an existential configura-
tion, C2 is a universal configuration,
all configurations apoearing between C1 and

C, are existential and not longer than nk,
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Comp2(C,,C,) * Cy L C,, C, is a universal configuration,
C2 is. an existential configuration and all
configurations appearing between C1 and C,

are universal and not longer than nk.

The predicates Comol, Comp2 compute whether it is possible
to pass from a configuration Cl to C, using machine M in the

k

space bound n with only one alternation at the last applica-

tion of the next-move function of M.

We shall use one more predicate:

ACC(C) ¢ M starting from configuration C, accepts C, operates
in space nk and does not make any alternation along

the accepting computation for C.

Let us note, that ACC(C) is also computable in deterministic
space n2k for C of length nk. . There are two cases: C can
be an existential or universal configuration. In the first

case ACC(C) denotes that M accepts C nondeterministically and

we can use Savitch's theorem NSPACE(s(n)) C DSPACE(s(n)z). The

second case is symmetric.

Now we can construct a recursive procedure TEST (C)
checking if the alternating machine M starting from an
arbitrary configuration C of length nk accepts C in the

k
space bound n".
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TEST(C) <« ACC(C) v
(3c,) [compl (c,cy) A
[ACC(Cl) v
(¥ C,) (Comp2 (Cy,C,) = TEST(Cy))11],
where all configurations have length not exceeding n®
(the quantifiers are bounded to the configurations of
length nk). Finally, the algorithm A has the folldwing form:

A: 1. C:=initial configuration of M for input x of

length n, the length of C is nk.

2. If TEST(C) then ACCEPT else REJECT.

Since the machine M operates in space nk , algorithm A

recognizes the language L, i.e. x € L iff A accepts x.

The recursive calls of the procedure TEST we implement
in a natural way on a stack. The quantifiers are realized
by simple looping over all the configurations of M of
length nk. The depth of the recursion in the procedure TEST
is bounded by n*/2 which is equal to half the number
of alternations made by M (we terminate the computation of TEST

without accepting if the depth of the recursion exceeds nr/2).

Let T(i) denote a memory requirement of the procedure
TEST for configurations C on which machine M alternates
at most 2i times. Then we have:

T(0) < n?k

T(i+1) € n2* 4 n¥ + T(D)
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Then the total memory requirement of the algorithm A
is bounded by T(nr/2)<;2n2k+r. Hence the language L belongs
to the class PSPACE, which terminates the proof of the

theorem. O

As a corollary we can obtain some trade-offs between

time and number of alternations using the STA-notation.

Corollary 7:

1. STA(pol,pol,pol) STA (pol,exp,0)

STA (pol,exp,pol)

I
I

2. STA(exp,exp,exp) STA (exp,EE,0) STA (exp,EE,exp)

Proof:

1. from (11) and (13)
2. direct "upward translation" of the point 1l(for similar

techniques see Book [3],[4]).
O

Remark 5:
Another interesting trade-off property of the STA

measure was obtained by Berman [2 ]:

2
U sTa(2®", 2°™ , en) = U sTa(2°?, 2°M, cn).
c>1 c>1
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VIII.Compendium of complexity classes.

The STA measure is monotonic with respect to its three
arguments. However it seems to be a very difficult question
at which points STA is strictly monotonic. We shall regard
the classes STA(s(n), t(n), a(n)) only for reasonable cases,
i.e. for function s,t,a satisfying s(n) < t(n)a a(n) < t(n).
Fixing space and time we will be changing the function a(n),
which bounds the number of alternations. The resulting

complexity classes are gathered in Table 1.
Time, space and the number of alternations are bounded
by the following classes of functions:

TIME : pol, exp, EE,

SPACE: 1log, pol, exp,

ALT : det- deterministic computations
0 - nondeterministic computations
k - constant

logn, nk, pol, exp.

The first three columns in the table denote the parameters
of STA, the fourth is the resulting complexity class, and in the
last one we include some remarks. The classes from the fourth

column form & nondecreasing chain. From the hierarchy theorem

DSPACE(f) % pspack (2/)
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we know that in this chain there are at least two points where
the succesive classes are different. However, so far we are

unable to specify exactly any such point.
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TABLE TI.
SPACE TIME ALT CLASS REMARKS
log pol det DLOGSPACE
log pol 0 NLOGSPACE
log poll k STA (log,pol, k)
1og' pol nk STA(log,pol,nk)
log pol pol PTIME [6],= f STA(log,pol,nk)
____________________________________________ RS PP RSP e e R
pol pol det PTIME } P : NP conjecture
pol pol 0 NPTIME
pol pol k-1 zg [17], [18] ,=ASTATE (k-1)
pol pol logn ASTATE (logn) sec.V
pol pol f(n)>logn| ASTATE (f (n)) sec.V
pol pol pol PSPACE [6],= % STA(pol,pol,nk)
pol exp det PSPACE
pol exp pol PSPACE thi.5
pol exp an STA(pol,exp,an)
pol exp exp EXPTIME [6],=g STA(pol,exp,2nk)
___________________________________________ b e e e
exp exp det EXPTIME exponential version
exp exp 0 NEXPTIME of the PZNP conjecture
exp exp pol STA (exp,exp,pol) &
exp exp exp EXPSPACE [6] ,= Y STA (exp,exp,2" )
exp EE det EXPSPACE
exp EE exp EXPSPACE Cox .7 +2
exp EE EE EE-TIME
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Table I is not complete, in the sense that there
are known complexity classes, which cannot be embedded
directly into this scheme (or possibly we do not know how
to do it). For instance, the class EXPLINTIME= éhDTIME(ch)

lies between PTIME and EXPTIME and we can't precise it more

exactly.

Some interesting results dealing with STA complexity
classes were obtained in classifying the complexity of
a few decidable logical theories:

1. The decision problem for the theory of real addition

2cn

is complete in the class STA(*, , n) — Bruss,

Meyer [5], Berman [2].

2. The elementary theory of Boolean algebras is complete

in the class STA( *,2cn, n) — Kozen [11].

3. The decision problem for Presburger arithmetic is

complete in the class STA( *,22*" , n) — Berman [2].

Let us mention also the work of Kintala and Fischer [10]
on bounded nondeterminism, where the technique for restricting
the computations and the resulting complexity classes seem to

have a similar structure as in the present paper.

Acknowledgment.

I am grateful to Felipe Bracho for all his encouragement,

helpful discussions and suggestions.



43

References:

1. T. Baker, J. Gill and R. Solovay, Relativizations of the
P = ? NP Question, SIAM J. Comp., Vol. 4, No.4, 1975,
pp. 431-442.

2. L. Berman, The complexity of Logical Theories, Theoretical
Computern Science, Vol. 11, 1980, pp. 71-77.

3. R.V. Book, Comparing Complexity Classes, JCSS, Vol. 9,No. 2,
1974, pp. 213-229.

4. R.V. Book, Translational Lemmas, Polynomial Time and
(Log n)J-Space, Theoretical Computer Science, Vol. 1,1976,
pPp. 215-226.

5. A. Bruss, A. Meyer, On Time-Space Classes and their Rela-
tion to the Theory of Real Addition, Theoretical Computen
Science, Vol. 11, 1980, pp. 59-69.

6. A.K. Chandra and L. J. Stockmeyer, Alternation, Proc.
17th Ann. IEEE Symp. on Foundations of Computer Science,
New York, 1976, pp. 98-108.

7. S.A. Cook, The Complexity of Theorem-proving procedures,
Third ACM Symposium on Theory of Computing, New York,
1971, pp. 151-158.

8. M. Garay, D. Johnson, Computers and Inthractability, A
Guide to the Theony of NP-completeness, W.d. Freeman and
Company, San Francisco, 1979.

9. T. XKasai, A. Adachi and S. Iwata, Classes of Pebble Games
and Complete Problems, SIAM J. Comp., Vol.8, No.4, 1979,
pp. 574-586.

10. C. Kintala, P. Fischer, Refining Nondeterminism in Relativized
Polynomial-Time Bounded Computations, STAM J. Comp., Vol.9,
No.l, 1980, pp. 46-53.



11.

12.

13.

14.

15.

16.

LT

18.

44

D. Kozen, Complexity of Boolean Algebras, Theoietical
Computen Science, Vol. 10, 1980, pp. 221-247.

D. Kozen, Lower Bounds for Natural Proof Systems, Proc.
18th IEEE Symp. on Foundations of Computer Science,
1977, pp. 254-266.

R. Ladner, The Circuit Value Problem is Logspace Complete
for ». SIGACT NEWS, Vvol. 7, No. 1, 1975.

W. Paul and R. Reischuk, On Alternation I and II, GI-
Conference on Theoretical Computer Science, 1979.

T. J. Schaefer, On the Complexity of Some Two-Person
Perfect-Information Games, JCSS, Vvol. 16, Jo.2, 1978,
pp. 185-225.

L.J. Stockmeyer and A.X. Chandra, Provably Difficult
Combinatorial Games, SIAM J, Comp., Vol. 8, No.2, 1979,
pp. 151-174.

L.J. Stockreyer, The Polyhomial-Time Hierarchy, Theoretical
Computern Science, Vol. 3, 1977, pp. 1-22.

C. Wrathall, Complete Sets and the Polynomial-Time
Hierarchy, Theoretical Computer Science, Vol. 3, 1977,
pp. 23-33.



