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Abstract

Let G be a simple graph with vertex set V and edge set E, and let S C V. The open
neighborhood of v € V| N(v), is the set of vertices adjacent to v; the closed neighborhood is
given by N[v] = N(v) U{v}. The open neighborhood of S, N(S), is the union of the open
neighborhoods of vertices in S, and the closed neighborhood of S is N[S] = S U N(S). The
sets P¥(S),i > 0, of vertices monitored by S at the ith step are given by P°(S) = N[S] and
PHLS) = PUS)U{w : {w} = N[w]\P*(S) for some v € P(S)}. If there exists j such that
PI(S) =V, then S is called a power dominating set, PDS, of G.

We introduce and discuss the failed power domination number of a graph G, 7,(G), the
largest cardinality of a set that is not a PDS. We prove that ¥,(G) is NP-hard to compute,
determine graphs in which every vertex is a PDS, and compare 7,(G) to similar parameters.

1 Introduction

This paper studies power domination on graphs, which arose because of applications to electric
power networks [5, 16]. We denote by G = (V, E) a finite simple graph with vertex set V' and
edge set E. In cases where the graph in question is ambiguous, we use V(G) and E(G). The open
neighborhood of a vertex v € V, denoted Ng(v) or N(v) when the graph is understood, is the set
of vertices adjacent to v; the closed neighborhood of v, N[v], is N(v)U{v}. The open neighborhood
of a set S CV, denoted N(S), is the union of open neighborhoods of vertices in S, and the closed
neighborhood of S, N[S], is defined as S U N(S). A vertex v is dominated by S if v € N[S]. A set
S is a dominating set if N[S] = V. The minimum cardinality of all dominating sets of G is the
domination number v(G).

Power domination differs from domination in that it contains a second step known as the
propagation step. We use notation similar to that formalized in [1]. Let i € Ny = {0,1,2,3,...}.
If G is a graph and S C V, then the set of vertices monitored by S at Step i, denoted P*(S), is
defined as follows.

e PY(S)=NIS],
o PH(S) = PU(S)U{w: {w} = NI\P(S) for some v € P(S)}.
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That is, Step 0 consists of finding the set of vertices dominated by S. For Step i > 0, if a
vertex in P*(S) has exactly one neighbor v outside of P*(.S), then we add v to P**1(S). The step
corresponding to ¢ = 0 is known as the domination step and those corresponding to ¢ > 0 as the
propagation steps. Note that for any i > 0, P!(S) C P*1(S). Also, if Pio+1(S) = P (S) for some
ig, then PI(S) = P (S) for any j > ip, and then we write P>°(S) = P (S).

Definition 1.1.  a. A power dominating set (PDS) of G is a set S C'V such that P>(S) =V.
b. A failed power dominating set (FPDS) is a set S CV such that S is not a PDS.

c. A stalled power dominating set (SPDS) is a set S C V such that P*°(S) = P°(S). That is,
after the domination step, no propagation steps occur.

d. The power domination number of G, denoted by ~,(G), is the minimum cardinality among
all power dominating sets of G.

e. The failed power domination number of G, denoted by 7,(G), is the mazimum cardinality
among all failed power dominating sets of G.

If S is an SPDS in G such that SU {u} is a PDS for any vertex u € V'\ S, then we say that S is
mazximally stalled. To indicate that S is an SPDS and PY(S) C V, we say that S is properly stalled.
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Figure 1: A PDS S in blue Figure 2: An FPDS and SPDS S in blue

In Figure 1, the set S = {04,01} is a PDS, while in Figure 2, the blue vertices represent an
FPDS and an SPDS (since after the dominating step, all vertices will be monitored except the main
diagonal). Thus, v,(G) < 2, but ,(G) > 20.

Given a graph G with S C V, we use G[S] to denote the graph induced by the set S. Given
graphs G and H, the join of G and H, denoted G V H, has the vertex set V(G) UV (H) and edge
set E(G)UE(H)U{{u,v} :u € V(G) and v € V(H)}. The vertex connectivity x(G) of graph G is
the minimum number of vertices whose removal causes G to be disconnected.

In this paper, we determine the computational complexity of testing 7,(G) > k and find graphs
with extreme values of 7,(G). We present a list of graphs that have 4,(G) = 0, which is a
particularly interesting case, since ¥,(G) = 0 implies that any nonempty set of vertices in G is a
PDS. We also discuss the relationship between 7, (G) and some related parameters in the literature.



2 DMotivation and related parameters

The idea of failed power domination on graphs is motivated by the need to monitor electric power
networks. In [5], the authors describe the problem of observing a power system while minimizing
the number of measurement devices known as phasor measurement units (PMUs) on the network.
A PMU measures the voltage and phase angle, and allows for synchronization [20], which is one
strategy described in [17] for making the power grid more robust. If a PMU measures the voltage
and phase angle of vertex v (or edge e), then v (or e) is said to be observed. The vertex on which a
PMU is placed is observed, as are its incident edges and adjacent vertices. In addition, any vertex
that is incident to an observed edge is observed; any edge joining two observed vertices is observed;
finally, from Kirchhoff’s Law, given an observed vertex v with k incident edges, if £ — 1 of the edges
are observed, then all k are observed. In [16] the authors formulate and investigate this problem
as a graph theoretic problem. Later, Kneis et al. [19] showed that the problem can be simplified
to omit any reference to edges. The formal set definition of P*(S) was introduced in [1].

Under the model described in [16], the power domination number 7,(G) gives the minimum
number of PMUs required to observe a power network represented by graph G. The power domi-
nation number has been studied for multiple families of graphs [8, 13, 25], as has the complexity of
Yp(G) [16]. On the other hand, the failed power domination number 4,(G) that we defined above
gives a worst case scenario: what is the maximum number of PMUs that we could use on a given
network represented by G, but fail to observe the full network? In addition, 7,(G) + 1 gives us the
minimum number of PMUs necessary to successfully observe the full network no matter where we
place the PMUs.

The concept of zero forcing, while related to power domination, was introduced in 2008 in the
context of minimum rank problems [2, 6] as well as quantum networks in 2007 [9, 10, 11, 12, 22].
Zero forcing acts like power domination, but without the domination step. That is, given a set .S,
Q%S) = S, and for i € N, Q(S) = Q/(S)U{N[v] : v € Q(S) and |[N[v]\Q'(S)| =1}. Note
that there exists an 7o such that for all j > iy, Q7(S) = Q(S), so we write Q*°(S) = Q" (S). If
Q>*(S) =V, then S is a zero forcing set. Otherwise, S is a failed zero forcing set. The smallest
cardinality of any zero forcing set in G is the zero forcing number Z(G), and the largest cardinality
of any failed zero forcing set is the failed zero forcing number F(G) [4, 14]. Complexity results for
failed zero forcing were established in [23].

Lemma 2.1. For a graph G = (V, E), suppose S C S C V. Then,
1. Q(S) C 9>(5), and
2. P(S) CP>(S").

Proof. Suppose S C S’ C V. Then Q°(S) C Q%(S’). Assume QF(S) C QF(S'). If u € QFF1(9),
then either u € QF(S), implying u € QF+1(5’), or there exists v € Q%(S) such that N[v]\Q¥(S) =
{u} giving us N[v]\{u} € QF(S"). Thus u € Q¥1(S"). Hence Q(S) C Q'(S’) for any i € No,
giving us Q>(S) C Q> (5").

To prove 2, let u € P°(S). Then u € N[v] for some v € S. Since S C ', we have u € P°(S).
Thus, P°(S) € PY(S’). The remainder of the proof is identical to the proof of 1. O

Since any set S C V is a subset of the set of vertices it dominates, we have the following
observation.

Observation 2.2. 7,(G) < F(G).



3 Complexity

In this section, we show that it is NP-hard to determine whether G has a failed power dominating set
of cardinality at least k. We use a similar technique to the one used in [23] to show NP-completeness
of failed zero forcing parameters.

FAILED POWER DOMINATING SET (FPDS), (G, m)
Instance: Graph G = (V, E) and a positive integer m
Question: Does G have a proper stalled subset of cardinality at least m?

To prove that FPDS is NP-hard, we construct a polynomial reduction from the well-known
NP-complete problem, INDEPENDENT SET, which remains NP-complete when restricted to con-
nected graphs [23].

INDEPENDENT SET, (G, k)
Instance: Connected graph G = (V, E) and a non-negative integer k.
Question: Does G contain an independent set of cardinality k7

The domination number of a path on k vertices, v(Py), is known to be [k/3] [15].

Lemma 3.1. Let G be a graph that contains an induced subgraph Py, where k > 3, all internal
vertices of P have degree 2 in G, one end vertex of Py has degree 1 in G, and the other end
vertex, v, has degree at least 3 in G. If S is an SPDS containing at least one vertex of Pk, then
|S NPyl > ~(P) = [k/3]. If S is mazimally stalled and contains at least one vertex of Py, then
|SN P >k—1.

Proof. Note that if there are at least two adjacent vertices in P%(S) N Py, then for some i > 0,
V(Py) C PYS). If there is a vertex in SN Py, then after the domination step, there are at least two
adjacent vertices from P}, in P°(S). Thus, if S is stalled, it must be that at least v(P,) vertices on
the path are in S; otherwise, P1(S)\P°(S) is nonempty.

Since at least (P) vertices on the path Py are in S, it follows that P°(S) contains all vertices
in P;. Thus, if S is maximally stalled and contains at least one vertex of Py, it must contain all
vertices other than v. That is, |[S N Py| > k — 1. O

To prove the following lemma, we construct a polynomial reduction from INDEPENDENT
SET. An example reduction instance is shown in Figures 3 and 4.

Lemma 3.2. FAILED POWER DOMINATING SET is NP-hard.

Proof. Suppose (G,k) with n = |[V| > 3, k > 2 is an instance of INDEPENDENT SET. We
construct from it an instance (G’,m) of FPDS for m = n?|E| + k. Let U be an independent set of
G. Then U’ = UUV{UV3U---UV/; is an SPDS of cardinality n?|E|+k in G’, where G’ = (V', E)
is constructed as follows.

. vCv.

2. Subdivide every edge of G. That is, for each e = {u,v} € E, add a vertex ve, to V', and let
{u, Ve }, {vey, v} € E'. Let V] denote these added vertices, and E|, the added edges.
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Figure 4: The graph G’ with FPDS S in blue, |S| = 66

3. For each e = {u,v} € E, add vertices v, through v. , to V' For each i =1,2,...,n?, let V/
denote all v; € V', and add edge e¢; = {ve, ,, v, } to E'. Let P(e) denote the path from wv,,
to ve ,. Let the set of all such paths be denoted p.

4. Add a vertex z to V. For each vertex v, € V, add {z,ve,} to E'.

To see that U’ is an SPDS in G, note that PO(U') = UUVjUV/UVyU---UV/,. If U is not
an SPDS, then PY(U")\P®(U’) is nonempty. The only vertices in V/\P°(U’) are x and the vertices
from V\U. We know that Ng/(z) = V{, but each vertex in Vj has at least one other neighbor in
V\(UUPO(S)) (since U is an independent set in G). Hence, z ¢ P'(U’). Similarly, for any vertex
v € V\U, the neighborhood N¢(v) is contained in Vj. But for each ve, € Vjj, Ngr (ve,) includes x
and one vertex from V\U. Hence if v € V\U, then v ¢ P1(U’), and U’ is stalled.

Suppose that S C V(G') is maximally stalled with |S| > n?|E| + 2. We will show that for each
path P(e) € p, |SNP(e)| > n?. Since |[V'| = (n?+1)|E|+n+1, there are at most |E|+n— 1 vertices
in V/\S. Each path P(e) has n?+1 vertices. Note that n?+1—(|E|+n—1) > n2—n+2—@ > 1,
and thus, P(e) contains at least one vertex in S. By Lemma 3.1, then, |S N P(e)| > n?, implying
that U2,V C PO(S).

We show that Vj NS = 0. Without loss of generality suppose ve, € S. Then Ngr(ve,) =
{u,v,z,ve, } where e = {u,v}, so {u,v,r} € P°(S). Since G is connected, G’ is also connected.
Thus, there is a path in G’ from u to any vertex in V. Since S is properly stalled and (V/\V) C
PY(9), it follows that there must be some vertex y € V such that y ¢ P°(S). Then, on the path
from u to y, there exists é = {w, 2} € E with w € P°(S) and z ¢ P°(S). Consider the vertex
vey € VJ. The set Ngr[vg,]\P°(S) consists only of the vertex z (since we just noted that x € PY(S)),
so z € PL(S)\PY(S), a contradiction of S being stalled. Hence, V§ NS = (). Since we know that
for each path P(e) € p, |[P(e) NS| > n?, it follows that U?;Vi’ CSs.

Now, we show that z ¢ S. Suppose x € S. Note that V' N S is nonempty, because we assumed
that |S| > n?|E| + 2. Also, V\S is nonempty since we showed that U?ZQOV/ C PY(S). Since we're
assuming that = € S, if V C S, then P%(S) = V', contradicting the assumption that S is properly
stalled. Hence, there exists an edge e = {u,v} € E with u € S and v ¢ S. Then the vertex ve, has



N [ve,\PY(S) = {v}, and PL(S)\P?(S) is nonempty, a contradiction of S being stalled. Hence,
xé¢S.

Finally, we will show that S NV is an independent set of (G. Suppose there exists an edge
e = {u,v} € E for some u,v € S. Then v, has Ng/[ve,]\P°(S) = {z}, and = € P}(S)\P’(S), a
contradiction of S being stalled. Hence, S NV is an independent set in G.

This gives us that for any maximal properly stalled subset S of V/,

S| = n?E| +t,

where ¢ is the order of independent set SNV. Thus G’ has an SPDS of order m = n?|E| + k if and
only if G has an independent set of order k. The construction of G’ is polynomial and thus this
completes our proof that FPDS is NP-hard. O

For a graph G, positive integer k, and S C V with |S| < k, it is verifiable in polynomial time
whether or not S is a PDS [16]. Thus it is verifiable in polynomial time whether S is an FPDS,
completing the proof of the following theorem.

Theorem 3.3. FAILED POWER DOMINATING SET is NP-complete.

4 Extreme values

In this section, we characterize n-vertex graphs G with 4,(G) > n — 3. We also give some results
for the case 4,(G) = 0. The next observation follows from the definition of PDS.

Observation 4.1. If S is a PDS of G, then P°(S)\S is a zero forcing set of G[V\S].

Theorem 4.2. We have the following characterization of graphs with high values of 7,(G).

1. %(G) = n —1 if and only if G has an isolated vertex.

2. 3p(G) =n —2 if and only if G contains Ko as a component, and no isolated vertices.

3. p(G) = n — 3 if and only if G contains no components that are isolated vertices or Ko and
G = (V, E) contains as an induced subgraph

e Ps where only the middle vertex may be adjacent to other vertices in V, or

o K3 where at most one of the vertices may be adjacent to other vertices in V.

Proof. If G has an isolated vertex v, let S = V\{v}. Then S is an FPDS, and %,(G) = n — 1.
Conversely, let 7,(G) = n — 1, and let S be an FPDS. If the single vertex v € V'\ S has an edge to
any vertex u € S, then v € PY(S). Hence, v is isolated, completing the proof of 1.

If G contains no isolated vertices, and one component is Ko with vertices u, v, then let S =
V\{u,v}. Then S is an FPDS, and 7,(G) =n — 2.

Conversely, suppose 4,(G) = n — 2. We know G contains no isolated vertices. Let S be an
FPDS with [S| =n—2. Let u, v be the two vertices in V\S. If u is adjacent to some vertex w € S,
then u € PY(S), giving us that all vertices except possibly v are in P°(S). But then, v € P(9),
implying that S is a PDS. Therefore, neither v nor v is adjacent to any vertex in S, but since there
are no isolated vertices, uv forms a copy of Ko, completing the proof of 2.

If G does not contain any isolated vertex or component that is Ko, then 7,(G) <n —-3. If G
contains an induced copy of P3 = {u, v, w} with edges uv, vw, note that only v may be adjacent to



other vertices in V. Let S = V\{u,v,w}. Then it is possible that v € P°(S), but u,w ¢ P*(S) for
any ¢ > 0 since N(u) = N(w) = {v}. The same holds if G[{u, v, w}] forms a copy of K3.
Conversely, suppose 7,(G) = n—3, and let S be an FPDS with |S| = n—3. Let {u,v,w} = V\S.
Suppose {u,v} € N(S). Then w ¢ N(S), because w € N(S) implies {u,v,w} C P°(S). However,
since w cannot be an isolated vertex, w € N(u) (without loss of generality) but then w € P1(9),
implying that S is a PDS. Hence, only one of {u, v, w} may be in N(S). Without loss of generality,
say it is v. Since GG has no isolated vertices or Ko component, and vertices u and w have no
neighbors outside of {u,v,w}, then G[{u,v,w}] is either K3 or Ps. If it is K3, we are done. If
it is P3, and v has any other neighbors in G, note that v must be the middle vertex. If not,
{u,w} C P?(S), implying S is not an FPDS. This completes the proof of 3. O

4.1 Graphs in which every vertex is a PDS

In this section, we present some results on graphs that have 4,(G) = 0. Note that if 7,(G) = 0,
then any single vertex is a PDS of G. We use the notation P%(S) to indicate P*(S) in G only when
the graph in question is ambiguous.

Lemma 4.3. 7, (G1V G2V ---V Gy,) = 0 if and only if for each i =1,2,...,n, where n > 2, either
Wp(Gz) =0orG; = E

Proof. Let G1 and Gy be graphs, and let v € V(G1). Then Pg ¢, ({v}) = Pg, ({v}) UV (Ga),
and as a result, Pg o, ({v}) = P&, ({v}) UV(Gy) for any i > 0, unless Gy = K», in which case
Pé v, ({v}) = V(G1) UV (Gy). Hence, {v} is a PDS in G1 V Gy if and only if {v} is a PDS in G}
or G1 = Ky, and similarly for Gy. That is, 9, (G1 V Ga) = 0 if and only if 4,(G1) = 0 or G; = Ko,
and ¥,(G2) = 0 or Gy = K. We can use the same argument if G or Gy is itself the join of two
graphs. Hence, by induction, ¥, (G1 V G2V -+ V G,,) = 0 if and only if 4,(G;) = 0 or G; = K for
eacht=1,2,...,n. ]

In a poster [24], Tostado listed several families of graphs that have 4, = 0. We include this list
here with proofs. For n > 4, a wheel on n vertices, Wy, is defined by W,, = C,—1 V {v}.

Theorem 4.4. The following graphs have 3, = 0 [24].
1. a path on n vertices, P, forn > 1,
2. a cycle on n vertices, C,, forn > 3,
3. a complete graph on n vertices, K, forn > 1,
4. a wheel on n vertices, W, forn > 4.

Proof. If G = P, or G = C,,, and S = {v} for any vertex v € V(G), then PY(S) consists of at least
two adjacent vertices, and .S is a PDS, proving 1 and 2. For 3, note that K,, = G1VG2V- - -VG,, where
G consists of a single vertex, and thus by Lemma 4.3, 4,(K,,) = 0. Finally, since W,, = C,_1 V {v},
also by Lemma 4.3, 7,(W,,) = 0. Thus 4 also holds. O

We add several families of graphs to this list. An example for item 4 from Theorem 4.6 below is
shown in Figure 5. In the proof of Theorem 4.6, we use a property that follows from the definitions
of PDS and zero forcing sets:

Lemma 4.5. Suppose G is a graph, and S C V. Suppose that for some i > 0, a subset S’ of P*(S)
is a zero forcing set of the graph induced by (V\P*(S))US’. Then S is a PDS of G.
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Figure 5: A graph G with 7,(G) = 0 as in Theorem 4.6, item 4. S = {v3} is shown in blue on the
left, followed by P°(S) through P3(S). Continuing, P*(S) = {v1,vs,...vs}, and P3(S) = V.

Proof. For each j >0, Q7(S") C P (S). Thus, if @°(S’) =V, then P>®(S') =V as well. O

Theorem 4.6. If G is any of the following graphs, then 3,(G) = 0.

1. C, forn >15,
2. P, forn >4,

3. Cy = vvy...vpv1 with k chords: {v1,v;},{vi,vit1},. .., {v1,visk—1}, where i > 3, n > 4,
andi+k<n-—1.

4. Cp =v1va...vpv1 with k+1 chords: {vi,v;}, {vi,viz1}, ..., {v1, vigr—1}, and {ve,v;_1} where
i1>5,n>6,andi+k<n-—1.

5. GV H where %,(G) = 0 and either §,(H) =0 or H = K».

Proof. To prove 1, let G = C,, with n > 5, and S = {v} for any vertex v € V(G). Let the two
neighbors of v in C,, = G be u and w. In G = C,, then P°(S) = V(G)\{u,w}, and it follows easily
that P1(S) = V(G).

To prove 2, note that if G = P, with n > 4, and S = {v} for any vertex v with deg(v) = 2
in P,, then we can use the same argument as for C,. Otherwise, if deg(v) = 1 in P,, then
PY(S) = V(G)\{u} where u is the unique neighbor of v in P,. Since n > 4, we see that P1(S) =V,
and S = {v} is a PDS.

To prove 3, let P; and P» be the unique paths from v; to v; and from v to v;4 1, respectively,
whose internal vertices all have degree 2. Note that {vi,v;,vj41} is a zero forcing set of G for
2<j<n—1.1If S = {v}, then P°(S) consists of vy, va, v, and v; through v, x_1, which is a zero
forcing set of G. Hence, S = {v;1} is a PDS. Similarly, if S = {v;} where i < j <i+4+k — 1, then
PY(S) includes vy, vj_1, v;, and vj11, a zero forcing set of G. Hence S = {v;} is a PDS. Finally,
suppose S = {u} for an internal vertex of P; or P;. There exists j such that v € P7(S), and both
neighbors of u on the cycle are also in P7(S), so P7(S) is a zero forcing set, and it follows that {u}
is a PDS.

To prove 4, note that {vi, v;,vj41} is a zero forcing set of G for 2 < j < n—1. Let P; denote the
path with all internal vertices of degree 2 from vy to v;—1, and P» the similar path from v; ;1 to v;.
If S = {v;}, then P°(S) contains vy and {vj,i < j < i+k—1}, which is a zero forcing set of G; hence
S = {v1} is a PDS. Similarly, if S = {vs} for £ € {2,4,i +1,...,i+ k — 1,n}, then P°(S) contains
{v1,vj,vj41} for some j, a zero forcing set. Thus, S = {vg} for £ € {2,4,i +1,...,i+k —1,n}is



a PDS. Suppose S = {v;_1}. Then P°(S) = {v;_2,v;_1,v;, v2}. Since v;_» has a unique neighbor
v;_3 outside of P°(S), the next vertex along Py, P*(S) = {vi_3,vi_2,v;_1,v;,v2}. This continues
for all internal vertices of Py, giving us that for some ¢, P*(S) = V(P;) U {v;}. Since v; is the only
neighbor of vy outside of PY(S), vy € PHL(S), so PH1(S) includes at least two adjacent vertices
in G as well as vy, which is a zero forcing set. Hence, S = {v;—1} is a PDS. If S = {u} where
u € V(Py) or u € V(P,), there exists £ such that P*(S) contains all vertices in Py and the vertex
vy, or all vertices in P» (which includes v1). This is a zero forcing set; hence S = {u} is a PDS for
any u € V(Py) or V(P,). For an example, see Figure 5.

The proof of 5 follows immediately from Lemma 4.3. O

Note that if G is not connected, then the vertices of any single component form an FPDS of G,
giving us the following observation.

Observation 4.7. If 7,(G) = 0, then G is connected.

The path cover number of a graph G, denoted P(G), is the minimum number of vertex disjoint
paths, each of which is an induced subgraph of G, that contain all vertices of G. Hogben [18,
Theorem 2.13] showed that P(G) < Z(G), which easily leads to the next theorem.

Theorem 4.8. Suppose 7,(G) = 0 and either G has a vertez of degree one or a cut-vertex. Then
G = P, for somen > 1.

Proof. Suppose G has a vertex v of degree one, and 7,(G) = 0. Then P°({v}) = {u,v} where
u is the unique neighbor of v. By Observation 4.1, {u} is a zero forcing set of G[V\{v}]. Thus
Z(G[V\{v}]) = 1, and by [18, Theorem 2.13], since P(G) < Z(G), P(G[V\{v}]) = 1. Hence,
G[V\{v}] is a path, and consequently, G is as well.

Suppose G has a cut-vertex v. Let u € V with u # v, and let IC,, be the component of G[V\{v}]
containing u. Let vertex w be in a different component, IC,, of G[V'\{v}]. By assumption, both {u}
and {w} are PDS. Then there exists some j such that v € P?({u}), and all other vertices in P7 ({u})
are in the component K. Then |N(v)\V(Ky)| = 1, because we assumed that |N(v)\V(KCy)| > 1,
and if [N(v)\V(Ky)| > 2, then {u} is an FPDS. Since we can make the same argument using w
instead of u, we know that v has exactly two neighbors: v € V(K,) and v’ € V(K,). The set
S" = {v} is a PDS by assumption. Then P%(S") = {u', v, w'}. G[V'\{v}] consists of two components,
K., and Ky, so {u'} is a zero forcing set of K, and {w'} is a zero forcing set of IC\y. Thus, K, is a
path with end vertex u/, and IC,, is a path with end vertex w’. It follows that G = P,. O

Corollary 4.9. If ,(G) =0 and G is not a path, then (G) > 2. In particular, G is not a tree.

5 Values of 7,(G) for special graphs
In this section, we determine the value of ¥,(G) for some specific graph families.
Theorem 5.1. The failed power domination number of the complete bipartite graph K, , with
m>n > 1 is given by
m—2 if m > 2
- (K _ >
Yo (Komn) {O otherwise.

Proof. If m = 1, G = K, clearly resulting in 4,(G) = 0. If m =n =2, Ky, , = C4, 50 3p(Kimn) =0
by Theorem 4.4, item 2. If n =1 but m > 2, then ¥,(K,,,,) = m — 2 by Theorem 4.2, item 3.



Assume m > n > 2 and let S C V; with |S| = m — 2. Let u,v be the vertices in V;\S. Then
PY(S) = SUVa, and V\P(S) = {u,v}. Since N(u) = N(v) = Vo, P>®(S) = P°(S), S is stalled,
and 4,(G) > m — 2. Note that if S consists of vertices in both V; and Vz, then P°(S) =V, so if S
is an FPDS, S C Vi or S C V,. Then |S| < m — 2 because if |S| > m — 2, then P(S) = V. Hence
p(G) =m — 2. O

UQVy U1Vp U2V U3Vy U4V U5V9 UsVp UTVY ULVY UQVY UIV) U2V) U3V) U4V) U5V0 UsV) UTVY UKV

LI L] P[]

UpV1 ULV U2V1 UZV1 U4V U5V1 UEV1 U7V URV1 UEV1 ULV U2Vl UZV1 U4V U5V1 UGV U7V UV]

Figure 6: A ladder graph, Po(JP, with FPDS S in blue on the left and P°(S) in blue on the right.

For graphs G and H, we denote by GO H the Cartesian product of G and H, where V(GOH) =
V(G) x V(H). If uj,ug € V(G) and v1,v2 € V(H), then (uj,v1) is adjacent to (ug,v2) in GOH
if and only if u; = ug in G and {vy,v2} € E(H), or {uj,us} € E(G) and v; = v9 in H. Here, we
write u;v; for vertex (u;,v;) for brevity.

A ladder graph is the graph P[P, for n > 2. Each copy of P, is called a rung.

Theorem 5.2. For the ladder graph G = P,OP, with k > 4, 7,(G) = [54].

Proof. Let the vertices of P, be denoted by u;, 0 <4 < k — 1, and the vertices of P, by v;, j =0
or 1. Define S C V(P,0OPF,) by wjv; € S if and only if ¢ = 2 mod 3 with 2 < i < k — 3 and
j =i mod 2, as in Figure 6. Then |S| = {%] We show that S is an FPDS. Suppose that
uv; € PU(S). If uw; € S, then N(u;vj) C PO(S). Otherwise, if u;v; € PO(S)\S, then u;v; has
exactly two neighbors in V\P?(S), namely u;_1v; or u;+1v;, and uv; where 5/ = (j 4+ 1) mod 2.
Thus P>(S) = PY(9); that is, S is an SPDS, giving us ,(G) > [’?4]

To show that ,(G) < [£54], note that if {ugvo,upv1} C Z, then Z is a zero forcing set, and
similarly for {ug_1vo, ug—_1v1}. If ugv; € S, note that {ugvo,upv1} C P°(S), which implies that
PY(S) is a zero forcing set, and S is a PDS, and similarly for the case that ug—1vj € S. Further,
if ujv; € S, then {ugvj, uiv;} C PY(S), and {ugvo, uov1, u1v;} C PH(S), meaning that PL(S) is a
zero forcing set, and S is a PDS, and similarly for u,_ov; € S. Thus, if S is an FPDS, w;v; ¢ S
fori € {0,1,k — 2,k — 1} and j € {0,1}. That is, no vertices from the first two or last two rungs
of the ladder are in any FPDS.

Also, if {u;vg, ujv1, uiy1vo,uit1v1} C Z for any ¢ < k — 2 (that is, if all vertices from two
consecutive rungs are in Z), then Z is a zero forcing set. Thus, if S is an FPDS with u;v; € S, then
Ui—1Vj, Ui—1Vj7, Uip1V, Uip1Vj ¢ S, and further, u;_ovj, uipovy ¢ S for j = j mod 2. Suppose
that w;v;, uipov; € S for 2 <i <k —>5and j =1 or 2. Then {u;vj, w;vj, uip1v5, Uir2V), Uip2vjr } C
PO(S) where j/ = (j +1) mod 2. Since u;41v; is the only neighbor of u;y1v; outside of PY(S),
ui+1v; € P1(S), giving us that {u;v;, uvjr, Uir10j, Uit107, Ui2v;, uip2v; + C PL(S). This forms a
zero forcing set of G; hence, S is a PDS. Thus, if S is an FPDS with u;vj, uyv; € S, then |i—i'| > 3.

That is, 7,(G) < (kg 1. O

Theorem 5.3. For the graph G = K;OP, with k, 0> 3, 74,(G) = (k — 2) V_le

Proof. Let the vertices of K be denoted w;, 0 < i < k — 1, and the vertices of P, denoted z;,
0 <i</{¢—1. Define S C V(K;OF) by w;z; € S if and only if i < k — 3 and j is odd with j <
¢ —1. Then P%(S) = V(GOH)\ ({wiz;|i > k — 2 and j is even} U {w;x;_;| for any 4 if [ is even}).
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If w;z; € S with j even, then w;z; is adjacent to wy_q1z; and wyz;; if w;x; € S with j odd and
i < k—2, then N(w;z;) C S; if wiz; € S with j odd and ¢ > k — 2, then w;, z; is adjacent to
vertices w;zj_1 and w;x;4+1, both of which are not in P°(S). Hence P(S) = P(S), and S is an
FPDS with || = (k — 2) | 52|, giving us 5,(G) > (k —2) | 52 ].

Now, any set S” with a vertex w;x¢ or w;z, € S’ for any ¢ is a PDS. Further, if w;z; € S” and
wizj11 € S' for any j, then S’ is a PDS. Hence if S’ is an FPDS with |S| > (k — 2)| 5], then
there exists some t with 1 < ¢ < £ — 2 and w;x; € S’ for all ¢ except at most one. If w;z; € S’ for
all i, then S is a PDS, thus we must have w;x; ¢ S for some i, say i = k — 1. Then P°(S’) includes
w;xy for all i as well as w;xe1 and wze— for all ¢ < k — 1. If wi_124-1 or wx_12441 € P™(S) for
any m, then S’ is a PDS. Hence 2 < t < £ — 3, and for every ¢, none of the following vertices are
in 8" wir—9, WiTi—1, WiT141, Or WiTeqo. This gives us |5 < (kK —1) [K_T‘L]. Note that [ > 5 since
I < 5 implies § is a PDS. Since k > 3, |9'| < (k —2) | 52]. Hence 7,(G) = (k —2) | 5*]. O

6 Future work

While we were able to produce a list of graphs that have 7,(G) = 0 (where every single vertex
is itself a PDS), a complete description of all such graphs is still open. The zero forcing number
of trees has been related to other parameters such as the path cover number [2], and a technique
for determining the zero forcing number of a graph with a cut-vertex was also described [21].
Achieving similar results for the failed power domination number of a graph is a feasible problem.
Many parameters in zero forcing, especially related to minimum rank, are investigated for their
adherence to a property known as the Graph Complement Conjecture which states that the sum of
the parameter on G and on the complement graph G is bounded by |V (G)| plus a small constant.
For minimum rank, mr(G), the conjecture is: mr(G)+mr(G) = |V (G)|+2. Originally mentioned at
an American Institute for Mathematics workshop [3], it formally appeared in [7]. It is natural, and
likely challenging, to investigate whether there is any such relationship among power dominating
numbers or failed power dominating numbers of graphs and their complements.

References

[1] Ashkan Aazami. Domination in graphs with bounded propagation: algorithms, formulations
and hardness results. Journal of Combinatorial Optimization, 19(4):429-456, 2010.

[2] AIM Minimum Rank-Special Graphs Work Group. Zero forcing sets and the minimum rank
of graphs. Linear Algebra and its Applications, 428(7):1628-1648, 2008.

[3] American Institute of Mathematics Workshop. Spectra of Families of Matrices described
by Graphs, Digraphs, and Sign Patterns, Palo Alto, CA, October 2006. Webpage:
http://aimath.org/pastworkshops/matrixspectrum.html.

[4] Thomas Ansill, Bonnie Jacob, Jaime Penzellna, and Daniel Saavedra. Failed skew zero forcing
on a graph. Linear Algebra and its Applications, 509:40-63, 2016.

[5] T.L. Baldwin, L. Mili, M.B. Boisen, and R. Adapa. Power system observability with minimal
phasor measurement placement. IEEE Transactions on Power Systems, 8(2):707-715, 1993.

[6] Francesco Barioli, Wayne Barrett, Shaun M. Fallat, H. Tracy Hall, Leslie Hogben, Bryan
Shader, P. Van Den Driessche, and Hein Van Der Holst. Zero forcing parameters and minimum
rank problems. Linear Algebra and its Applications, 433(2):401-411, 2010.

11



[7]

[11]

[12]

[13]

21]

[22]

Francesco Barioli, Wayne Barrett, Shaun M. Fallat, H. Tracy Hall, Leslie Hogben, and Hein
van der Holst. On the graph complement conjecture for minimum rank. Linear Algebra and
its Applications, 436(12):4373-4391, 2012.

Katherine F. Benson, Daniela Ferrero, Mary Flagg, Veronika Furst, Leslie Hogben, Violeta
Vasilevska, and Brian Wissman. Zero forcing and power domination for graph products. The
Australasian Journal of Combinatorics, 70:221-235, 2018.

Daniel Burgarth, Sougato Bose, Christoph Bruder, and Vittorio Giovannetti. Local controlla-
bility of quantum networks. Physical Review A, 79(6):060305, 2009.

Daniel Burgarth, Domenico D’Alessandro, Leslie Hogben, Simone Severini, and Michelle
Young. Zero forcing, linear and quantum controllability for systems evolving on networks.
IEEE Transactions on Automatic Control, 58(9):2349-2354, 2013.

Daniel Burgarth and Vittorio Giovannetti. Full control by locally induced relaxation. Physical
Review Letters, 99(10):100501, 2007.

Daniel Burgarth and Koji Maruyama. Indirect Hamiltonian identification through a small
gateway. New Journal of Physics, 11(10):103019, 2009.

Daniela Ferrero, Leslie Hogben, Franklin H. J. Kenter, and Michael Young. Note on power
propagation time and lower bounds for the power domination number. Journal of Combina-
torial Optimization, 34(3):736-741, 2017.

Katherine Fetcie, Bonnie Jacob, and Daniel Saavedra. The failed zero forcing number of a
graph. Involve, pages 99-117, 2015.

Allan Frendrup, Michael A. Henning, Bert Randerath, and Preben Dahl Vestergaard. An upper
bound on the domination number of a graph with minimum degree 2. Discrete Mathematics,
309(4):639-646, 20009.

Teresa W. Haynes, Sandra M. Hedetniemi, Stephen T. Hedetniemi, and Michael A. Henning.
Domination in graphs applied to electric power networks. SIAM Journal on Discrete Mathe-
matics, 15(4):519-529, 2002.

G.T. Heydt, Chen-Ching Liu, A.G. Phadke, and Vijay Vittal. Solution for the crisis in electric
power supply. IEEE Computer applications in Power, 14(3):22-30, 2001.

Leslie Hogben. Minimum rank problems. Linear Algebra and its Applications, 432(8):1961—
1974, 2010.

Joachim Kneis, Daniel Molle, Stefan Richter, and Peter Rossmanith. Parameterized power
domination complexity. Information Processing Letters, 98(4):145-149, 2006.

Reynaldo F. Nuqui and Arun G. Phadke. Phasor measurement unit placement techniques for
complete and incomplete observability. IEEE Transactions on Power Delivery, 20(4):2381—
2388, 2005.

Darren D. Row. A technique for computing the zero forcing number of a graph with a cut-
vertex. Linear Algebra and its Applications, 436(12):4423-4432, 2012.

Simone Severini. Nondiscriminatory propagation on trees. Journal of Physics A: Mathematical
and Theoretical, 41(48):482002, 2008.

12



[23] Yaroslav Shitov. On the complexity of failed zero forcing. Theoretical Computer Science,
660:102-104, 2017.

[24] Jonathan Tostado-Marquez. Failed power domination. In Society for Advancement of Chi-
canos/Hispanics and Native Americans in Science (SACNAS) National Diversity in STEM
Conference, October 2017.

[25] Seethu Varghese, A. Vijayakumar, and Andreas M. Hinz. Power domination in Knddel graphs
and Hanoi graphs. Discussiones Mathematicae Graph Theory, 38(1):63-74, 2018.

13



