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Small Ramsey Numbers
Dynamic Survey at the El-JC, 1994-2024

Version #17: 133 pages, 965 references
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Frank Plumpton Ramsey
22 February 1903 - 19 January 1930
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Ramsey Numbers

I R(G,H) = n iff
minimal n such that in any 2-coloring of the edges of Kn there is
a monochromatic G in the first color or a monochromatic H in the
second color

I 2− colorings ∼= graphs, R(m,n) = R(Km,Kn)

I Generalizes to k colors, R(G1, · · · ,Gk )

I Theorem (Ramsey 1930): Ramsey numbers exist
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Paul Erdős, Ronald Graham, Fan Chung (1986)
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Asymptotics
bounds in diagonal cases

I Erdős (1947), Spencer (1975)
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I Sah (2020), Conlon (2010)
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I Campos-Griffiths-Morris-Sahasrabudhe (2023)

R(n,n) ≤ (4− ε)n
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Asymptotics
Ramsey numbers avoiding K3,K4

I Shearer, upper bound (1983)
Bohman-Keevash, lower bound (2009-2013-2021)
Fiz Pontiveros-Griffiths-Morris, lower bound (2013-2020)(
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I Mattheus-Verstraëte (2024)
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Values and bounds on R(k , l)
two colors, avoiding Kk ,Kl

[Small Ramsey Numbers, revision #17], upper bounds until 2019
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Small R(k , l), references

2019-2023: an avalanche of improved upper bounds
after LP attack for higher k and l by Angeltveit-McKay
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New upper bounds for R(k , l)
Angeltveit-McKay, 2019-2024
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60 Years of R(5,5)

year reference lower upper
1965 Abbott 38 quadratic residues in Z37

1965 Kalbfleisch 59 pointer to a future paper
1967 Giraud 58 LP
1968 Walker 57 LP
1971 Walker 55 LP
1973 Irving 42 sum-free sets
1989 Exoo 43 simulated annealing
1992 McKay-R 53 (4, 4)-graph enumeration, LP
1994 McKay-R 52 more detailed LP
1995 McKay-R 50 implication of R(4, 5) = 25
1997 McKay-R 49 long computations
2017 Angeltveit-McKay 48 large LP for (≥ 4,≥ 5)-graphs
2023 Angeltveit-McKay 46 massive LP for (≥ 4,≥ 5)-graphs

History of bounds on R(5, 5)

Conjecture: R(5, 5) = 43, McKay-R (1997)
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One missing edge
Jn = Kn − e, asymptotics as for cliques

Schläfli graph is (J4, J7;27)-good. It is a jewel!
R(J5, J7) = 65, Goedgebeur-Van Overberghe (2022)
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Schläfli (J7, J4;27)-graph
building block of (J5, J7; 64)

[Wikipedia]

Ludwig Schläfli (1814-1895) srg(27, 16, 10, 8)
51840 = 27345 automorphisms
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C4 versus stars and wheels
star Sn = K1,n, wheel Wn+1 = K1 + Cn

Coolly, we have R(C4,K1,n) = R(C4,Wn+1) for n ≥ 6.
Zhang-Broersma-Chen (2014)
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R(Km,Cn)

Conjecture: Erdős-Faudree-Rousseau-Schelp (1976)
R(Km,Cn) = (m − 1)(n − 1) + 1 for all n ≥ m ≥ 3, except m = n = 3.

I New insights since 2019: Keevash-Long-Skokan, Liu-li,
Bohman-Keevash, Conlon-Mattheus-Mubayi-Verstraëte

I The first open case is 33 ≤ R(K9,C5) ≤ 36
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Fans
high activity since 2020
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Rr(m)

[Wikipedia]
Alfred Clebsch (1833-1872)

For 3 colors, R(3,3,3) = 17
2 critical coloring, all colors in both are Clebsch graph.

For 4 colors, attend Lightning Talks tomorrow.

17/23 multicolor Ramsey numbers



Rr(m)
lower bounds

Fred Rowley, linear patterns constructions (2017-2023),
builds-up on Giraud (1960’s), followed by Ageron et al. (2022+)
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Diagonal Multicolorings for Cycles
k -colors, bounds on Rk (Cm) as in SRN 2024

Three jewels:
I R3(C7) = 25, Faudree-Schelten-Schiermeyer (2003)
I R4(C4) = 18, Exoo (1987)/Sun-Yang-Lin-Zheng (2007)
I R5(C6) = 26, Sun-Yang-Jiang-Lin-Shi/Sun-Yang-Wang (2008)

Columns:
I 3 - just triangles, Schur numbers, L3 story
I 4 - relatively well understood, thanks geometry!
I 5 - poorly understood
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Recent books

...
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Journal paper counts
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Exclusions
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Thanks for listening!
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