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Decision Tree Classifier
Design

Hierarchical representation for a decision process.  Decision tree used by 
answering a series of questions regarding properties of a situation or thing.

• Widely used: taxonomy, medical diagnosis, technical manuals, etc.

• Example: 20 Questions (or, nearly equivalently, ‘Animal, Vegetable, or Mineral’)

Tree Structure

‘Questions’ at internal nodes, decisions at leaf nodes. For classification, questions 
are regarding attributes (feature values).  Examples of questions:

• ‘What is the patient’s age?’ (non-negative value (quantitative))

• ‘Does it have a backbone?’ (binary (yes/no) response)

• ‘Which of the following is your favorite food?’ (qualitative: nominal)
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Note 

Classification and Regression Trees (CART)

(Breimann et al., 1984)

These will be the type of tree that we will be studying 
primarily.  As the names suggests, the method may be used 
both for discrete output domains (classification), or 
continuous output domains (regression).

The Decision Tree represents a function from features to 
classes or values.
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psychological and engineering nature. If more than one feature is involved, the
interpretation of the final decision as a chain of simple decisions might be difficult
or impossible.

To construct a decision tree, we usually start with the root and continue splitting
the tree. A “split” means that a separate part of the data set is taken to each child
node. That part is subsequently split into smaller parts until a termination criterion
is met. A termination criterion could be, for example, that all objects be labeled cor-
rectly. Having constructed a perfect tree we have to prune it to counter overtraining
(called also postpruning). Alternatively, we may use some measurable objective
function to decide when to stop splitting (called also prepruning).

Below we describe a generic tree-growing framework due to Breiman et al. [76],
called CART (classification and regression trees). The main questions of this frame-
work and their possible answers are summarized in Ref. [15].

Fig. 2.8 (a) An illustration of a decision tree and related terminology. (b) Three classes of bear.
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Example
From training data, more 
than one type of bear 
belongs to each leaf node 
(decision) 

i.e. no perfect decisions in 
this tree; resubstitution 
error > 0%.

Normally one feature is 
partitioned at each node, 
for ease of understanding.
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FIGURE 8.1. Classification in a basic decision tree proceeds from top to bottom. The questions asked at
each node concern a particular property of the pattern, and the downward links correspond to the possible
values. Successive nodes are visited until a terminal or leaf node is reached, where the category label is read.
Note that the same question, Size?, appears in different places in the tree and that different questions can
have different numbers of branches. Moreover, different leaf nodes, shown in pink, can be labeled by the
same category (e.g., Apple). From: Richard O. Duda, Peter E. Hart, and David G. Stork, Pattern Classification.
Copyright c© 2001 by John Wiley & Sons, Inc.
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FIGURE 8.2. A tree with arbitrary branching factor at different nodes can always be rep-
resented by a functionally equivalent binary tree—that is, one having branching factor
B = 2 throughout, as shown here. By convention the “yes” branch is on the left, the “no”
branch on the right. This binary tree contains the same information and implements the
same classification as that in Fig. 8.1. From: Richard O. Duda, Peter E. Hart, and David
G. Stork, Pattern Classification. Copyright c© 2001 by John Wiley & Sons, Inc.

N-ary decision trees
may be converted to
binary trees without

any loss of information.



Feature Space View
A Combination of Models

Exactly one model makes a 
decision at each location in feature 
space.

These models may be understood 
as logical rules, e.g. 

• ∀x1,x2 (x1>θ1) ^ (x2>θ3) → 
class(x1, x2, E)
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(Figures from C. Bishop, “Pattern Recognition and Machine Learning” (2006), Ch. 14.4)



Decision Tree Properties
0% Resubstiution Error (on Training Data)

...if no feature vector has conflicting class labels; can ‘tile’ classes in feature space.

Additional Key Properties

• Easily Understood. The decision process is a simple sequence of questions. 

• Instable: can ‘memorize’ the training data, but training set changes may 
restructure the decision tree.

• ‘Non-metric’:  feature(s) partitioned at each node to maximize label similarity in 
child nodes: no distance measure for features is used, vs. parametric (LDC, QDC) 
and non-parametric (Histogram, Parzen, k-NN) classifiers.

• Permits qualitative features (e.g. names of schools or persons)

• Quantitative (numerical) features: define split point in feature dimension
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FIGURE 8.5. If the class of node decisions does not match the form of the training data,
a very complicated decision tree will result, as shown at the top. Here decisions are
parallel to the axes while in fact the data is better split by boundaries along another
direction. If, however, “proper” decision forms are used (here, linear combinations of
the features), the tree can be quite simple, as shown at the bottom. From: Richard O.
Duda, Peter E. Hart, and David G. Stork, Pattern Classification. Copyright c© 2001 by
John Wiley & Sons, Inc.

Feature space 
structure vs. tree 

size
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FIGURE 8.6. One form of multivariate tree employs general linear decisions at each
node, giving splits along arbitrary directions in the feature space. In virtually all inter-
esting cases the training data are not linearly separable, and thus the LMS algorithm is
more useful than methods that require the data to be linearly separable, even though the
LMS need not yield a minimum in classification error (Chapter 5). The tree at the bottom
can be simplified by methods outlined in Section 8.4.2. From: Richard O. Duda, Peter
E. Hart, and David G. Stork, Pattern Classification. Copyright c© 2001 by John Wiley &
Sons, Inc.

Axis-aligned vs. arbitrary 
linear cuts

Note: spherical cuts also 
possible: inside/outside as 
defined by hyperspheres

(see Devroye et al.)

While more expressive, 
non-axis-aligned cuts 

harder to compute, and 
harder to interpret.



Decision Tree Construction
Initialization: all training samples associated with root node.

1. Base case: all samples have same class at current node, or 
stopping criterion holds, stop and return.

2. Find feature partition that minimizes impurity of class labels

3. Create child nodes for subsets created by selected partition.

4.  Apply steps 1-4 to new child nodes.

Note that this is a greedy algorithm, as the best partition is 
chosen locally for each node.  The is constructed depth-first.
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Example: 2D Continuous Features
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“Impurity” of Sample Labels at a Node

Definition

Measure of consistency for training data class labels 
associated with a decision tree node

• “Pure”: all samples have the same class label. Based on 
training data, correct decision is clear.

• Maximum “impurity”: all classes have the same number 
of samples.  Making a decision at such a node amounts 
to a random guess ( training data).
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Impurity Measures
Entropy

Gini Index

Misclassification
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2.4.1 Binary Versus Nonbinary Splits

To automate the tree construction, it is reasonable to choose binary trees, that is,
each nonterminal node has exactly two children nodes. For any node with multiple
answers, there are equivalent representations with binary nodes. For continuous-
valued features, the question for a binary split is usually of the form “Is x ! xs?”
where xs is the node’s threshold that is either preset or determined during training.
For ordinal categorical features withM successive categories, there areM " 1 poss-
ible splits into two. For nominal features withM possible values, there are 2M"1 " 1
possible splits (the number of pairs of nonempty subsets).

2.4.2 Selection of the Feature for a Node

The compound objective in designing a tree classifier involves accuracy and simpli-
city. The construction of the tree splits a given training set hierarchically until either
all the objects within the same subregion have the same class label, or the subregion
is “pure enough.”

Consider a c-class problem with V ¼ {v1, . . . , vc}. Let Pj be the probability for
class vj at a certain node t of a decision tree. We can estimate these probabilities as
the proportion of points from the respective class within the data set that reached
node t. The impurity of the distribution of the class labels at t can be measured in
different ways.

2.4.2.1 Entropy-Based Measure of Impurity

i(t) ¼ "
Xc

j¼1

Pj logPj (2:64)

where 0 log 0 ¼ 0. For a pure region (i.e., only one class label), impurity takes its
minimum value, i(t) ¼ 0. The most impure situation is when the classes have uni-
form distribution. In this case, impurity is maximum, i(t) ¼ log c.

2.4.2.2 Gini Impurity

i(t) ¼ 1"
Xc

j¼1

P2
j (2:65)

Again, for a pure region, i(t) ¼ 0. The highest impurity is i(t) ¼ (c" 1)=c, in the
case of uniform distribution of the class labels. The Gini index can be thought of
as the expected classification error incurred if a class label was drawn randomly
from the distribution of the labels at t.
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2.4.2.3 Misclassification Impurity

i(t) ¼ 1"max
c

j¼1
{Pj} (2:66)

Misclassification impurity is best related to the classification accuracy. It gives the
expected error if the node was replaced by a leaf and the chosen label was the one
corresponding to the largest Pj. However, misclassification impurity has the disad-
vantage of being awkward to handle mathematically. The reason is that the deriva-
tive of i(t) is discontinuous and this would be a problem when searching for an
optimal threshold value for the node over a continuous-valued feature.

Assume that we split t into two children nodes t0 and t1 based on a binary feature
X. The gain in splitting t is in the drop of impurity on average, denoted Di(t)

Di(t) ¼ i(t)" P(X ¼ 0)# i(t0)" P(X ¼ 1)# i(t1)

¼ i(t)" P(X ¼ 0)# i(t0)" (1" P(X ¼ 0))# i(t1) (2:67)

where P(z) denotes the probability of event z.
If the features being used are binary, then the task of selecting the best feature for

node t is easy: try each one in turn and pick the feature with the highest Di(t). How-
ever, for features with multiple categories and for continuous-valued features, we
have to find first the optimal threshold to split t into left child (tL) and right child (tR).

Example: Calculation of Impurity Indices. Figure 2.9 shows the three indices cal-
culated for the generated data set from Figure 1.9. One thousand split points were
checked on each axis and the indices Di were plotted as functions of the split-
point. The functions for feature X are projected underneath the data scatterplot,
and the functions on feature Y are projected on the left.

All three functions are bimodal on both X and Y , suggesting that there are two
good split points on each axis. Indeed, we can choose split points such that either
the left or the right subsets are completely pure. Table 2.3 shows the values of Di
for the three indices and the suggested split points. For example, if we use Gini
for building the tree, we should prefer the split on X, point xs ¼ "0:3458, because

TABLE 2.3 Maximal Values of Di and the Respective Split Points for the
Three Impurity Indices.

Entropy Gini Misclassification

X Y X Y X Y

Di 0.1616 0.1168 0.1127 0.0974 0.0680 0.1230
xs, ys 20.3706 21.2105 20.3458 21.1269 20.1278 21.1269
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FIGURE 8.4. For the two-category case, the impurity functions peak at equal class fre-
quencies and the variance and the Gini impurity functions are identical. The entropy,
variance, Gini, and misclassification impurities (given by Eqs. 1–4, respectively) have
been adjusted in scale and offset to facilitate comparison here; such scale and offset do
not directly affect learning or classification. From: Richard O. Duda, Peter E. Hart, and
David G. Stork, Pattern Classification. Copyright c© 2001 by John Wiley & Sons, Inc.

*Misclassification has discontinuous 
derivative (not smooth): problems 

when searching for optimal threshold 
over continuous-valued features.



Determining Node Splits
Goal

Given the training samples at a node, use the attribute partition that minimizes impurity in 
the child nodes relative to the parent (the node in question). 

• All possible splits are considered (brute-force/exhaustive search).

Note

This is a greedy decision, where the decision is optimized locally (e.g. based only on the 
data at the node), rather than globally.  This is because determining the globally optimal 
tree is prohibitively expensive.

• 2N - 1 non-empty subsets for N samples (just to start!)

• All possible partitions of N elements into non-empty subsets: the Bell number, 
where B0, B1 = 1: 

• 210 = 1024,  B10 = 115,975

• This only accounts for leaf nodes, not all possible arrangements of internal nodes 
(i.e. all possible splits at nodes, which require examining feature values)! 14
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Determining the Split
Binary Attributes (e.g. gender)

Split on attribute value (e.g. male/female)

Ordinal Attributes (e.g. belt in Karate)

Sort, then consider all possible thresholds (M - 1 alternatives for M values)

Nominal Attributes (e.g. names)

Consider impurity of all possible splits for given values ( 2M-1 - 1 alternatives,  
number of non-empty subset pairs for M values)

Quantitative Attributes (e.g. real-valued)

Sort training samples by attribute value and consider possible partition values.  
May be computed at equally-spaced points (e.g. Kuncheva example, D 
estimates), as the midpoint between the best pair of adjacent training samples 
to split (N - 1 alternatives, where N is # samples at the node), etc. 15



Gain from a Split 
(Impurity Reduction)
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t: current node,  t0: left child,   t2: right child
X: binary or partitioned attribute: X = 0 for one value/value set, 
X = 1 for the other.

The ‘gain’ is the difference in impurity between the current node 
and the weighted average of the impurities at the left/right (true/
false) nodes.

Estimate P(X = 0) in the usual fashion, divide number of ‘left’ 
children by number points at current node (NL/N)



splitting on X gives the higher value of Di. On the other hand, if we used the mis-
classification index, we should split on Y (higher Di) at ys ¼ "1:1269. Note that
both Entropy and Gini index favor the left peak on X while the Misclassification
index favors the right peak. These discrepancies show that different trees will be
constructed depending on which index we decide to use.

The Gini index is often used in tree construction [15,29] because it can dis-
tinguish between choices for which the misclassification index gives the same
value. The choice of impurity index does not seem to be hugely important for the
success of the tree classifier [15]; more important are the stopping criteria and the
pruning methods.

Note that the choice of the best feature for the current node is a typical example of
a greedy algorithm. The optimality of the local choices does not guarantee that the
constructed tree will be globally optimal, for example, with minimum number of
nodes (zero resubstitution error by design).

Fig. 2.9 Three indices of impurity used in growing decision trees: Entropy-based, Gini, and
Misclassification indices, calculated for 1000 points of split for each of X and Y, for a
generated data set (see Figure 1.9).
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Stopping Criteria
Avoiding Overfitting

To avoid overfitting, we may use a stopping criterion 
(function) to stop cutting within the decision tree 
construction algorithm (in base case)

Risk

“Horizon effect”: rule may cause cutting to stop too 
early (e.g. a very good cut may not appear until after 
a number of ‘weak’ cuts)

18



Stopping Criteria

• Validation set: stop when error on validation set 
increases

• Impurity reduction threshold β: stop cutting when 
impurity reduction i(t) ≤ β

• Training sample threshold k: stop cutting when number 
of samples at a node is ≤ k (alt. as percentage of training 
sample size)

• Penalize tree complexity, using parameter α: split if the 
following term is reduced by the split (size = # nodes)

19

2.4.3 Stopping Criterion

The tree construction could be carried on until there are no further impure nodes. If
the training data contains no objects with the same feature values and different class
labels, then a perfect tree can be constructed. However, as discussed earlier, such a
perfect result could be due to overtraining, and so the tree classifier would not be of
much value. One solution to this problem is to stop the training before reaching pure
nodes. How do we decide where to stop? If the splitting is stopped too early, we
might leave the classifier undertrained. Below we summarize the options suggested
in Ref. [15]:

1. Use a validation set cut out from the training set. When the error on the vali-
dation set begins to increase, stop splitting.

2. Set a small impurity-reduction threshold, b. When the greatest possible
reduction of impurity at node t is Di(t) ! b, stop splitting and label this
node as the majority of the points. This approach does not answer the question
“where to stop?” because the stopping is determined by the choice of b, and
this choice lies again with the designer.

3. Set a threshold value for the number of points at a node. For example, we may
decide not to split a node if it contains less than k points or less than l percent
of the total number of points in the training set. The argument is that continu-
ing the splitting beyond this point will most probably be overtraining.

4. Penalize complexity of the tree by using a criterion such as

minimize a" size þ
X

leaves t

i(t) (2:68)

where “size” can be the total number of nodes, branches, or leaves of the tree,
and a is a positive constant. Again, the problem here is choosing the value of a
so that the right balance between complexity and accuracy is achieved.

5. Use hypothesis testing to decide whether a further split is beneficial or not.
Consider a two-class problem. Assume that there are n data points at node
t, n1 of which have labels v1 and n2 have labels v2. Assume that the best fea-
ture for the node has been found to be X, and the best split of X is at some point
xs. The left and the right children nodes obtain nL and nR number of points,
respectively. Denote by nL1 the number of points from v1 in the left child
node, and by nL2 the number of points from v2 in the left child node. If the
distributions of class labels at the children nodes are identical to that at the
parent node, then no purity is gained and the split is meaningless. To test
the equivalence of the distributions at the children and the parent’s node,
calculate

x 2
L ¼ (n" nL1 % nL " n1)

2

n" nL " n1
þ (n" nL2 % nL " n2)

2

n" nL " n2
(2:69)
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Hypothesis Testing (χ2)
Statistical Hypothesis Testing

Determine whether two sampled distributions differ 
significantly (i.e. low probability of arising from chance, 
typically .01 or .05)

‘Rejecting the Null Hypothesis’

We wish to determine whether the sample class 
distributions in the child nodes differ significantly from the 
class distribution in the parent (if so, we reject the null 
hypothesis, that the two distributions do not differ)
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*A brief introduction to hypothesis testing is provided in DHS Appendix A.6; 
Table A.2 provides critical values for the chi-squared test.



χ2 Criterion
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2.4.3 Stopping Criterion

The tree construction could be carried on until there are no further impure nodes. If
the training data contains no objects with the same feature values and different class
labels, then a perfect tree can be constructed. However, as discussed earlier, such a
perfect result could be due to overtraining, and so the tree classifier would not be of
much value. One solution to this problem is to stop the training before reaching pure
nodes. How do we decide where to stop? If the splitting is stopped too early, we
might leave the classifier undertrained. Below we summarize the options suggested
in Ref. [15]:

1. Use a validation set cut out from the training set. When the error on the vali-
dation set begins to increase, stop splitting.

2. Set a small impurity-reduction threshold, b. When the greatest possible
reduction of impurity at node t is Di(t) ! b, stop splitting and label this
node as the majority of the points. This approach does not answer the question
“where to stop?” because the stopping is determined by the choice of b, and
this choice lies again with the designer.

3. Set a threshold value for the number of points at a node. For example, we may
decide not to split a node if it contains less than k points or less than l percent
of the total number of points in the training set. The argument is that continu-
ing the splitting beyond this point will most probably be overtraining.
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and

x 2
R ¼ (n" nR1 # nR " n1)

2

n" nR " n1
þ (n" nR2 # nR " n2)

2

n" nR " n2
(2:70)

We can take the average x2 ¼ 1
2 (x

2
L þ x2R), which, after simple algebraic trans-

formations can be expressed as

x2 ¼ 1

2
(x2L þ x2R) ¼

n

2nR
x2L ¼ n

2nL
x2R (2:71)

If x2 is greater than the tabular value with the specified level of significance
and one degree of freedom, then the split is worthwhile. If the calculated
value is smaller than the tabulated value, we should stop splitting and should
label the node as v1 if n1 . n2, and v2 otherwise. The lower the level of sig-
nificance, the smaller the tree would be because greater differences in the dis-
tributions will be required to permit splitting.

For c classes, the degrees of freedom will be c# 1, and the x2 statistic
should be calculated as the average of x2L and x2R where

x2L ¼
Xc

i¼1

(n" nLi # nL " ni)
2

n" nL " ni
(2:72a)

and

x2R ¼
Xc

i¼1

(n" nRi # nR " ni)
2

n" nR " ni
(2:72b)

Note that the x2 statistic (2.69) or (2.72) can be used for a direct comparison with
a threshold set by the user. If the calculated value is greater than the threshold, we
should split the node, otherwise we label it as a leaf. Appropriate values of the
threshold vary between 0 (full tree) and 10 (heavy prepruning).

Example: Growing Tree Classifiers. Consider the banana data set (see
Figure 1.6).10 To construct the tree we use a recursive procedure of the following
general form. Start at the root. At the current node, check whether a split is justified.
If yes, call the same procedure for the left subtree and then for the right subtree, then
join the two trees. If the split is not justified, then designate the current node as a leaf
and label it as the majority of the data points in it.

To find out whether the split is justifiable, we first search for the best split point on
every feature. Once such a point is identified, the Gini index of impurity is calculated

10 The Matlab code for this example is given in Appendix 2A. We borrow the data organization idea from
the maketree routine from PRTOOLS [19].
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Critical value: 
3.84 at .05 level

Left/right node expressions change: critical value increases as degrees 
of freedom (# classes) increases (see DHS page 630)



is a leaf, then the first column is the class label of the leaf, and columns 2, 3, and 4
contain 0s.

The tree in Table 2.4 was obtained using the code in Appendix 2A for the banana
data (Gini index, x2 stopping criterion, threshold t ¼ 3). Its graphical version is
shown in Figure 2.10, and the classification regions are overlaid on the banana
data scatterplot in Figure 2.11. It should be noted that exactly the same tree was gen-
erated when we used the entropy criterion (2.64). For comparison we grew a full tree
with training error 0 percent. The testing error was found to be 13 percent.

One possible way to classify the data after the tree has been built and stored in the
format shown in Table 2.4 is given in Appendix 2A, routine tree_classify.
Using this code, we found that the tree depicted in Figure 2.10 gives 5 percent train-
ing error and 11 percent testing error.

2.4.4 Pruning Methods

Sometimes early stopping can be too shortsighted and prevent further beneficial
splits. This phenomenon is called the horizon effect [15]. To counter the horizon
effect, we can grow the full tree and then prune it to a smaller size. The pruning
seeks a balance between the increase of the training error and the decrease of the
size of the tree. Downsizing the tree will hopefully reduce overtraining. There are
different criteria and methods to prune a tree summarized by Esposito et al. [77]
as follows.

2.4.4.1 Reduced Error Pruning. The reduced error pruning (REP) method is
perceived as the simplest pruning method. It uses an additional training set, called
the “pruning set,” unseen during the growing stage. Starting at the bottom (leaves)
and working our way up to the top (the root), a simple error check is calculated for
all nonleaf nodes. We replace the node with a leaf and label it to the majority class,

Fig. 2.11 Classification regions determined by the tree classifier for the banana data.
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as in Eq. (2.65) and the feature with the maximal reduction of impurity, maxDi, is
chosen for that node. To determine the best split point for feature X we first sort the
values of X for all the points at the current node and then check Di for a split point
between every two consecutive values of X. The highest Di signifies the importance
of X for the current node and also the best split point.

Finally, the justifiability of the split is assessed by the x2 criterion, Eq. (2.69). A
split will be permitted only if the calculated x2 exceeds the threshold that was set to
3 for this example.

The code tree_construct in Appendix 2A outputs a description of the
obtained decision tree in the following form. Each row corresponds to a node. If
the node is not a leaf, then the first column is the number of the feature used at
that node, the second column is the split point, the third and the fourth columns
are the numbers of the left and the right children nodes, respectively. If the node

TABLE 2.4 A Tabular Description of the Tree Classifier for the
Banana Data with Threshold t 5 3.

Feature (or
Class Label) Split Point

Left
Child Node

Right
Child Node

1 1.1740 2 9
2 21.5960 3 8
1 25.5197 4 5
2 0 0 0 (leaf)
2 27.4966 6 7
2 0 0 0 (leaf)
1 0 0 0 (leaf)
2 0 0 0 (leaf)
1 0 0 0 (leaf)

Fig. 2.10 Graphical representation of the tree classifier for the banana data. A threshold t 5 3
was used to preprune the tree. Training error 5 5%, testing error 5 11%.
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Tree created, stopping 
if single sample at 

node, or chi-squared 
value is <= 3.

Training error is 5%, 
testing 11%.



Pruning

Stopping...

Can be shortsighted, and prevent beneficial splits 
(‘horizon effect’)

Preferred method: Grow, then prune

Intuition: fit the data perfectly (build entire tree), then 
prune decisions to prevent over-fitting, while avoiding 
the horizon effect.
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Pruning Criteria
• Reduced Error Pruning: keep aside a separate data set (similar 

to validation set). Bottom-up from leaf parent nodes to the 
root, prune tree at each node, assigning the class with the most 
instances at the node. Stop pruning along a path when error on 
pruning set is higher for pruned vs. original tree.

• Pessimistic error pruning: a top-down pruning method which 
takes the size of subtrees into account when considering 
pruning locations.

• Critical Value Pruning (CVP):  bottom-up from leaf parent 
nodes to the root, prune all nodes where the increase in error 
on the training set is below a threhold e. Can produce a family 
of trees by decreasing the threshold (family of nested trees), 
choose best tree for an independent training set.
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Pruning Criteria, Cont’d
• Cost-complexity pruning (CART):  Use increase in 

apparent error rate per leaf on training data (α) as 
pruning criterion. Iterate to obtain a family of trees, 
selecting the ‘best’ one using a pruning set or cross-
validation.

• First prune using α = 0 (no increase in error),  
identify smallest α1 for the resulting tree, and prune 
using again using α1  to obtain T1. 

• Repeat until Tk, where only the root remains. 

• Identify best tree in the generated set.  Below, t is 
the current node, LT the number of leaves rooted at 
node T:  
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2.4.4.4 Cost-Complexity Pruning. The cost-complexity pruning (CCP)
method is known as the CART pruning algorithm [76]. In the first step, a parametric
family of trees is generated, denoted T ¼ {T0, . . . , TK}. Tree Tiþ1 is obtained by
pruning tree Ti according to a certain criterion, associated with a parameter value
aiþ1. For example, a can be the increase in the apparent error rate per leaf, calcu-
lated as

a ¼
e(t)#

P
l[Lt

e(l)

n(jLtj # 1)
(2:75)

that is, the additional error if we replaced t by a leaf, divided by the number of leaves
we get rid of.11 If at node t a is smaller than a fixed threshold, then the high complex-
ity and small error reduction of the subtree at node t are not justified and t is replaced
by a leaf. T0 is obtained by pruning the full tree of those branches that have a ¼ 0
(no added error), and TK is the root tree. It can be shown that each Ti has a different
ai such that ai , aiþ1. Suppose T0 is the full tree. To construct T1, we calculate a
for T0 through Eq. (2.75) for all nonleaf nodes, identify the minimum a, and set this
to be our a1. Then we replace all the nodes whose value is a ¼ a1 by leaves. The so
pruned tree is T1. We continue by identifying the smallest a on T1, and so on. The
second step after constructing the family T is to find the best tree. This can be done
again by using an independent pruning set or by cross-validation [76].

2.4.4.5 Error-Based Pruning. The interesting possibility offered by the error-
based pruning (EBP) method is that the nodes can be replaced by children nodes
together with the remaining subtree, not only replaced by leaves or kept unchanged.
This is called grafting a branch onto its parent’s branch. Thus the tree can be
restructured within the pruning procedure. The criterion that is used for making a
decision at node t is based on a statistical estimate of the confidence interval (CI)
for the error at t. The upper limit of this CI, Ut, is calculated by treating the set of
objects that reached t as a statistical sample and assuming that the number of errors
is a binomial random variable. The Ut values are found and subsequently used to
calculate the error estimates for the leaves and subtrees. The decision about a
node is made based on its expected error, the errors of its children and the error
of the largest of the children nodes (taking the largest number of objects).

An extensive experimental study carried out by Esposito et al. [77] found that
there are problems that benefit from pruning, others that do not, and a third group
where pruning does not lead to significantly different results. Most often pruning
was found to be beneficial. The problems where one class is highly dominant,
that is, with high maxci¼1 P(vi), have been found to benefit from any pruning strat-
egy. There is no unique answer to the question which is the best pruning method?
Using the above abbreviations, CVP and EBP were found to have a tendency
towards overpruning whereas REP has the opposite trend. Finally, it is pointed
out that setting aside a pruning subset as a part of the training set does not always

11Here n is again the number of data points reaching node t.
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Pruning, Cont’d
• Error-Based Pruning:  nodes may be replaced by the 

subtree rooted at a child node (‘grafting,’ restructuring 
the tree internally). Makes use of confidence interval for 
error at a node; pruning decision considers expected 
error, errors of children, error of child node with the 
most samples.

Utility of Pruning (Esposito et al.)

In a set of experiments in different domains, found 
pruning helps more often than not. Surprisingly, often 
better results obtained by using all data for training 
and pruning, rather than using a separate pruning set.
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pay off. Methods that used the whole training set to grow and then prune the tree
were found to be more successful.

The Matlab code tree_prune in Appendix 2A implements a pruning method
based on the CVP explained above but without going through the two steps. Instead
of making a family of trees and selecting the best tree within the family on an inde-
pendent pruning set, we just use a fixed critical value. The procedure starts with the
leaves. Two leaves are merged if x2 (2.72) exceeds the fixed threshold (the critical
value). We used the code to prune the full tree (25 nodes) for the banana data. We
chose the pruning constant to be t ¼ 3. The pruned tree consisted of 13 nodes with
training accuracy 4 percent and testing accuracy 11 percent.

Example: Tree Pruning for the Banana Data. One hundred pairs of training and
testing banana data sets were generated with s ¼ 1:5 and 100 data points in each set
(50 on each banana). The full tree was grown and pruned varying the threshold from
0 (no pruning) to 10 (heavy pruning). The results were averaged across the 100 pairs
of training/testing sets. The training and testing errors are shown in Figure 2.12 and
the tree size (number of nodes) is shown in Figure 2.13, all as functions of the
threshold t.

The figure suggests that there is an optimal size of the tree for which the testing
accuracy is minimum. A pruning threshold around 4 would find this smaller tree.
Notice that the tabular value for level of significance 0.05 of the x2 test is 3.841.

In terms of accuracy of the final classifier, pruning is perceived to be a better
option than early stopping. For small data sets, pruning is inexpensive because grow-

Fig. 2.12 Training and testing errors of a tree classifier as functions of the pruning threshold
(averaged across 100 experiments).
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ing of the full tree is not going to be overly time-consuming. For large data sets,
however, the cost of growing the full tree and subsequently pruning it could be pro-
hibitive. Early stopping is recommended for this case.

The methodology for tree construction explained so far is within the CART
framework [76]. The two main alternatives for designing trees are the ID3 algo-
rithm and the C4.5 algorithm.

The ID3 algorithm is due to Quinlan [78], a third algorithm from a series of inter-
active dichotomizer algorithms. It is designed for nominal data, so all continuous-
valued variables are first discretized and the categories are treated as unordered.
The main characteristic of ID3 is that each node has as many children nodes as
the number of categories of the (nominal) feature at that node. Since a feature is
completely used up on a single node, the tree can only be grown up to maximum
n layers, where n is the total number of features. Pruning of the resultant tree can
be carried out as discussed above. To select a feature for a node, we should use a
modified version of the impurity criteria because the formulas introduced above
inherently favor multiple splits over two-way splits without a good reason. Instead
of the absolute impurity reduction Di, we should use a scaled version thereof, called
the gain ratio impurity. In an M-way split, let Pi be the proportion of objects going
into the ith child node. Then

DiM ¼ Di

"
PM

i¼1 Pi logPi

(2:76)

The main problem with ID3 when continuous-valued variables are concerned is
the way these are discretized into categories. There is an inevitable loss of infor-

Fig. 2.13 Size of the tree classifier as a function of the pruning threshold (averaged across 100
experiments).
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Full tree: 25 nodes

Pruning results shown:
Using CVP with X2, pruning 

if X2 < t.



Missing Attributes
Missing features (‘attributes’)

Especially common in data collected in real life, e.g. data from 
experiments involving human participants, sensor/hardware failures.

• Metric-based methods (e.g. k-NN) require all features.

Accomodation using Decision Trees:

• Interpolate the missing value (e.g. using similar samples)

• Define alternative cuts at every node, using the remaining features. 
One method is to rank remaining features by the number of samples 
that can be identically/similarly partitioned in the manner of the 
primary/original feature selected at a node.
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Missing Attributes, Cont’d

Classification Using Missing Attributes

Classify as before, using interpolated value or 
‘surrogate’ feature partition at nodes where 
attributes are missing.
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Extensions: ID3, C4.5

ID3 (Quinlan): ‘Interactive Dichotomizer’

For nominal data: all continuous variables must first 
be discretized. 

• Each node has all possible attribute values as children 
(‘uses up’ the feature), maximum depth of n, where n is 
the number of features, optionally followed by pruning. 

• Impurity measured using gain ratio impurity, to prevent 
preference for multiple vs. binary splits:
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ing of the full tree is not going to be overly time-consuming. For large data sets,
however, the cost of growing the full tree and subsequently pruning it could be pro-
hibitive. Early stopping is recommended for this case.

The methodology for tree construction explained so far is within the CART
framework [76]. The two main alternatives for designing trees are the ID3 algo-
rithm and the C4.5 algorithm.

The ID3 algorithm is due to Quinlan [78], a third algorithm from a series of inter-
active dichotomizer algorithms. It is designed for nominal data, so all continuous-
valued variables are first discretized and the categories are treated as unordered.
The main characteristic of ID3 is that each node has as many children nodes as
the number of categories of the (nominal) feature at that node. Since a feature is
completely used up on a single node, the tree can only be grown up to maximum
n layers, where n is the total number of features. Pruning of the resultant tree can
be carried out as discussed above. To select a feature for a node, we should use a
modified version of the impurity criteria because the formulas introduced above
inherently favor multiple splits over two-way splits without a good reason. Instead
of the absolute impurity reduction Di, we should use a scaled version thereof, called
the gain ratio impurity. In an M-way split, let Pi be the proportion of objects going
into the ith child node. Then

DiM ¼ Di

"
PM

i¼1 Pi logPi

(2:76)

The main problem with ID3 when continuous-valued variables are concerned is
the way these are discretized into categories. There is an inevitable loss of infor-

Fig. 2.13 Size of the tree classifier as a function of the pruning threshold (averaged across 100
experiments).
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ID3/C4.5 Cont’d

C4.5 (Quinlan again)

Combines CART trees with ID3 (and very popular):

• Continuous data: managed per CART

• Nominal data: managed per ID3.
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