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Motivation
Classifiers

Are functions that map feature vectors to classes.

• Any single classifier selected will define this function subject to 
certain biases due to the space of models defined, the training 
algorithm used, and the training data used. 

• Idea: use a ‘committee’ of base classifiers, map a vector of class 
outputs or discriminant values for each base classifier to the output 
classes. (Parallel Combination)

• Fusion: base classifiers cover feature space; Selection: classifiers 
are assigned to produce classes for a region in feature space

• Another Idea: organize classifiers in a cascade (list) or hierarchy, to 
allow progressively more specialized classifiers to refine intermediate 
classification decisions, e.g. to classify low-confidence or rejected 
samples.  (Hierarchical/Sequential Combination)
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Effectivene Combinations:
Statistical Reason

“Average” 
classifier 
outputs 

to 
produce 
better 

estimates
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Dietterich [106] suggests three types of reasons why a classifier ensemble might
be better than a single classifier.

3.1.1 Statistical

Suppose we have a labeled data set Z and a number of different classifiers with a
good performance on Z. We can pick a single classifier as the solution, running
onto the risk of making a bad choice for the problem. For example, suppose that
we run the 1-nn classifier or a decision tree classifier for L different subsets of fea-
tures thereby obtaining L classifiers with zero resubstitution error. Although these
classifiers are indistinguishable with respect to their (resubstitution) training error,
they may have different generalization performances. Instead of picking just one
classifier, a safer option would be to use them all and “average” their outputs.
The new classifier might not be better than the single best classifier but will diminish
or eliminate the risk of picking an inadequate single classifier.

Dietterich gives a graphical illustration of this argument as shown in Figure 3.1.12

The outer circle denotes the space of all classifiers. The shaded inner region contains
all classifiers with good performances on the training data. The best classifier for the
problem (supposedly with a good performance on the training data too) is denoted
by D!. The hope is that some form of aggregating of the L classifiers will bring the
resultant classifier closer to D! than a classifier randomly chosen from the classifier
space would be.

Fig. 3.1 The statistical reason for combining classifiers. D ! is the best classifier for the problem,
the outer curve shows the space of all classifiers; the shaded area is the space of classifiers with
good performances on the data set.

12 The appearance and notations in the figures inspired by Ref. [106] are changed so as to be consistent
with the rest of the book.
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D1-D5 produced with 0 
resubstitution error for 
different feature subsets

(e.g. for 1-NN or 
decision tree)



Effective Combinations: 
Computational Reason

Aggregation of 
local-search 
optimizations 
may improve 
over individual 
(local) error 
minima
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3.1.2 Computational

Some training algorithms perform hill-climbing or random search, which may lead
to different local optima. Figure 3.2 depicts this situation. We assume that the train-
ing process of each individual classifier starts somewhere in the space of possible
classifiers and ends closer to the optimal classifier D!. Some form of aggregating
may lead to a classifier that is a better approximation to D! than any single Di.

3.1.3 Representational

It is possible that the classifier space considered for the problem does not contain the
optimal classifier. For example, the optimal classifier for the banana data discussed
earlier is nonlinear. If we restrict the space of possible classifiers to linear classifiers
only, then the optimal classifier for the problem will not belong in this space. How-
ever, an ensemble of linear classifiers can approximate any decision boundary with
any predefined accuracy. If the classifier space is defined differently, D! may be an
element of it. In this case, the argument is that training an ensemble to achieve a cer-
tain high accuracy is more straightforward than training directly a classifier of high
complexity. For example, a single neural network can be trained for the problem
instead of looking at a combination of simple classifiers. When there are many par-
ameters (weights) to be tuned, a local extremum of the error function is likely to be
found. An ensemble of simple classifiers might be a better option for such problems.
Figure 3.3 illustrates the case where the optimal classifier D! is outside the chosen
space of classifiers.

Note that an improvement on the single best classifier or on the group’s average
performance, for the general case, is not guaranteed. What is exposed here are only

Fig. 3.2 The computational reason for combining classifiers. D ! is the best classifier for the
problem, the closed space shows the space of all classifiers, the dashed lines are the
hypothetical trajectories for the classifiers during training.
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Effective Combinations: 
Representational Reason

Combination 
allowing decision 
boundaries not 
expressible in 
original classifier 
parameter space 
to be 
represented 

5“clever heuristics.” However, the experimental work published so far and the
theories developed for a number of special cases demonstrate the success of
classifier combination methods.

3.2 TERMINOLOGIES AND TAXONOMIES

The series of annual International Workshops on Multiple Classifier Systems
(MCS), held since 2000, has played a pivotal role in organizing, systematizing,
and developing further the knowledge in the area of combining classifiers [107–
110]. We still do not have an agreed upon structure or a taxonomy of the whole
field, although a silhouette of a structure is slowly crystallizing among the numerous
attempts. Providing yet another taxonomy is not the intention of this chapter. We
will rather look at several popular ways to summarize the work in the field in the
hope that a structure will be found in the future.

Before the series of MCS workshops, classifier combination went through paral-
lel routes within pattern recognition and machine learning, and perhaps in other
areas such as data fusion. This brought various terms for the same notion. We
note that some notions are not absolutely identical but bear the specific flavor of
their area of origin. For example

classifier ¼ hypothesis ¼ learner ¼ expert

and

example ¼ instance ¼ case ¼ data point ¼ object

Fig. 3.3 The representational reason for combining classifiers. D " is the best classifier for the
problem; the closed shape shows the chosen space of classifiers.
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Classifier Output Types
(Xu, Krzyzak, Suen)

Type 1:  Abstract Level

Chosen class label for each base classifier

Type 2: Rank Level

List of ranked class labels for each base classifier

Type 3: Measurement Level

Real values (e.g. [0,1]) for each class (discriminant function outputs)
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Fusion Combinations (k base classifiers)
For Type 1 (Single Label per Base Classifier)

For Type 2 (Ranked list of r classes)

For Type 3 (Discriminant Values)
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Dl(x) = C(B(x))
B : Rn → Ωk, C : Ωk → Ω

Dm(x) = C(B(x))
B : Rn → R|Ω|k , C : R|Ω|k → Ω

Dr(x) = C(B(x))
B : Rn → Ωr∗k, C : Ωr∗k → Ω

1

Dl(x) = C(B(x))
B : Rn → Ωk, C : Ωk → Ω

Dm(x) = C(B(x))
B : Rn → R|Ω|k, C : R|Ω|k → Ω

Dr(x) = C(B(x))
B : Rn → Ωrk, C : Ωrk → Ω

1

Dl(x) = C(B(x))
B : Rn → Ωk, C : Ωk → Ω

Dm(x) = C(B(x))
B : Rn → R|Ω|k, C : R|Ω|k → Ω

Dr(x) = C(B(x))
B : Rn → Ωrk, C : Ωrk → Ω
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Intermediate 
Feature Space

Combination example: voting

Combination example: weighted voting (e.g. Borda Count)

Combination example: min, max, product rules



Classifier Ensembles (Fusion):
Combination Techniques

s
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A similar variety of terminology can be observed in the toolbox of methods for clas-
sifier combination.

A starting point for grouping ensemble methods can be sought in the ways of
building the ensemble. The diagram in Figure 3.4 illustrates four approaches aiming
at building ensembles of diverse classifiers.

This book is mainly focused on Approach A. Chapters 4, 5, and 6 contain details
on different ways of combining the classifier decisions. The base classifiers
(Approach B) can be any of the models discussed in Chapter 2 along with classifiers
not discussed in this book. Many ensemble paradigms employ the same classifi-
cation model, for example, a decision tree or a neural network, but there is no evi-
dence that this strategy is better than using different models. The design of the base
classifiers for the ensemble is partly specified within the bagging and boosting
models (Chapter 7) while designing the combiner is not coupled with a specific
base classifier. At feature level (Approach C) different feature subsets can be used
for the classifiers. This topic is included in Chapter 8. Finally, the data sets can
be modified so that each classifier in the ensemble is trained on its own data set
(Approach D). This approach has proven to be extremely successful owing to the
bagging and boosting methods described in Chapter 7.

Although many of the existing streams in classifier combination are captured in
the four-approaches classification, there are many more that are left outside. For
example, a remarkably successful ensemble building heuristic is manipulating the
output labels by using error correcting codes (ECOC) (Chapter 8). Other topics
of interest include clustering ensembles (Chapter 8) and diversity in classifier
ensembles (Chapter 10). Developing a general theory, as impossible as it sounds,

Fig. 3.4 Approaches to building classifier ensembles.
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Cascade Architecture
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OPTIMISING CASCADE CLASSIFIERS

AdaBoost 3AdaBoost 2
image pos?pos?pos?AdaBoost 1

negative negative negative

(a) A classifier cascade

(1 − p1)

p1

p1(1 − p2)

p1p2 p1p2p3

p1p2(1 − p3)

(b) Cost of executing the classifier

Figure 2: Classifier cascades

where G(T ) =
∑T

t=1 γ2
t , T is the number of weak classifiers in the ensemble, γt = 1/2 − εt, and

εt is the training error of weak classifier t.
We have found that G(T ) can be approximated by:

G(T ) ≈ a(t − b)c (5)

where a > 0, b > 0, and 0 < c < 1.0 are appropriate constants. Figure 3 shows examples of G(t)
on several of the problems from the UCI data repository. In this paper, we have restricted our study
to weak learners which are height restricted decision trees, with heights of 1 (decision stumps), 2 or
3. Note that the approximation used in Equation 5 has similar properties to the function G(T ) - in
particular the gradients of both approach 0 as T approaches infinity.
Now γ (or ε) is actually a combination of the false positive and the false negative rates. We

are interested in not just modeling the error of AdaBoost with respect to the computational cost of
the classifier, but rather the more detailed function of computational cost with respect to the false
positive and false negative rates. In other words, we need to generate ROC curves for each cost
point of an AdaBoost classifier. ROC curves can be generated for AdaBoost classifiers by altering
the decision threshold of the ensemble as in Viola and Jones (2001, 2004). Therefore, for any
AdaBoost classifier, we can choose an appropriate detection rate or false positive rate by adjusting
the threshold appropriately. If we fix the detection rate, then the false positive rate will vary with
cost in a similar way to the overall error rate as in Figure 3.
Ultimately, we seek a cost function that is dependent on both the false positive rate and the

detection rate:
Ci = g(f, d),

where g is an appropriate two-dimensional function, f is the false positive rate and d is the de-
tection rate of layer i in the cascade. Unfortunately, it is extremely difficult to directly estimate a
two-dimensional function using non-linear regression. To overcome this problem, for each fixed
detection rate, we estimate the function parameters independently and then perform a second re-
gression on the parameters of the first function. For a fixed detection rate, we use a logarithmic
function:

gd(f) = ad + (log(f)/(−cd))
1.0/bd , (6)

where gd is the cost, ad, cd and bd are our constant parameters that must be estimated, and the
subscript d is used to indicate that these parameters are in fact dependent on the detection rate. For
ease of modeling, we can invert Equation 6 to give the false positive rate as a function of the cost:

f(gd) = e−cd(gd−ad)bd . (7)
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*McCane, Novins and Albert, “Optimizing Cascade 
Classifiers” (unpublished, 2005)

Here a set of classifiers is obtained using 
AdaBoost, then partitioned using dynamic 

programming to produce a cascade of binary 
classifiers (detectors)

(Viola and Jones face detector (2001, 2004))



ECOC: Another Label-Based Combiner
Error-Correcting Output Codes (ECOC)

Classifier ensemble comprised of binary classifiers (each 
distinguishing a subset of the class labels: dichotomizers)

• Represent base classifier output as a bit string

• Learn/associate bit string sequences with concrete labels; 
classify by Hamming distance to bit string (‘code’) for 
each class

• Details provided in Ch. 8 (Kuncheva)
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8.2 ERROR CORRECTING OUTPUT CODES

The error correcting output codes (ECOC) ensemble strategy is developed for pro-
blems with multiple classes [254–259]. The idea is to avoid solving the multiclass
problem directly and to break it into dichotomies instead. Each classifier in the
ensemble discriminates between two possibly compound classes. For example,
let V ¼ {v1, . . . , v10}. We can break V into V ¼ {V(1), V(2)} where V(1) ¼
{v1, . . . , v5} and V(2) ¼ {v6, . . . , v10}.

8.2.1 Code Designs

8.2.1.1 The Code Matrix. We can represent each split of the set of c classes as a
binary vector of length c with 1s for the classes in V(1) and 0s for the classes in V(2).
The corresponding vector for the above example is [1, 1, 1, 1, 1, 0, 0, 0, 0, 0]T. The
set of all such vectors has 2c elements. However, not all of them correspond to differ-
ent splits. Consider [0, 0, 0, 0, 0, 1, 1, 1, 1, 1]T. Even if the Hamming distance
between the two binary vectors is equal to the maximum possible value 10, the
two subsets are again V(1) and V(2), only with swapped labels. Since there are
two copies of each split within the total of 2c splits, the number of different splits
is 2(c"1). The splits {V, ;} and the corresponding {;, V} are of no use because
they do not represent any discrimination task. Therefore the number of possible
different splits of a set of c class labels into two nonempty disjoint subsets (dichotomies)
is

2(c"1) " 1 (8:2)

We can choose L dichotomies to be the classifier assignments. These can be rep-
resented as a binary code matrix C of size c# L. The (i, j)th entry of C, denoted
C(i, j) is 1 if class vi is in V(1)

j or 0, if class vi is in V(2)
j . Thus each row of the

code matrix, called a codeword, corresponds to a class and each column corresponds
to a classifier. Below is a code matrix for c ¼ 4 classes with all possible 2(4"1) " 1 ¼
7 different dichotomies.

D1 D2 D3 D4 D5 D6 D7

v1 0 0 0 1 0 1 1
v2 0 0 1 0 0 0 0
v3 0 1 0 0 1 0 1
v4 1 0 0 0 1 1 0

Suppose that the classifiers in the ensemble output binary labels (s1, . . . , sL) for
a given input x. The Hamming distance between the classifier outputs and
the codewords for the classes is calculated and the class with the shortest Ham-
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ming distance is chosen as the label of x. For the above example, let
(s1, . . . , sL) ¼ (0, 1, 1, 0, 1, 0, 1). The Hamming distances to the class codewords
are 5, 3, 1, and 5, respectively, so label v3 is assigned to x. The support for class
vj can be expressed as

mj(x) ¼ "
XL

i¼1

jsi " C( j, i)j (8:3)

8.2.1.2 Row and Column Separation for Error Correcting Output
Codes. To take the most advantage of an ECOC classifier, the code matrix should
be built according to two main criteria.

Row Separation. In order to avoid misclassifications, the codewords should be as
far apart from one another as possible. We can still recover the correct label for x
even if several classifiers have guessed wrongly. A measure of the quality of an
error correcting code is the minimum Hamming distance between any pair of code-
words. If this distance is denoted by Hc, the number of errors that the code is guar-
anteed to be able to correct is

Hc " 1

2

! "
(8:4)

Column Separation. It is important that the dichotomies given as the assignments
to the ensemble members are as different from each other as possible too. This will
ensure low correlation between the classification errors and will increase the ensem-
ble accuracy [256]. The distance between the columns must be maximized keeping
in mind that the complement of a column gives the same split of the set of classes.
Therefore, the column separation should be sought by maximizing

HL ¼ min
i, j,i=j

min
Xc

k¼1

jC(k, i)" C(k, j)j,
Xc

k¼1

j1" C(k, i)" C(k, j)j
( )

,

i, j [ {1, 2, . . . , L} (8:5)

8.2.1.3 Generation Methods for Error Correcting Output Codes. Below
we explain three simple ECOC generation methods.

One-per-Class. The standard ECOC is the so-called “one-per-class” code, which
is the default target output for training neural network classifiers for multiple classes.
The target function for class vj is a codeword containing 1 at position j and 0s else-
where. Thus the code matrix is the identity matrix of size c and we only build L ¼ c
classifiers. This encoding is of low quality because the Hamming distance between
any two rows is 2, and so the error correcting power is 2"1

2

# $
¼ 0.

ERROR CORRECTING OUTPUT CODES 245

ming distance is chosen as the label of x. For the above example, let
(s1, . . . , sL) ¼ (0, 1, 1, 0, 1, 0, 1). The Hamming distances to the class codewords
are 5, 3, 1, and 5, respectively, so label v3 is assigned to x. The support for class
vj can be expressed as

mj(x) ¼ "
XL

i¼1

jsi " C( j, i)j (8:3)

8.2.1.2 Row and Column Separation for Error Correcting Output
Codes. To take the most advantage of an ECOC classifier, the code matrix should
be built according to two main criteria.

Row Separation. In order to avoid misclassifications, the codewords should be as
far apart from one another as possible. We can still recover the correct label for x
even if several classifiers have guessed wrongly. A measure of the quality of an
error correcting code is the minimum Hamming distance between any pair of code-
words. If this distance is denoted by Hc, the number of errors that the code is guar-
anteed to be able to correct is

Hc " 1

2

! "
(8:4)

Column Separation. It is important that the dichotomies given as the assignments
to the ensemble members are as different from each other as possible too. This will
ensure low correlation between the classification errors and will increase the ensem-
ble accuracy [256]. The distance between the columns must be maximized keeping
in mind that the complement of a column gives the same split of the set of classes.
Therefore, the column separation should be sought by maximizing

HL ¼ min
i, j,i=j

min
Xc

k¼1

jC(k, i)" C(k, j)j,
Xc

k¼1

j1" C(k, i)" C(k, j)j
( )

,

i, j [ {1, 2, . . . , L} (8:5)

8.2.1.3 Generation Methods for Error Correcting Output Codes. Below
we explain three simple ECOC generation methods.

One-per-Class. The standard ECOC is the so-called “one-per-class” code, which
is the default target output for training neural network classifiers for multiple classes.
The target function for class vj is a codeword containing 1 at position j and 0s else-
where. Thus the code matrix is the identity matrix of size c and we only build L ¼ c
classifiers. This encoding is of low quality because the Hamming distance between
any two rows is 2, and so the error correcting power is 2"1

2

# $
¼ 0.

ERROR CORRECTING OUTPUT CODES 245

Hamming Distances:
class 1: 5
class 2: 3
class 3: 1
class 4: 5

(‘support’/discriminant value)



Training Combiners:
Stacked Generalization

Protocol:

Train base classifiers using cross-fold validation

Then train combiner on all N points by using 
the class labels output by the base classifiers for 
each fold (train/test partition) 11

3.3.2 Idea of Stacked Generalization

Stacked generalization has been defined as a generic methodology for improving
generalization in pattern classification [117]. We will regard it here as a philosophy
for combining classifiers with a special emphasis on the training protocol.

Let Z be our data set with N points zj [ Rn labeled in V ¼ {v1, . . . ,vc}. Let us
partition Z into four disjoint subsets of roughly equal size, A, B, C, and D. Suppose
that we have three classifier models D1, D2, D3, and have trained each classifier
according to the standard four-fold cross-validation process depicted in Figure 3.5.
At the end of this training there will be four versions of each of our classifiers trained
on (ABC), (BCD), (ACD), or (ABD), respectively.

The combiner is trained on a data set of size N obtained in the following way. For
any data point zj in subset A, we take the outputs for that point from the versions of
D1, D2, and D3 built on (BCD). In this way subset A has not been seen during the
training of the individual classifiers. The three outputs together with the label of
zj form a data point in the training set for the combiner. All the points from subset
B are processed by the versions of the three classifiers built on (ACD) and the out-
puts added to the training set for the combiner, and so on. After the combiner has
been trained, the four subsets are pooled again into Z and D1, D2, and D3 are
retrained, this time on the whole of Z. The new classifiers and the combiner are
then ready for operation.

3.4 REMARKS

We might pride ourselves for working in a modern area of pattern recognition and
machine learning that started about a decade ago but, in fact, combining classifiers is
much older. Take for example the idea of viewing the classifier output as a new fea-
ture vector. This could be traced back to Sebestyen [9] in his book Decision-Making
Processes in Pattern Recognition, published in 1962. Sebestyen proposes cascade
machines where the output of a classifier is fed as the input of the next classifier
in the sequence, and so on. In 1975 Dasarathy and Sheila [118] propose a compound
classifier where the decision is switched between two different classifier models
depending on where the input is located. The book by Rastrigin and Erenstein
[119], published in 1981, contains what is now known as dynamic classifier selec-
tion [120]. Unfortunately, Rastrigin and Erenstein’s book only reached the

Fig. 3.5 Standard four-fold cross-validation set-up.
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There is nothing new under the sun...

Sebeysten (1962)

Idea of using classifier outputs as input features, 
classifier cascade architectures

Dasarthy and Sheila (1975)

Classifier selection using two classifiers

Rastrigin and Erenstein (1981 - Russian)

Dynamic classifier selection

Barabash (1983)

Theoretical results on majority vote classifier 
combination 12


