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Abstract

In this paper, we present a novel approach to Handwritten Mathematical Expression
Recognition (HMER) by leveraging graph-based modeling techniques. We introduce
an end-to-end model with an Edge-weighted Graph Attention Mechanism (EGAT),
designed to perform simultaneous node and edge classification. This model effec-
tively integrates node and edge features, facilitating the prediction of symbol classes
and their relationships within mathematical expressions. Additionally, we propose a
stroke-level Graph Modeling method for both local (LGM) and global (GGM) infor-
mation, which applies the end-to-end model to Online HMER tasks, transforming the
recognition problem into node and edge labeling tasks in graph structure. By capturing
both local and global graph features, our method ensures comprehensive understand-
ing of the expression structure. Through the combination of these components, our
system demonstrates superior performance in symbol detection, relation classification,
and expression-level recognition.

Keywords: Online Handwritten Mathematical Expression Recognition, Graph

Attention Network, Graph-to-Graph Model, Graph Modeling

1. Introduction

Mathematical expressions (ME) [2] are essential in scientific research, engineering,
education, and many other fields. Unlike structured but less intuitive editing tools and

markup languages (e.g., ISIEX), handwritten ME (HME) [3] are more user-friendly for
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humans but harder for machines to recognize due to variations in writing styles and
habits. Handwritten Mathematical Expression Recognition (HMER) converts hand-
written math into markup language for easier processing and rendering, offering broad
application potential but facing significant challenges. Compared with Optical Char-
acter Recognition (OCR) [4]], HMER must handle not only handwriting variability but
also the complex 2D structure of mathematical notation. HMER can be classified into
Online and Offline modes: Offline data are static images from scanners, cameras, or
smartphones, while Online data are sequences of temporal trajectories captured by dig-
ital devices (e.g., tablets, pens), segmented into strokes based on pen-down and pen-up
events. In this work, we focus on Online HMER because it retains temporal and stroke-
level details, where both the shape of each stroke and their spatial relationships provide
valuable information for recognition. Compared to pixel-based Offline data, Online
data contain less redundant information and enable faster processing.

Existing deep learning architectures for HMER are typically based on encoder-
decoder models as illustrated in the upper part of Fig. [I] the comprehensive review of
which is provided in Section This structure failed to leverage the graph structure
inherent in mathematical layouts, making it difficult to capture and use the relation-
ships between symbols. Moreover, they operate in a latent space that is not directly
aligned with the input data, such as individual strokes. Motivated by these limitations,
we further explore a graph-based representation of HME for end-to-end stroke-level
recognition of Online data, leveraging large-scale stroke-level annotated datasets [J5],
illustrated in the lower part of Fig. [1}

Graph structure plays an important role in HMER [6], as both input HMEs and their
output ME representations can be effectively modeled as graph structures, and Graph
Neural Networks (GNNGs) [7] are well-suited for processing graph-structured data. In
particular, ME representations can be represented as Stroke Label Graphs (SLGs) [8]]
with stroke-level annotations, where nodes correspond to strokes belonging to specific
symbols, and edges capture the spatial relations between these strokes. Compared to
sequential markup languages such as ITEX, SLGs provide an explicit, interpretable
representation that directly preserves the 2D layout.

In our previous work [[1]], we proposed a stroke-level graph labeling approach that



jointly embeds node and edge features using an Edge-weighted Graph Attention Mech-
anism. Unlike conventional methods that focus solely on node features, this approach
enables unified prediction of both node and edge attributes in a single pass. Experi-
ments demonstrated that the model effectively fuses features and captures structural in-
formation, although its overall performance at the expression level remains limited. To
address this, in this work we improve the end-to-end model with novel message pass-
ing and feature fusion strategies, combined with advanced optimization techniques,
and extend graph modeling from local to global levels. The key contributions of this

paper are as follows:

e We enhance the end-to-end model with an Edge-weighted Graph Attention
Mechanism (EGAT), explicitly designed for joint node and edge classification
by integrating fused message passing, message concatenation, residual connec-

tions, and auxiliary readout mechanisms.

o Building on our earlier Local Graph Modeling (LGM), which focuses on fine-
grained local relationships between strokes, we extend to Global Graph Mod-
eling (GGM), applying a general EGAT to Online HMER as a graph labeling

task, thereby leveraging both local and global graph features.

e We propose a detailed evaluation of our system which achieves strong perfor-
mance in symbol detection, relation classification, and expression level recogni-

tion.

The rest of the paper is organized as follows. Section [2] reviews related work on
both HMER and Graph Neural Networks (GNNs). Section [3] presents the proposed
methodology, including the EGAT-based end-to-end model (Section [3.1) and stroke-
level graph modeling for HMER (Section [3.2). Experimental results are reported in

Section 4] followed by conclusions in Section 3]

2. Related Work

In this section, we review related work on Math Recognition and Graph Neural

Networks.
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Figure 1: The overview of the proposed end-to-end model. In constrast to encoder-decoder structures, our

approach directly aligns the strokes of Online HME with their corresponding final graph representation of

the expression.

2.1. Math Recognition

In the early years, HMER algorithms were mainly Structural Recognition Methods,
which construct a graph or tree with explicit relations between symbols, and then match
the graph or tree using predefined rules. Some grammar-based methods [9] [10] and
graph-based methods [11}[12]] recognize the HME by their expression structure. These
methods allow integration of prior knowledge about mathematical expressions into the
recognition process, such as spatial relationships and grammar constraints.

In recent years, HMER has increasingly relied on deep learning, enabled by high-
performance computing, which minimizes the need for handcrafted features and gram-
mar rules while substantially improving recognition accuracy. A common paradigm is
the encoder-decoder architecture, where the encoder extracts visual features from the
input expression and the decoder generates its symbolic representation. Most works
build upon two seminal encoder architectures: (1) Track, Attend and Parse (TAP)
[13]], which employs a GRU-based encoder to capture sequential dependencies be-
tween strokes in Online HME, (2) Watch, Attend and Parse (WAP) [14], which uses a
CNN-based encoder to extract deep visual features from Offline HME images. Almost

all of these approaches rely on encoders to extract features in latent space, without



explicitly considering the structural characteristics of mathematical expressions. Ex-
ceptions include [[15] which constructs a graph from Online strokes and [16]] which
constructs a graph from YOLOvS5-detected symbols and extracted visual features from
Offline images. Both utilize a Graph Attention Network (GAT) to encode the resulting
representation. Moreover, [17] proposed a multi-stage pre-training strategy, including
localization-based visual pre-training and LaTeX-based decoder pre-training via cross-
modal graph alignment. Such approaches do not combine nodes and edges features
during message passing. so that they fail to combine spatial positional relationships
between the strokes and strokes’ shape information, which are crucial for accurately
capturing the general structure of MEs.

Many studies have focused on decoder design in HMER. Early works such as WAP
and TAP primarily employed GRU-based decoders to model sequential dependencies.
With the advent of the Transformer [18]], subsequent approaches have increasingly
adopted Transformer-based decoders, which offer improved modeling of long-range
dependencies and parallelizable computation [19]. Several common strategies in deep
learning have been applied to enhance the decoder of HMER models, including ad-
versarial learning [20]], attention refinement [21], contrastive learning for semantic in-
variance [22]]. To better capture the structural characteristics of ME, some researches
integrated tree structures into the decoder, such as handcrafted path extraction rules
[23]], syntactic information incorporation [24], sequential relation decoder [25}26], tree
structure prediction scoring [27]], branch-parallel decoder [28]], and position forest aux-
iliary recognition [29]]. These improvements introduce structural information into the
decoder, but they still operate in a sequential manner, which is not optimal for capturing
the inherently 2D structure of mathematical expressions. With the recent popularity of
large language models (LLMs) and vision LLMs (VLLMs), several approaches have
emerged that fine-tune vLLMs for HMER tasks [30} 31]]. While effective, they heav-
ily rely on massive datasets and extremely large numbers of model parameters, and
largely overlook the interpretability of mathematical expressions, making it difficult to
align encoder features with decoder semantics, such as relying too much on in-context

learning, rather than explicitly recognizing individual symbols and their relationships.



2.2. Graph Neural Networks

In recent work in HMER, graphs are increasingly used to represent the structural re-
lationships between handwritten strokes and symbols. Graph Neural Networks (GNNs)
[32]] have emerged as a powerful tool for handling such graph-structured data. A key
mechanism in GNNs is message passing [33]], where nodes in the graph exchange in-
formation with their neighbors. Each node aggregates messages from its connected
nodes to update its own features, allowing the model to capture both local informa-
tion. However, standard GNNs propagate messages using only node features, limiting
the integration of edge information. Edges influence the process solely through their
presence or absence, without accounting for associated weights or features.

An extension is the Graph Attention Network (GAT) [34], which improves the
message passing process by assigning different attention weights to each edge, allow-
ing the model to focus more on important relationships between nodes. While GAT
effectively emphasizes key edges for feature aggregation, its attention mechanism is
still limited when edges carry high-dimensional or complex topological information,
making it challenging to fully exploit rich edge representations.

Additionally, the concept of a master node [35]] can be introduced in graph models
to enhance the capture of global information. The master node is connected to all
other nodes, aggregating the information from the entire graph and enabling a more
comprehensive understanding of the graph structure. Although similar in spirit to the
CLS token [36] in Transformer-based models, which also serves as a global aggregator,
the master node is an explicit graph element whose connectivity and message passing
mechanism are impacted by the graph’s topology, rather than pairwise interactions in a
sequence.

In order to address the limitations of encoder-decoder architectures and node-only
GNN:ss, the proposed end-to-end model integrates message passing, attention mecha-
nisms, and master nodes, enabling the joint exploitation of node and edge information
to capture both structural and semantic patterns in graph-based data. The model design

is presented in the following sections.



3. Methodology

As shown in Fig. [T} our approach consists of two main components. Section [3.1]
introduces a general end-to-end graph learning framework that takes graphs with both
node and edge features as input. Through message passing and feature fusion, it pre-
dicts all node and edge labels in a single forward pass. Section[3.2]presents a modeling
strategy tailored for HMER, where HMEs are represented as graphs with node and edge
features, and the ground truth is reformulated into a graph with the same structure. This

design ensures a direct correspondence between predicted and target elements.

3.1. End-to-end Model with Edge-weighted Graph Attention Mechanism

GNNss are well-suited for modeling graph structures and relational dependencies,
making them ideal for tasks like HMER where both node-embedded stroke information
and edge-embedded relations are crucial. To fully exploit edge information, we propose
an end-to-end model with node and edge embeddings, edge-weighted graph attention
for message passing and feature integration, and readout modules for simultaneous
node and edge classification.

The model performs a graph-to-graph transformation task, which convert a model
graph G, containing both node and edge features, into a target ground truth graph G
with node and edge labels.

As shown in Eq.(I)), a general graph is defined by 4 parts.
G =(V,AH,B) (1)

where V = {v|,vy,...,V,} is the set of nodes in the graph, with n representing the
number of nodes. A € {0,1}”" is the adjacency matrix, where each element A;;
represents the presence or absence of an edge between nodes v; and v;. The embedded
node features H € R™%  where h; € R is a column vector representing node v;, and
d; is the dimension of node features. The embedded edge features are B € Rrxmxdy
where b;; € R'*% is a column vector representing edge between node v; and v;, and d»
is the dimension of edge features. b;; is “null” if there is no edge between node v; and

v;, meaning A;; = 0.



In Section[3.2] the construction of graph G will be detailed in the context of HMER,
where the node features represent shape information of strokes,edge features represent
spatial relationships between strokes, and graph connectivity is determined using a
Line-of-Sight (LOS) graph[[12].

G is the ground truth graph, which match all the nodes and edges labels with the

corresponding nodes and edges features in the graph G is defined in Eq.(2).
G =(V.A.A,B) 2)

Nodes set V and adjacency matrix A are of the same type in both G and G. This
assumes that the underlying graph structure remains unchanged in the transformation
process. He {0,1,...,C; — 1}" is the nodes labels, where ﬁi is the label of node v;,
and C| is the number of classes for node classification tasks. Be {0,1,...,Cp — 1}"
is the edge labels, where ﬁ,- ; 1s the label of edge between node v; and v, and C» is the
number of classes for edge classification tasks.

In Section the construction of ground truth graph G for HMER will be de-
tailed. where the graph can be generated by edited Stroke Label Graph (ESLG) with

stroke-level annotations of HME.

3.1.1. Baseline Structure

As shown in Fig. 2} node features and edge features are first embedded separately
using the Node Embedding Module &,,4. and Edge Embedding Module &,4,.. Accord-
ing to the specific characteristics of node and edge features, different neural networks
may be used for node and edge embedding modules. The node and edge embedding
features H? and B? are the input to the Edge-weighted Graph Attention Module G for
message passing and feature integration. This is a key idea in end-to-end models, and
it will be detailed in Section[3.1.2] After Q layers of EGAT for node and edge feature
fusion, the fused node features HC and edge features B are utilized for node and edge
classification tasks, respectively, with the assistance of the Node Readout R4 and
Edge Readout R,4,.. Both Readout networks for node features and edge features are
Multi-Layer Perceptron (MLP) with similar structure. The last layer of the Readout

networks is a softmax layer for the classification tasks. The output of the whole end-
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Figure 2: The baseline structure of the proposed end-to-end model.

to-end model is the probability distribution of node labels H’ € R™¢! and edge labels
B’ € R To enhance the model’s performance, we incorporate advanced strate-
gies like residual connections and auxiliary readout, building on the baseline structure.

These will be explained in detail in Section[3.1.3]

3.1.2. Edge-weighted Graph Attention Module

Standard node-centric message passing often fails to capture the intricate dependen-
cies in graphs with complex edge attributes. To address this, we extend the vanilla GAT
into an Edge-weighted Graph Attention Mechanism (EGAT), which integrates both
node and edge features into the Attention Weight Computation (as shown in Fig[3a)
and Message Passing (Fig[3b] and [3¢) stages. This bidirectional enhancement allows
node information to guide edge updates, while edge features concurrently refine node
representations. Furthermore, we introduce Message Concatenation (shown in Fig[)
as a further fusion step to explicitly combine these updated signals, ensuring a more
comprehensive integration of the graph’s structural and featural information within an

end-to-end framework.
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Figure 3: Attention Weight Computation and Message Passing, from layer g — 1 to layer ¢ using attention
q

a;..

ij
Attention Weight Computation. For layer g, when we calculate the attention weights,
in addition to the concatenation of corresponding neighbor node features, we also con-

catenate the edge features together by Eq. (3).
el.=a" W] -hle W/ ble W h 3)

where W), and W, are learnable weights for node features and edge features, while a is
a learnable attention coefficient, and @ indicates the concatenation operation.

Then, using the softmax function, we get the attention weights ;; from Eq.().

exp(el)

Yken; explel)

“

q _ ay _
a; = softmax(eij) =

which indicates the importance of the edge between node i and node j in the g-th layer

by softmax normalization.

Message Passing. In the g-th layer, the node features h;.] are updated by weighted sums

of neighbor features, as shown in Eq.(5),

= 3 o ) ®

JEN;

h;]fl is all the neighbor node features in last layer, while j € N; means all the neighbor
nodes of node i, and also the corresponding attention weights a/;.’j.

Likewise, the edge features b?j are be updated using Eq.(6),
bl =al- Wbl (6)
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where «;; isthe corresponding attention weights and b?j_l is the edge features in last

layer.

Message Concatenate. In our design, nodes and edges act as mutual indicators during
message passing. Relying solely on attention scores is insufficient to capture the com-
plex relationships in mathematical expressions. Specifically, edge features should be
informed by the two nodes they connect, while node features should reflect the specific
way they are linked to their neighbors. Therefore, we update both nodes and edges
using information from both sources. To further integrate these features, a message
concatenation strategy is applied, allowing the model to combine local details with the

overall graph structure more effectively.

b
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(a) Node Message Concatenation (b) Edge Message Concatenation

Figure 4: Message Concatenation.

The g-th node features h! will be calculated by the concatenation of node features

h with the sum of all the connected edge features b7, as shown in Eq.(7) and Fig. {4a|

q_ 19 q
b = 1 ea;bij (7)
je l

where j € N;, and @ indicates the concatenation operation.

The g-th edge features b;’j will be calculated by Eq.(8) and Fig.
9 _ 19 bl pl
bl = i ® bY@ ®)

which is the concatenation of edge features bl.qj with the connected 2 node features h!

q
and hj.
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There is a mismatch between the number of parameters in the front and back layers
caused by the concatenation, which will lead to an explosion in the number of parame-
ters. To avoid this, a pooling layer is added after the message concatenation operation

to match the dimension of the features.

3.1.3. Advanced Optimization Techniques

Residual Connections. Residual connections, as known as Shortcuts [37], have been
proven to be effective in the training of deep neural networks, which can help to avoid
the vanishing gradient problem and also enhance the deep model performance. We
applied the residual connections after Embedding module and also after each EGAT
module. Subsequent experiments have shown that the residual connections can effec-
tively improve the performance of baseline model both in node and edge classification
tasks. Besides, dropout layers are also added after the residual connections, which can

help to avoid overfitting and improve the generalization of the model.

Auxiliary Readout. Inspired by GooglLeNet [38], we add auxiliary classifiers to in-
termediate layers to improve convergence. Specifically, Readout Modules are placed
after the Embedding Module and each Edge-weighted Graph Attention Module layer,
serving as auxiliary classifiers for node and edge labeling. These Auxiliary Readouts,
identical in structure to the final Readout (MLP with softmax), provide intermediate
supervision that enhances prediction accuracy. Their inclusion transforms the origi-
nal bi-objective optimization into a multi-objective one, with the corresponding loss

described in Section

3.1.4. Multi-Objective Optimization
Node and Edge Classification. The node and edge classification tasks are both multi-
class classification tasks. Cross-entropy loss is widely used in multi-class classification
tasks. However, for different tasks, more advanced loss functions can be applied to
improve the performance of the model.

In math recognition, the edge classification is not balanced, so we applied the cross-
entropy loss £, for node classification, and also the focal loss £, for edge classification

task, which can help to focus on the hard samples and also the unbalanced samples.

12



The final optimization loss L is a weighted sum of node classification loss £, and edge

classification loss L., as shown in Eq.(9).
L=4L,+A-)L )]
where A; is the weight factor.

Auxiliary Loss. Auxiliary loss is used to supervise the intermediate Auxiliary Readout,
which can help the model to converge faster and more stable for the entire model. We

calculate the auxiliary loss £/ for the i/ Auxiliary Readout, which is the same as the

1
aux

node classification loss and edge classification loss, as shown in Eq.(10).
‘Limx = /11"[;1 +(1 - /ll)‘Liz (10)

The multi-objective optimization loss £ is a weighted sum of node classification loss,

edge classification loss and also the auxiliary loss, as shown in Eq.(LT).

M
L=0Ly+ (=) Lo+ Y DLy, (an

i=1
where the weight factor A, is set for the auxiliary loss, and as well as the weight factor
Ay is set for the node classification loss and edge classification loss, which is the same
for each layer for simplicity. M is the number of Auxiliary Readout in the whole end-

to-end structure.

3.2. Graph Modeling for HMER

We introduce the Graph Modeling method for HMER, which transfers the Online
HME into a graph structure, and then applies the proposed graph-to-graph model for
the node and edge classification tasks. The Graph Modeling method is based on the
Stroke-level Graph Modeling, each node represents a stroke in Online HME, and each
edge represents the position relation between two strokes. The fundamental Stroke-
level Graph Modeling is detailed in section[3.2.1] which captures the local information
of the Online HME. However, it misses the global information of the whole expression.
To address this, we propose a Global Graph Modeling method in section[3.2.2] which is
built on the Local Graph Modeling, to capture the full structure of the entrie expression.

Local and Global Graph Modeling for HMER is shown in Fig. 5]

13



(b) Global Graph Modeling with
master node (MN).

(a) Local Graph Modeling.

Figure 5: Illustration of the Local and Global Graph Modeling for HMER.

3.2.1. Local Graph Modeling

Our Stroke-level Graph Modeling which effectively captures the local information
of Online HME, is denoted to Local Graph Modeling (LGM) G*. This is a similar
modeling method as our previous work [1]. Each stroke viL € VE is represented by
a node in Online HME. It also requires detailed embedding representation of node
features HZ, edge features BZ, and the connectivity AL between the nodes, without

considering the global information combination of the full expression.

Graph Connectivity Construction. While a fully-connected graph offers maximum
flexibility, it introduces excessive redundant noise and irrelevant dependencies that hin-
der effective learning. To achieve a sparse but sufficiently detailed topology, we employ
the Line of Sight (LOS)[39] technique to establish connections based on the visibility
between stroke convex hulls. This geometric prior effectively prunes redundant noise
compared to fully-connected graphs. To further enrich the representation, we incorpo-
rate temporal adjacencies to form a LOS+t graph, ensuring both spatial visibility and
stroke writing orders are captured. Experimental results confirm that this constrained
representation consistently outperforms the fully-connected baseline, providing a more
robust prior for the subsequent attention mechanism.

Thus, the adjacency matrix AL € {0, 1" provides the connectivity relationships
between nodes, where n is the number of strokes in Online HME. All the edges in

graph G* are bidirectional edges, that means A}, = A’
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Node Modeling. Only the x and y coordinates of each stroke are used as node fea-
tures. However, due to variations in data collection devices and user writing habits,
stroke coordinates for the same symbol class can differ significantly. To mitigate these
variations, standardization is necessary. We applied a strategy to remove writing speed
effects [40] from the raw stroke coordinates, along with Gaussian normalization ac-
cording to average diagonal length of all strokes of the expression. The standardized
stroke features h; € R>** of node vk € VE, where d,, is the number of sampling points
per stroke for node modeling. The matrix H- € R"™?*¢ can represent all the individual

stroke features of the whole Online HME.

Edge Modeling. Edge modeling requires a strategy for modeling or extracting the re-
lations features between strokes. Previous Online document analysis work extracted
multi-dimensional geometric features from stroke bounding boxes, such as [41]. Rather
than considering the geometric relationships only between stroke bounding boxes, we
aim to capture more detailed shape and bi-directional position information. In this
study, we apply a Fuzzy Relative Positioning Template (FRPT) [42] for relations ex-
traction.

The main idea is to calculate the radian degree between standard vectors & in 4
directions (Right—, Left«, UpT and Down|) and the vector O—)Pk from the center of
initial stroke O to the sampling points of target stroke Py, as shown in Eq.(12)).

2 0P, - &
6; = max|0,1 — = arccos _ e (12)
n

—> —

|OP|> + |e*|?
The connections between the nodes always have 2 directions with different embed-
dings. Besides the spatial relations, we also consider the distance Dy between the two

sampling points of the initial and target strokes, as shown in Eq.(13).
bij = (05,00, 05 .05, 00,0} 65,65, Dy,....Dg|  (13)

where the edge features b;; € R>* of edge ef; € E" are represented by the concatenation
of the 4 directions and the distance, where d, is the number of sampling points per

stroke for edge modeling. b;; # bj; for the bi-directional edge, since the initial and

15



target strokes are different. Thus, the matrix BX € R™"™3% represents the relationship

features between strokes.

Sub-Expression Splitting and Masking. In real-world applications, the number of strokes
in Online HME varies, with complex expressions containing many strokes and simple
ones containing only a few. We split the Online HME into multiple sub-expressions
G if the stroke count exceeds Ny;. Expressions or sub-expressions with fewer than
Nyuax strokes are padded with a special blank stroke, where all coordinates are set to 0.
Node features H** € RV and edge features B € RNnax*NuaXd: are constructed
for each sub-expression.

The sub-expression splitting is done solely based on the order of stroke input, with-
out considering grammar rules, spatial relations, or symbolic integrity. As a result,
multi-stroke symbols may be split across different sub-expressions, leading to incom-
plete symbols that complicate recognition. To address this, we mask incomplete sym-
bols within sub-expressions during training. If v; € V*?, Jv; ¢ V**» and the relation
label b; j between v; and v; is ““*””, that means the symbol is split across sub-expressions.
We mask both the incomplete node features hi“‘b , the relative edge features bf]i‘b and also
their ground-truth labels ﬁj‘“b and ﬁ;',fb , where Ay = 1. These nodes and edges features
are not involved in the training loss calculation and backward propagation, ensuring
only complete symbols are used for training. The splitting and masking strategy is
applied exclusively during training to enable multi-batch processing, while the valida-
tion and testing stages use the original full graph modeling. This approach enhances the
model’s local features representations, improving the recognition of individual symbols
and their relations. However, focusing too much on local information risks overlooking

the global structure of the whole expression.

3.2.2. Global Graph Modeling
To capture the global information of the full expression, we proposed a simple

global graph modeling method by adding a master node to the local graph modeling.

Master Node and Edge Connection. In terms of interpretability, deep GNNs can cap-

ture information from neighbors at increasing depths. However, relying solely on deep

16



networks makes it challenging to effectively aggregate high-level global information.
To address this, the concept of a master node has proven effective in graph-based
models for capturing global information, particularly in deep networks. Therefore, we
introduced a master node vy, in global graph modeling, which is connected to all nodes
in the original local graph modeling, as shown in Fig. [5b] The nodes set of the global
graph V¢ = VX U vy, master node vy, is connected to all the local nodes v € V£, so

the adjacency matrix AC € {0, 1}*+*D*+D i constructed as Eq.(14),

1 ifi=0orj=0o0rA 1

L _
ﬂg _ -Di-1 (14)

0 otherwise.

where i = 0 or j = 0 means the master node vy, is involved in the connection, and the
other edge connection remain unchanged from the local graph modeling.

Through message passing, the virtual master node automatically aggregates global
information from all local nodes, and the information retrieved at each layer is propa-

gated to subsequent layers.

Feature Initialization. The initial features of the master node and the connected edges
should be taken into account. To better integrate the shape information from all the
strokes in the entire expression, rather than sub-expression split by [3.2.1] the initial
features of the master node h, are the summation of all the node features in the original
modeled graph, which denotes hy = 3, cy: h; and HC = [hy, ho, hy, ... h,]".

The edge features in the global graph B¢ € R+Dx+Dx5 qpe jnitialized as Eq.(13).

BL_ - ifi#0and j#0
BiGj _ (-Hj-D (15)

0 otherwise.

where the connected edges between the master node and the local nodes are initialized
as vector 0 to avoid spatial confusion, and the other edges remain unchanged from the

local graph modeling.

3.2.3. Edited Stroke Label Graph
The results of HMER can be represented as different formats, such as MathML
tree, LaTeX string, and also the stroke-level graph called Stroke Label Graph (SLG)
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(a) SLG (b) ESLG

Figure 6: From Stroke Label Graph (SLG) to Edited-SLG (ESLG) for expression Y \written with 5 strokes.

E3
“Below”, “Above”, “Sup” are the positional relations, “Above” is the opposite positional relation of “Above”.

While “*” means belonging relation and “NoE” means no relation.

proposed by [8], which is a directed graph structure, where the nodes represent the
strokes belonging to which symbol and the edges represent the relations between the
strokes, Fig [6a shows an example of Stroke Label Graph. Based on SLG, we make
some simple edge modifications to match the nodes and edges of SLG with the mod-
elised stroke-level graph, which is denoted as Edited Stroke Label Graph (ESLG), G
in Eq.(2). The relations in mathematical expression are all directional according to

[T L)

the relative position. For example, “b” is above in the expression b;", so the edge

“above” should point from “~"" to “b”. In LOS+t graph, all the edges are bidirectional,

[T

the high dimension features of edge to “b” should represent an “Above” relation-

[T L)

ship, while the edge “b” to should represent the opposite of “Above”, noted as
“Above”. However, labeling both directions of bidirectional edges can lead to confu-
sion in the final decision process. To resolve this, we retain only one directed edge for
each pair of connected strokes, following the writing order. This means each edge is
directed from the earlier stroke to the later stroke, as calculated in Eq.(16).

1 ifj>iand.?{[j=1

ﬂ,’ J = (16)

0 otherwise.

This strategy maintains the structure of the SLG and disregards syntactic rules, but

[T L]

avoids confusion of directions through temporal ordering. The edge between and
“b” is kept as “Above” from “b” to “-” according to the writing order. In addition,

the “*” relation, which indicates that two strokes belong to the same symbol, and the
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“NoE” (No Edge) relation, which labels edges present in the LOS+t graph but absent
in the SLG. An example of the edited SLG is illustrated in Fig. Thus, ESLG G
has the same node set V as the corresponding modeling graph G, while H e R is
the node labels of entire Online HME belonging to C; = C, classes of symbols, and
B € R™*C2 ig the edge labels of entire Online HME belonging to C, = 2C, +2 classes
of relations including C, positional relations, C, opposite positional relations, “*” and

“NOE”.

4. Experiments

In this section, we present the experimental results of the proposed end-to-end
framework with Edge-weighted Graph Attention Network for HMER. This includes
LGM-EGAT for Local Graph Modeling and GGM-EGAT for Global Graph Modeling.

4.1. Experiments Setup

4.1.1. Datasets

The proposed model is trained and evaluated on the newest Competition on Recog-
nition of Online Handwritten Mathematical Expression dataset (CROHME 2023) [J5]].
The CROHME 2023 provides large-scale Online HME data in InkML |'| format, and
provides the ground truth with stroke-level annotations in IATEX, MathML and SLG for-
mat, including 101 symbol classes (C, = 101) and 6 relation classes (“Right”, “Sup”,
“Sub”, “Above”, “Below”, “Inside”), where C, = 6 are labeled in the SLG.

4.1.2. Implementation Details

Our model is implemented in PyTorch-Lightning and trained on a single NVIDIA
GeForce RTX 2080 Ti GPU. Hyperparameters are optimized via Optuna, with initial
learning rate n = 0.00027, batch size B = 32, maximum strokes per sub-expression
Nmax = 16, bi-objective loss weight 4; = 0.5, auxiliary loss weight 1, = 0.3, focal
loss parameter y = 1.5, and dropout p = 0.1. Training uses the Adam optimizer with

a learning rate decay of 0.1 after 20 stagnant epochs and stops at 200 epochs. Node

Thttp://www.w3.0rg/2003/InkML

19



and edge embeddings use d; = 150 and d, = 10 sampling points, respectively, with
configurations in Table|l| XceptionTime [43] is used for node embedding, and a simple

MLP for edge embedding.

Table 1: End-to-end Model Configuration.

Module Name Details Module nb.
Node Embedding &, = XceptionTime(2, 150) 1
Edge Embedding &, = MLP(50,384,512) 1
EGAT Layer Grode = (512,512), Gogge = (512,512) 5
Node Readout R, = MLP(1024,384,101) 1
Edge Readout R, = MLP(1024,384, 14) 1
Aux. Node Readout  R:"** = MLP(1024, 384, 101) 5
Aux. Edge Readout ~ R¢** = MLP(1024, 384, 14) 5

4.2. Results

In this section, we present enriched ablation studies for the proposed end-to-end
model, and compare the performance of the proposed model with the state-of-the-art

methods.

4.2.1. Ablation Study

We conducted a series of experiments to evaluate the performance of the proposed
HMER system with different end-to-end model structures, graph modeling strategies
and graph connectivity construction methods. All of the experiments are evaluated on
the validation set of CROHME 2023 to avoid overfitting and information leakage. The
metrics are the accuracy of classification (CIf. Acc.) for both nodes and edges at the
stroke (primitive) level. The correct symbol segmentation rate (Seg.), the correct sym-
bol segmentation and symbol classification rate (Sym.), the correct relation classifica-
tion rate (Rel.), the correct expression recognition rate (Exp.) and the correct structure
recognition rate (Struc.) are expression-level accuracies provided by LgEval[44].

As shown in Table [2} in order to compare the effectiveness of the proposed end-to-
end model, we applied the global graph modeling strategy and “LOS+t” as the graph
connectivity construction method. The baseline model is the end-to-end model only

with node and edge embedding network, EGAT layers, and node and edge readout

20



networks, which was proposed in our previous work [1]. “GNN” replaces EGAT layers
with standard GNN layers using basic message passing, while “GAT” replaces them
with standard GAT layers, computing node and edge features separately without feature
fusion in attention score calculation or message passing. Based on this baseline model,
we added the residual connection (BL+Shortcut), auxiliary loss (BL+Aux. Loss), and
also the message concatenate (BL+Mes. Cat.) we proposed in the previous sections.
The proposed model is the baseline model with all of advanced strategies. The baseline
EGAT model substantially outperforms the standard GNN and GAT models, benefiting
from edge-weighted attention fusion.

Moreover, the message concatenation strategy substantially boosts edge classifica-
tion, while the auxiliary loss and residual connections improve both node and edge
classification. Overall, the proposed model achieves the highest accuracy in both tasks,

confirming the effectiveness of the advanced strategies.

Table 2: Ablation Study for end-to-end model and graph modelisation. 95% confidence interval for Exp. via
bootstrap resampling is reported for all settings. The Proposed model is significantly improved compared to

baseline model (p < 0.05 based on McNemar’s test with Exp. metric).

CIf. Acc. Exp. level
End2end Node Edge | Seg. Sym. Rel Exp. Stru.
GNN 68.69 8236 | 72.12 6221 7045 12.56+191 45.89
GAT 70.88 84.61 | 7298 63.12 7445 14.12+2.01 46.83

Baseline (EGAT) | 92.42 95.60 | 97.54 90.88 90.60 45.30+2.82 71.50
BL + Shortcut 9321 95.89 | 97.56 91.63 91.29 48.18 £2.83 7291
BL + Aux. Loss | 93.05 95.79 | 97.77 91.66 9125 47.83+282 7233
BL + Mes. Cat. 91.30 96.80 | 98.13 89.60 9220 42.95+2.82 75.56
Proposed 94.40 97.50 | 98.39 93.34 93.69 55.88+2.79 80.73

In Table [3] we applied both local and global graph modeling strategies, and com-
pared the performance of our new model with the baseline model. According to node
and edge classification accuracy, the global graph modeling strategy slightly improves
both node and edge classification performance. Although the segmentation accuracy,
symbol recognition accuracy, and relation recognition accuracy have not improved sub-

stantially even less, the expression recognition and structure recognition accuracy in
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expression level. This suggeststhat the global graph modeling strategy can enhance the
global information capture and improve the recognition of the entire expression, which

is beneficial for the expression recognition and structure recognition tasks.

Table 3: Ablation Study for Graph Modeling Strategies. “BL” is Baseline end2end model proposed in [1],
“Proposed” is the proposed model in this paper with message concatenate and advanced strategies. “G.M”
is the graph modeling strategy, while “L.” is local graph modeling, “G.” is global graph modeling. 95%
confidence interval for Exp. via bootstrap resampling is reported for all settings. The Proposed model with
global graph modeling (G.) is significantly improved compared to local graph modeling (L.) (p < 0.05 based

on McNemar’s test with Exp. metric).

CIf. Acc. Exp. level
End2end | G.M | Node Edge | Seg. Sym. Rel. Exp. Stru.
BL L. | 9212 9478 | 97.56 9020 90.55 44.89+2.80 71.62
BL G. | 9242 95.60 | 97.54 90.88 90.60 4530+2.83 71.50
Proposed L. | 9416 9748 | 98.44 9345 93.79 5523+2.79 79.85
Proposed | G. | 9440 97.50 | 98.39 9334 93.69 55.88+2.79 80.73

In Table @ we explored the effectiveness of the graph connectivity connection.
Compared with the Full Connected (FC) graph, the proposed “LOS+t” strategy im-
proves performance in all the evaluation metrics, over the weaker fusion model in the
baseline model. How the proposed “LOS+t” strategy can help the end-to-end model
learn more specific and accurate graph structure information, which is beneficial for the
expression and structure recognition tasks. Meanwhile, the proposed end2end model
with strong information fusion ability is able to learn the complex graph connectivity
connection relation, and could achieve better performance with the help of “LOS+t”

strategy.

4.2.2. Comparison with State-of-the-Art

In this section, we compare our proposed LGM-EGAT (Local Graph Modeling with
Edge-weight Graph Attention Mechanism) and GGM-EGAT (Global Graph Modeling
with Edge-weight Graph Attention Mechanism) systems with state-of-the-art methods.
Since there are only a few methods focusing on Online handwritten mathematical ex-
pression recognition, we also take some Offline methods into consideration. For fair

comparison, we fine-tuned and evaluated our proposed models on the CROHME 2016
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Table 4: Ablation Study for Graph Connectivity Connection. “BL” is Baseline end2end model [1], “Pro-
posed” is the new model with message concatenation and advanced strategies. “G.C.C.” is the graph con-
nectivity construction, while “FC” is Full Connected, “LOS+t” is the proposed strategy. 95% confidence
interval for Exp. via bootstrap resampling is reported for all settings. LOS+t graph connectivity construc-

tion is significantly improved compared to Full Connected graph (p < 0.05 based on McNemar’s test with

Exp. metric).
CIf. Acc. Exp. level
End2end | G.C.C. | Node Edge | Seg. Sym. Rel. Exp. Stru.
BL FC 82.11 91.16 | 9630 79.07 86.27 22.50+2.43 5834
BL LOS+t | 9242 95.60 | 97.54 90.88 90.60 4530+2.83 71.50
Proposed | FC 93.88 97.12 | 98.05 92.84 9231 52.00+293 76.62
Proposed | LOS+t | 94.40 97.50 | 98.39 93.34 93.69 55.88+2.79 80.73

and CROHME 2019 data sets. The results are presented in Table 5] The proposed
LGM-EGAT and GGM-EGAT systems outperform the state-of-the-art methods on both
CROHME 2016 and CROHME 2019 datasets, including traditional encoder-decoder
methods [14, 13]], tree-based encoder-decoder methods[45! 23, (17|, and also encoded-
decoder methods with graph neural networks [[15[16]. LGM-EGAT and GGM-EGAT
reduce the error rate by 10.00% and 10.67%, respectively, compared to the G2G model
(5]

All listed models except VLPGT[17] are trained and evaluated on the same dataset
without any additional data augmentation or pre-training strategies.

In Table[6] we compare our proposed LGM-EGAT and GGM-EGAT systems with
the top-ranked methods in the CROHME 2023 competition. According to the compe-
tition reports [46l 5], most of the top-ranked methods are trained with additional data
or use ensemble strategies to improve performance. Our models are trained only on
the official training data in CROHME2023 without any additional data. Due to this
difference in training data, our models do not outperform the top-ranked methods in
expression recognition accuracy. But the proposed models still achieve comparable

performance, especially in structure recognition accuracy.
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Table 5: Comparison with State-of-the-Art. “On.” is model with Online data, “Off.” is model with Offline
data. “-” means the result is not available from the original paper. The metric for both CROHME 2016 and
CROHME 2019 is the expression recognition accuracy. “{” means the model is pretrained with additional
data. 95% confidence interval for Exp. via bootstrap resampling is reported for Baseline [1], LGM-EGAT
and GGM-EGAT. GGM-EGAT is significantly improved compared to baseline model (p < 0.05 based on

McNemar’s test with Exp. metric).

Systems Data | CROHME CROHME
Type 2016 2019
WAP[14] Off. 44.45 -
GETDI16] Off. 55.27 54.13
VLPG[17 Off. 54.40 56.99
VLPGT[17] Off. 60.51F 62.34%
TAP[13] On. 44.80 -
Tree-construction[23] On. 41.76 -
Tree-BiLSTM[45] On. 27.03 -
G2Gl[15] On. 52.05 -
Baseline[1] On. | 4387 +2.86 | 48.29 +2.95
LGM-EGAT On. | 56.41 +2.88 | 58.22 + 2.83
GGM-EGAT On. | 56.67+2.88 | 60.72 +2.75

Table 6: Comparison with CROHME Competition 2019 and 2023. All the results are for CROHME 2019
and 2023. “Exp.” at expression level is the expression recognition rate, while “< 1” and “< 2 ” are the
expression recognition rate with less than 1 and 2 errors, respectively. The “Stru.” is the structure recognition

ceers

accuracy. denotes an ensemble of several differently initialized recognition models. “{” denotes the
model is trained with additional data. “%” denotes using a mathematical Language Model and additional

I4TEX sequences.

2019 Exp. <1 <2  Stru. 2023 Exp. <1 <2 Stru.
iFLYTEK*# 80.73 88.99 90.74 91.49 Suniat 82.34 90.26 9247 9241
Samsungf 79.82 87.82 89.15 89.32 | YP.OCR* 72.55 83.57 86.22 86.60
MyScriptii 79.15 86.82 89.82  90.66 TUAT 41.10 5452 60.04 56.85
PAL-v2*% 62.55 7498 7840 79.15 DPRL 38.19 5339 5839 59.98
MathTypet 60.13 7440 7857 179.15 - - - - -
TUAT 39.95 5221 56.54 5822 - - - - -
LGM-EGAT | 5822 +2.83 7089 7548 83.07 | LGM-EGAT | 53.04 £2.03 6626 72.22 78.39
GGM-EGAT | 60.72+2.75 71.14 76.73 83.74 | GGM-EGAT | 5530 +2.00 6843 7291 79.13
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4.3. Analysis
4.3.1. Attention Visualization

We save the attention scores of the last EGAT layer, which usually represent the
importance of the neighbors of one node, and also the importance of the connected

edges. We visualize the attention scores ¢;; from the final EGAT layer as an N X N

o+ -
%;u A ZC@?Q}%%L&
4=

4
E .1 = =L .
@Ex1x= 3 +3mn (D) EX2 X4 C, = 2B + 4F

a=1

M x x4 4 i i 13+t 2 i i MNumeum 4 4 a3 = = 1 C a = = 2 B 4+ + 4 4 F F F

(c) Attention visualization of Ex.1 (d) Attention visualization of Ex.2

Figure 7: Attention Visualization Examples. The lighter color represents the higher attention score, which
means the more important the neighbor node or the connected edge. The darker color is the opposite, and

the pure black means no connected edge between the nodes.

heatmap (Fig. [7cland[7d) to interpret the learned relationships between strokes. Higher
attention intensities are predominantly clustered among strokes belonging to the same
symbol, such as “n”, “i”’, “x”, and “+” in Fig. @ as well as “Y.” and “F” in Fig.
These patterns demonstrate that the model effectively captures local structural
dependencies, which is crucial for accurate expression segmentation.

Furthermore, the Master Node exhibits a distinct interaction pattern. The first col-
umn of the heatmap consistently shows high intensity, indicating that the Master Node

aggregates global context from all constituent strokes. Conversely, the first row reveals
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that the Master Node’s global information selectively influences specific nodes, such
as “C” and “B” in Fig. We conjecture that the Master Node provides essential
global cues to resolve shape ambiguities, such as distinguishing between uppercase

and lowercase “C”, thereby significantly enhancing classification robustness.

4.3.2. Effect of Expression Length

Expression Length can express the complexity of the math expression. We plotted
charts to analyze the expression recognition rate for different expression lengths by
strokes count and symbol count, as shown in Fig. [} In general, the model performs
better on shorter expressions’, the recognition rate decreases as the expression length
increases. The proposed GGM-EGAT model and LGM-EGAT model improve over the
baseline model, both in simple and complex expressions. In addition, the GGM-EGAT
model and LGM-EGAT model have a similar performance in simple expressions. The
GGM-EGAT model with global information has better performance with the increase
of expression complexity, especially on the 2023 dataset, which highlights the benefit

of global information for the recognition of complex expressions.

4.3.3. Error Analysis

Table [/| summarizes the confusion histograms for the CROHME 2023 Test set,
highlighting the top four most challenging symbols and symbol pairs for the GGM-
EGAT model. Regarding individual symbols, misclassifications primarily stem from
morphological similarities, such as among “x”, “X”, and “x”. While the Master Node
and neighboring context mitigate these ambiguities, subtle errors persist. For symbol
pairs, errors frequently arise from incorrect edge predictions. For instance, the “||” pair
often fails to achieve a correct “Right” relation. This suggests that without explicit

structural constraints, edge-level predictions remain susceptible to relational ambigui-

ties even when individual symbols are correctly identified.

5. Conclusion

In this paper, we presented a novel stroke-level graph modeling approach for On-

line HMER. By transforming HMER into a joint node and edge classification task,
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Figure 8: Effect of Expression Length. and |8b| are the correct expression rate of different expression
lengths by strokes count. [8c|and [8d]are the file correct expression rate of different expression lengths by

symbol count.

our method effectively captures both local structural dependencies and global context.
We introduced an end-to-end architecture that facilitates the deep fusion of node and
edge features, ensuring a cohesive representation of mathematical expressions. Ex-
perimental results on the CROHME 2019 and 2023 datasets demonstrate substantial
performance gains, notably achieving a 60.72% and 55.30% expression-level recog-
nition rate, respectively, and outperforming the previous baseline [1]] by a substantial
margin.

Future work will focus on extending this framework through a “Stroke-to-Sequence”
strategy to handle more complex datasets and exploring “Graph-to-Stroke” generation
for synthetic data augmentation. Furthermore, we intend to investigate the adaptability

of our graph-based approach in other 2D structural domains, such as chemical notation
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Table 7: Error Analysis of Symbols and Symbol Pairs with the proposed GGM-EGAT model in CROHME
2023 Testset. E is the symbol or symbol pair for recognition, # is the number of occurrences in the 2023 test

set. errp, erry, errs, errq are the most confusing mistakes of this symbol. Only the occurrences greater than

3 are listed. “||” in Symbol Pairs means missing the relation between 2 symbols.
E # erry # |err, # |err3 # |erry #
1 133 s 15 ( 13 11 12 ’ 10
2 | x 67 X 24 X 8 k 5 u 5
Symbols

3 | n 58 m 20 u 8 4 4 X 4
4 — 47 1 4 | — 4 v 3 + 3

|y 24| X 10| xp 3 .

Symbol | 2 5 22 -2 3 - - - - -

Pairs 34 | (x 18 X 9 - - - - -

4|t o0 1= 5| 203 -

recognition and musical score analysis, to further validate its versatility.
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