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Cone Algorithm: An Extension
of the Perceptron Algorithm

S. J. Wan

Abstract—The perceptron convergence theorem played an important
role in the early development of machine learning. Mathematically, the
perceptron learning algorithm is an iterative procedure for finding a
separating hyperplane for a finite set of linearly separable vectors, or
equivalently, for finding a separating hyperplane for a finite set of linearly
contained vectors. In this paper, we show that the perceptron algorithm
can be extended to a more general algorithm, called the cone algorithm,
for finding a covering cone for a finite set of linearly contained vectors. A
proof of the convergence of the cone algorithm is given. The relationship
between the cone algorithm and other related algerithms is discussed.
The equivalence of the problem of finding a covering cone for a set of
linearly contained vectors and the problem of finding a solution cone for
a system of homogeneous linear inequalities is established.

Index Terms—Machine learning, perceptron, linearly separable sets,
linearly contained sets, covering cones, solution cones, linear inequalities.

I. INTRODUCTION

A set of vectors is linearly contained if all the vectors in the set
are distributed on one side of a homogeneous hyperplane. A covering
cone of a linearly contained set is a circular hypercone which encloses
all the vectors in the set. The problem of finding a covering cone
of a linearly contained set may arise in some applications such as
machine learning [3], [9], [13], computational geometry [10], and
stability analysis [2], [4], [7].

The perceptron learning algorithm was developed in the early
1960s for modeling the learning process of a neuron in the human
brain [11]. Mathematically, it is an iterative procedure for finding a
separating hyperplane for a finite set of linearly separable vectors [3],
or equivalently, for finding a separating hyperplane for a finite set of
linearly contained vectors [5], [9].

Let X = {x1,X2,...,Xm } be a set of vectors in an n-dimensional
Euclidean space R™. Suppose each vector in X belongs to one of
two classes Xy or Xo. The set X is said to be linearly separable [3]
if there exists a homogeneous hyperplane:

wix = Zw,-a:j =0 1)

j=1
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so that for any x; € X,
n > O
WTX,‘ =2;w]'$ij{< 0

j=

where T denotes the transpose of a vector, and w is the normal
vector of the hyperplane.

The perceptron algorithm finds a separating hyperplane for a set
of linearly separable vectors by iterations. It starts with an arbitrary
normal vector wo. The normal vector is then modified according to
the following correction rule:

Wi + X
Wkt1 = Wi — X;
T

if X; € ‘le

if x; € Xo @

and x; € X1
and x; € Xo

ifwix; <0
ifwix; >0 @
The well-known perceptron convergence theorem is stated below [3],
[51, 191

Theorem 1: If X is linearly separable, the above procedure
will converge to a vector w satisfying (2) in a finite number of
iterations.

A set of vectors Y = {y1,¥2,...,¥m} is said to be linearly
contained [9] if all vectors in Y are distributed on one side of a
homogeneous hyperplane. In other words, Y is linearly contained if
there exists a separating hyperplane defined by (1) satisfying:

wly; >0, forally; €Y. @
A linearly separable set X can be transferred to a linearly contained
set Y by changing the sign of the vectors in one class, i.e.,

Y={x|xeX;}U{-x|x€ X}

Fig. 1 depicts a linearly contained set Y transferred from a linearly
separable set X.

With a minor modification, the perceptron algorithm can be used
for finding a separating hyperplane for a set Y of linearly contained
vectors [5]. Starting with an arbitrary normal vector wo, the normal
vector is then modified according to the following correction rule:

Wit = Wp+yi,  ifwiy: <0 ©)

or equivalently,

Wit1 = Wi + Y, if (wk,yi) >6,(8= 900) 6)
where (wg,y:) represents the angle between wyi and y:. The
perceptron convergence theorem in this case is stated as follows [5]:

Theorem 2: If Y is linearly contained, the above procedure
will converge to a vector w satisfying (4) in a finite number of
iterations.

In this paper, we show that the perceptron algorithm can be
extended to a more general algorithm, called the cone algorithm, for
finding a covering cone for a finite set of linearly contained vectors.
A proof of the convergence of the cone algorithm is given. The
relationship between the cone algorithm and other related algorithms
is discussed. The equivalence of the problem of finding a covering
cone for a set of linearly contained vectors and the problem of finding
a solution cone for a system of homogeneous linear inequalities is
established.

0018-9472/94$04.00 © 1994 IEEE
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Fig. 2. Three covering cones of Y.

II. THE CONE ALGORITHM

In (6), the perceptron algorithm is expressed as a procedure for
adjusting angles between the normal vector wy of a hyperplane and
the vectors in Y. The normal vector wy, is rotated towards y; if
the angle between wy and y; is larger than or equal to 90°. The
perceptron convergence theorem guarantees that this procedure stop
in a finite number of iterations. The problem that we are interested in
is what would happen if we modify 8 = 90° in (6) to 0° < 6 < 90°.
Does the perceptron algorithm still converge in this case? To answer
this question, we first introduce the notion of covering cones.

A hypercone with axis w and angle 8 in R" is defined by:

C(w,0) = {x|<wax) <b,x€ Rn}

where w # 0 and 0° < 6 < 90°. A hypercone C(w,8) is said
to be a covering cone of a set Y of linearly contained vectors if
(w,yi) <6 forall y; €Y. A covering cone of Y with the smallest
angle is called the smallest covering cone, denoted by C(w,,8;). A
covering cone of Y with the largest angle (f# = 90°) is a halfspace
bounded by the separating hyperplane wlix=0. Fig. 2 depicts three
covering cones of Y.

By modifying 4 = 90° in (6) to 0° < @ < 90°, the percep-
tron algorithm becomes a more general algorithm, called the cone
algorithm, stated as follows:

The cone algorithm: Starting with an arbitrary axis wo, if a vector
yi in Y is not enclosed by the hypercone C(wx,6), the axis wy
is modified by:
if (we,y:i) > 6 (0°

Wei1 = Wk + i, <6<90°). D

The convergence of the cone algorithm is stated below.
Theorem 3 (the cone algorithm convergence theorem): Let Y be
a set of linearly contained vectors and C(w,0,) be the smallest
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Y = {x1, x2, X3, -X4, -X5, =X6}

A linearly contained set Y transferred from a linearly separable set X.

Wy

Wi+l

Fig. 3. An illustration of the convergence of the cone algorithm.

covering cone of Y. If 8, < 0, then each correction given by (7)
will bring w;. closer to w, when k is large enough, namely,

<wk+17ws> < (W’wws)v lfk > KD' (8)

Proof: See the Appendix.

The convergence of the cone algorithm may be illustrated by Fig.
3. The length of the normal vector wy can become arbitrarily large
with the increase of k, but the length of each vector y; in Y’ is fixed.
When k is large enough, if (wi,y:) > 6, then wy is rotated towards
y: for a small amount, which brings w1 closer to w,.

The convergence speed of the cone algorithm may be improved by
introducing a proper coefficient pi in the correction rule, namely,

Wit1 = Wk + prYi if (Wi, yi). > 6,(0° <8 <90°) (9

where pi controls the rotation angle of wy towards y;.
In what follows, we discuss the relationship between the cone
algorithm and other related algorithms, and other related issues.

A. The Cone Algorithm Versus the Perceptron Algorithm

The only difference between the cone algorithm and the perceptron
algorithm (the version for linearly contained sets) is the condition for
modifying the vector wi. In the perceptron algorithm (refer to (6)),
if a vector y; € Y is not located in the halfspace defined by the
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hyperplane, then the normal vector wy of the hyperplane is modified
towards this vector. The perceptron algorithm stops when a separating
hyperplane of Y is obtained. In the cone algorithm (refer to (7)), if a
vector y; € Y is not located in the covering cone C(wy, 8), then the
axis wy of the covering cone is modified towards this vector. The
cone algorithm stops when a covering cone of Y is obtained. From a
geometric point of view, the perceptron algorithm can be viewed as
a procedure of adjusting the normal vector of a hyperplane so that all
the vectors in Y are distributed on one side of the hyperplane, while
the cone algorithm adjusts the axis of a hypercone so that all the
vectors in Y are enclosed by the hypercone. Because a hyperplane
is a special case of a hypercone (§ = 90°), the perceptron algorithm
is a special case of the cone algorithm.

B. The Cone Algorithm Versus Other Related Algorithms

There are a number of gradient descent algorithms such as the
relaxation procedures [1], [6] and variable increment procedures [3]
designed for solving a system of inhomogeneous linear inequalities:

wiy;>b, i=12...,m, (10)
where b1,b2,...,bn, are positive constants. These algorithms can be

written in the following form:
if why: < b, 11

where p; is a parameter. Compared with these algorithms, the
perceptron algorithm can be viewed as an approach for finding a
solution vector w for a system of homogeneous linear inequalities:

12)

Wk+1 = Wi + pkYi,

wTy,'>0, 1=1,2,...,m.
It is clear that any solution of (10) is also a solution of (12), but the
converse may not necessarily be true. Thus, the algorithms described
in (11) are more general than the perceptron algorithm.

On the other hand, the cone algorithm is designed for finding a
solution vector w for the following nonlinear inequalities:

wTyi > ”w”Hyl” cos f, i=12,...,m. (13)

If a solution w to (13) is found, a solution w’ to (10) can be
constructed based on w as follows:

where

b > Max b;, a = Min (wTyl).

Conversely, given a solution w' to (10), one may not be able to
construct a solution to (13) based on w'. In other words, the cone
algorithm can solve (10), but the algorithms described in (11) cannot
solve (13). The cone algorithm is more general than these algorithms.

C. The Smallest Covering Cone

By decreasing the angle 6 step by step, the cone algorithm can find
a series of covering cones of Y approaching the smallest covering
cone of Y. This may be done by setting the initial angle § = 90°.
The angle is then decreased by a fixed quantity 6 each time when
the cone algorithm converges. The parameter 6 can be set in advance
according to the accuracy required. Because the cone algorithm will
not converge when 6 becomes smaller than 6, a terminating condition
(for instance, a fixed number of passes over Y') should be added in
the procedure to prevent an infinite loop.

To test the above procedure, we randomly created 1000 20-
dimensional vectors in a hypercone with § = 70°. Half of these
vectors are distributed on the boundary of the hypercone. This
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TABLE I
THE CLOSENESS BETWEEN C(w,,8,) AND C(w, 6).

Step 0 0, <W, W>
1 90" 70" 3015
2 85 70° 22730
3 80 70° 13°54°
4 75 70° 9°30’
5 70° 70° 045

hypercone can be treated approximately as the smallest covering cone
C(ws, 8,) of the 1000 vectors. The cone algorithm is applied to this
set of linearly contained vectors with the initial angle setting § = 90°.
Decreasing the angle by § = 5° at each step, five covering cones were
obtained. Table I lists the angles between w, and the axes of the five
covering cones. It can be seen that when 8 decreases, the axis w of
the covering cone approaches w,.

D. The Largest Solution Cone

The problem of finding a covering cone of Y = {y1,¥2,...,¥m}
is closely related to the one of finding a solution cone for a system
of homogeneous linear inequalities:

wly; >0, i=12,...,m. 14)
If Y is linearly contained, there exist many solutions to (14).
Geometrically, all the solutions can be obtained in the following
way. Each vector y; defines a halfspace bounded by a homogeneous
hyperplane with y; as its normal vector. The intersection of the m
halfspaces forms the solution region of (14), denoted by S. It can
be shown that the solution region S is a convex polyhedral cone in
R" [8, 12]. A solution cone of (14) is a hypercone enclosed by the
solution region. A solution cone is said to be the largest solution cone
if its angle is the largest among all the solution cones of (14).

Theorem4 Let Y be a set of linearly contained vectors.
C(w,8) is a covering cone of Y if and only if C(w,90° — 6)
is a solution cone of (14).

Proof: See Appendix.

Theorem 4 indicates that there is a one-to-one correspondence
between a covering cone of ¥ and a solution cone of (14). In a
special case ¢ = 6, it states that C(w, 0,) is the smallest covering
cone of Y if and only if C(w,,90° - 6,) is the largest solution
cone of (14). Fig. 4 describes the relationship between the smallest
covering cone of Y and the largest solution cone of (14). Note that
the largest solution cone is enclosed by the solution region S.

From a stability point of view, the solution w, is superior to
any other solution in the solution region S because it can tolerate a
maximum disturbance from all directions. In a noisy communication
channel, the received signal y: may be different from the transmitted
signal y;. However, if (yi,y:) < 90° — 8,, w, will remain to be a
solution of the system. Note that 90° — 4, is the maximum disturbance
angle that the system can tolerate.

III. CONCLUSION
It is shown that the perceptron algorithm can be extended to a
more general algorithm, namely the cone algorithm, for finding a
covering cone of a linearly contained set. It is also shown that there
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C(ws, 90% 65)

C(Ws, es)

Fig. 4. The smallest covering cone and the largest solution cone.

is a one-to-one correspondence between a covering cone of a linearly
contained set and a solution cone of a system of homogeneous linear
inequalities. Compared with other gradient descent algorithms, the
cone algorithm is a more general method for solving a system of
inhomogeneous linear inequalities.

The main weakness of the cone algorithm is that it does not provide
a bound on the number of iterations required for the algorithm to
converge. This is an inherent weakness of the gradient descent type
of algorithms, including the perceptron algorithm.

APPENDIX

Theorem 3: (the cone algorithm convergence theorem:) LetY be a
set of linearly contained vectors and C(w,,0,) be the smallest
covering cone of Y. If 0, < 0, then each correction given by (7)
will bring w). closer to w, when k is large enough, namely,

(Wht1, Ws) < (Wi, W,), ifk > K. 8

Proof: For convenience, we introduce the following unit vec-
tors:

~ W, N Wk . Wit1
LA Ilwell” lwesall
and notations:
a=cosb, —cosf, S=Minllyil, v=Maxllyi,
_ lwenall
Iwell
From (7),
~ Wk41 ~ Wi+ Y ~ ~ yi
W= o =W — ———— = (W — W) — .
flwell twll : [lw|
Hence,
W41 2 2y
~ ~ ~ 2 -~ o~ T 7
We — ———|| = ||Ws — Wi — (Ws — Wi
T Twat]] =1 T
+ il i
[lwlf2
e w12 2 (AT ~T )
= 1%, — Wil = =AW, yi — Wi y:
1%, [ ool Ve Y 197
ly:l|?
+ . 15
w2 (15)

Because y; € C(ws,8,) and y; ¢ C(wy,8), we have

®]y:i > |lyillcosba,  Wiy: < |ly:fl cosb. (16)
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Thus,
WLy — Wiyi > (cos, —cosO)|ly:ll = elly:ll. (A7)

Combining (15) and (17) yields:

o Wk 2 o 20flyill | llyll?
- ) < W, =Wl - S
I = ol <1 =%l = T
DN 21
=W, —Will” - Qallwe|l = lly:])
I f Twall?
o~ B
< W = Fll® = =5 2allwell — 7).
I I Twell? |
(18)
From (7) and (16),
VTVZW}C.H = V"\fsTWk +€VZY1‘
> W, Wi + [|yill cos 6,
> @ wi + Bcosb,. (19)

Applying induction to (19), we obtain

Wlwi > kBcosb, +, fork>0

where A = W wpo is a finite real number. Since Y is linearly
contained, 3 and cosf, are greater than zero. By the assumption
9, < 8, we have a > 0. Thus, a Scosfs; > 0. If we choose

[ v=2aX
k> Ko = |’20 ﬁcosﬂs-l
then,
T B(y = 2a)) cos b, vy
—_—— A= —.
Wo Wi 2 2a Bcosb, + 20

Because ||wi|| > WX wy, it follows that

Iwell > 2=, or 2aflwi| ~ 5 > 0. (20)
200
Combining (18) and (20), we obtain the following inequality:
(W — E+L12 < |, — Wl|?,  if k> Ko, (21)

[lwll

Since for each correction either ||[Wi41| > ||wil| or [[wiy1l] <
lwk|| holds, we consider each case separately.

Case 1: Assuming ||Wit1]| > ||wk]|.

In this case, we have

Wl o
[twiell
Thus,
2
o Wit p? o W]l
v — =W, - Wil
R S lwdl

= (W = Wit1) — eWipa ||
= “Ws - W’k+1”2
- 26@{4_1(@3 - ®k+1) + g2
> |1, — Wi lI® — 26% 40 (W — Wiga)

= |1Ws = Fiep||* + 22(1 — cos(W, Wit1))

> [[W, — W |l (22)
Combining (21) and (22) yields:
W ~ Wegall® < ||Ws — ®al)®,  if k> Ko. 23)

Because W, W}, and W41 are unit vectors, it follows from (23) that
(Ws,wk.'.l) < (V’C'S,V’C'k% if k > Ko

which is the desired resuit.
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Case 2: Assuming |[wiy1]| < [Jwe]).
From (19), WX wiyq > w!wg. Thus,

AT ~ W ~T
R > T 2 Tl =
or equivalently,
(VAVs-,V"\fkﬂ) < (V’\\/s,V”}k)‘
This completes the proof. O

The following lemma is needed for the proof of Theorem 4.
Lemma 1: For any vectors X, y, z € R", the following in-
equality holds:
(x,y) < (x,2) + (z,y). 4
Proof: Because the length of the vectors in (23) is immaterial,

1t is assumed, without loss of generality, that x, y, 2 are unit vectors.
We first construct a vector y' based on X, y, z as follows:

y =az-bx (25)
where
o= U)o, =@y
It then follows that
l¥'II> = a® ~ 2abcos 3+ 8% = 1
zTy' =a-—bcosf =cosy
x'y' =acosf—-b= cos (3 +7)
This means that y’ is a unit vector,
@y)=v=(ay) (26)
and
xy)=8+7=(x2)+(zy) @7
Next, we introduce another vector z’' defined by:
Bty
7z = dz, d= %.
It can be shown that
lx =2l + 12’ = ¥'ll = llx = ¥'])- (28)
Note that y and y’ are unit vectors. It follows from (26) that
Iz = ylI* = ll2|1* = 2}l cosy + 1 = |l ~y'[I>.  (29)

From the triangle inequality and (28), (29),

lx=yll < llx=2"l|+{l2' - yl| = llx~2"{+ |z’ ~¥'l| = lx~¥].

(30)

Because x, y, y' are unit vectors,
xy) <{x¥y'). Gy
Substituting (27) into (31) yields (24). O
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Theorem 4: Let Y be a set of linearly contained vectors.
C(w,9) is a covering cone of Y if and only if C(w,90° — 6)
is a solution cone of (14).

Proof: We first show that C'(w, 90° — 6) is a solution cone of
(14) if C'(w,8) is a covering cone of Y.

Because C(w,0) is a covering cone of Y, (w,y;) < 8 for all
yi €Y. For any x € C(w,90° —~ §), we have (x,w) < 90° — 6. It
follows from Lemma 1 that for any y; € Y,

(xwyi> < (x,w) + (wayi> < (900 - 9) +6= 9007
or

xTy; >0, i=12,...,m. (32)

This means that x is a solution of (14). Because (32) holds for any
x € C(w,90° — 8), we conclude that C(w,90° — ) is a solution
cone of (14).

Conversely, suppose C(w,90° —§) is a solution cone of (14). We
show that C'(w,8) is a covering cone of Y.

For any y; € Y, we can construct a vector x as follows:

Yi

x= aﬁ - b (33)
where
a= M, b= S,i—nl, B=(w,yi), 7=90°-4.
sin 8 sin 3
We have,
Ix||* = a® ~ 2abcos B+ b* =1, (34
and,
xX*w=a- bcos 3 = cosy
or
(x,w) = v =90° — 0. (35)
Eq. (35) indicates x € C(w,90° — 6). Therefore,
(x,y:) < 90°, for any yi € Y. (36)
On the other hand, from (33),
x7 ”’;:” =acosf—b=cos(f+7)
which means {x,y;) = 3+ v, or
(%, ¥:) = {w,¥i) + (x,w). (37
Combining (35)-(37) yields
(w,y:) = (x,¥:) — (x,w) <90° — (90° — 9) = 4,
forally, €Y. (38)
Thus, we conclude that C(w, ) is a covering cone of Y. O
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