Maximum Network Elew:

Ford-Eulkerson Method

Dave Miller

Introduction

Flow network G=(V,E) with flow f(u,v) and capacity: c(u,v)

+ Maximum flow problem
~ Given a flow network G = (V,E) determine the greatest
possible flow f(u,v) from source (s) to sink (t) without
violating capacity c(u,Vv)
+ Ford-Fulkerson is the classical method o solving
the maximum flow problem

BasiciViethod

+ [terative process With the oW
initial value set to 0

+ On each iteration), INCreaSEIoW by,
finding an “augmenting path* and
augmenting the flow along thisfpath

+ Repeat process until ne atgmenting
path can be found, process
terminates yielding maximum: flow,
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lplielelticiiein) — Ceojpit.

+ Tidbits
— Co-developed inf 19561 by
Mathematicianstllester RandolphrEoRd
Sr. and Delbert Ray Eulkerson

- Referred toras a method bEcalSE thEre
are several algorithm implementations
with' differing running times

Basic NMethod = Ceni

+ Pseudor code
FORD-FULKERSON-METHOD(G, s, t)
initialize f to 0
while there exists an augmenting path p
do augment flow f along p
return f

where,
G is the flow network G = (V,E)
s is the source of the flow
t is the sink
f is the flow from s to t
p is the path




Things e REMEMIEN

+ Properties: off flows

~ Capacity: constraint:

+ A flow cannot be greater than! thelcapacity: ofithe
edge that is fi(u,v) = c(u,Vv)

~ Skew: symmetry.
+- The flow from vertex u toivertex Viis thernegative off
the flow in the reverse direction thatiis
fluyv) = -fi(v,u)
+ Notional convenience
= Flow conservation

+ The total flow entering a vertex must equal the total
flow leaving the vertex

+ More formally at a given vertex > fi(u,v) = 0

ResiduaiNNEemwonik

+ Consists! off edges that cantadni
more flow

+ Def.. residuall capacity, C{UN)NSIERE
additional flow: that cantbe pushed on
to an edge without exceeding the
capacity, residual capacity istaiven
by cq/(u,v) = c(u,Vv) — fi(u,\v)

+ Residual network G; ista flow: nELWOKK
with capacities c;

AUgmeEntnarEati

+ s a path p firon s te t iRk the residiial
network Ge

+ Max. amount the fow:can bENnEreased on
each edge ini the augmenting pathipNs
called the residuall capacity” offj9s GivERNo)

C; = min{C;(U,Vv):(u,v)ison p}

Key COonCEPLS

+ Residual Network
+ Augmenting) Path

ResiduallNetweke=Coni:

A flow:network G with f=19 A residuali network G With
theraugmentingl path
highlighted

Augmening Path=Eoni:

residual capacity. ¢,

Augmenting path (highlighted: in'red) prin G with
the residual capacity c; = 4




BasiclAIgErtan

+ Pseudor code

Ford-EFulkerson(G s, t)

1 for each edge (u,v) € E[G]

2 do flu,v] < 0

3 flv,u] < 0

4 while there exists a path p fromis to t in the residual network Ge
5 do c{p) « min{c(u,v) : (u,v)is in pJ

6 for each edge (u,v) in p

V4 do flu,v] « f[u,v] + c{p)

8 flv,u] « -flu,v]

Example= Coni:

Analysis

+ Running time dependstentheWithe
augmenting pathiis chiesen

+ If capacities arelintegralivallies and
using a breadth-filrst o depthEfist
search O(E) to find the augmenting
path, the algorithmi runs in O(E i)
where * is the maximumi How,

Example

Example = Conis

No further augmenting paths’ arerfiotnd)
algorithm exits with max. flow =23
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