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Logistic Regression

* Hypothesis representation

* Cost function (evaluation)

* Logistic regression with gradient descent (optimization)
* Regularization (again!)

 Multi-class classification
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1 (Yes)

Malighant?

0 (No) —

Tumor Size

hg(x) =0"x

* Threshold classifier output hg(x) at 0.5
If hg(x) = 0.5, predict “y = 1”
*If hg(x) < 0.5, predict “y = 0”



Why use Logistic Regression?

= There are many important research topics for which the dependent
variable is "limited" in some way

= Example: whether or not a person smokes/drinks/skips class/takes
advanced mathematics

= For these, outcome is neither continuous nor distributed normally

= Binary logistic regression is a type of regression analysis where
dependent variable is a dummy variable:
coded O (negative class: did not smoke) or 1 (positive class: did smoke)



Cateqorization: y = 1l ory =0

hg(x) = 6" x (from linear regression)
canbe>1lor<0

Logistic regression: 0 < hp(x) < 1

Logistic regression is actually for classification




Hypothesis Representation

*Want0 < hg(x) <1

*hg(x) = g(6"x),

1
1+e— %

where g(z) =

* Sigmoid function
* Logistic (link) function

g(2)




Interpretation of Hypothesis Output

* hg(x) = estimated probability that y = 1 on input x

e Example: If x = [XJ [
*hg(x) =0.7

tumor51ze]

* Tell patient that 70% chance of tumor being malignant



Logistic Regression e

ho(x) = g(6Tx 9(2) 7
() = g ,)\ ?
g (Z ) — 1 _I_ e VA Log-linear model _IE __:--""'J_lz ﬂr;. |2 :1

Suppose we predict “y=1"if hg(x) = 0.5
z=0"x>0

we predict “v=0"if hg(x) < 0.5
z=0"x<0
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Decision Boundary
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*hg(x) = g(0y + 01x; + 0,x,)

E.g., HO — _3, 81: 1, 62 =1

Tumor Size

*Predict“y=1"if—-3+x; +x, =0



*hg(x) = g(6p + 01x1 + 0%, + O03x7 + 0,x%)

b 4 @ ® E.g.,90=—1,91=0,82:()’63:1,04=1
>

% * Predict “y = 1”if -1+ xZ + x5 = 0

>
\ e ‘ea““e

* h’@ (x) — 9(90 + 91x1 ‘I‘ HzXz ‘I‘ HgX% +
O,x%x5 + Ocx2x5 + Ogxix, + )
>

Nonlinear logistic regression b3



Logistic Regressor Architecture

o Error
@ @ Net input Sigmoid Quantizer
‘ @ function function
@ Logistic Regression

(Representation!)



Logistic Regression

* Hypothesis representation

* Cost function (evaluation)

* Logistic regression with gradient descent (optimization)
* Regularization

 Multi-class classification



Training set with m examples
{(x(l), y(l)), (x(z),y(z)), . (x(m)’ y(m))

X0
X1

X € . xO:].,:)/E{O,l}
le

ho(x) = 1+e0'x

How to choose parameters 67



Cost Function for Linear Regression

1 | . 1% .
J0) = 5 ) (ho(x®) = y©)" = — } Cost(hy(x0),»)
=1 =1

1
Cost(hg(x),y) = > (hg(x) — y)*



Cost Function for Linear Regression

1 | . 1% .
J0) = 5 ) (ho(x®) = y©)" = — } Cost(hy(x0),»)
=1 =1

1
Cost(hg(x),y) = > (hg(x) — y)*

Where does this cost come from?
Remember the Gaussian distribution?
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  z


  g ( z )


   h 𝜃  ( x ) =


  y = 1


  x


  x =  [     x 0    x 1 ] =  [    1   tumorSize ]


   h 𝜃  ( x ) =


   h 𝜃  ( x ) = g  (  𝜃 ⊤ x )


  g  ( z ) =  1  1 +  e  − z


   h 𝜃  ( x ) ≥ 0 . 5


    z =   𝜃 ⊤ x ≥ 0


   h 𝜃  ( x ) < 0 . 5


    z =   𝜃 ⊤ x < 0


  z =  𝜃 ⊤ x


  g ( z )


   h 𝜃  ( x ) = g (  𝜃 0 +  𝜃 1  x 1 +  𝜃 2  x 2 )


   𝜃 0 = − 3 ,       𝜃 1 = 1 ,      𝜃 2 = 1


  y = 1


  − 3 +  x 1 +  x 2 ≥ 0


   h 𝜃  ( x ) = g (  𝜃 0 +  𝜃 1  x 1   +  𝜃 2  x 2   +


   𝜃 3  x 1 2 +  𝜃 4  x 2 2 )


   𝜃 0 = − 1 ,       𝜃 1 = 0 ,    𝜃 2 = 0 ,  𝜃 3 = 1 ,    𝜃 4 = 1


  y = 1


  − 1 +  x 1 2 +  x 2 2 ≥ 0


   h 𝜃  ( x ) = g (  𝜃 0 +  𝜃 1  x 1   +  𝜃 2  x 2 +


   𝜃 3  x 1 2 +  𝜃 4  x 1 2  x 2 +  𝜃 5  x 1 2  x 2 2 +  𝜃 6  x 1 3  x 2 + ⋯ )


  m


  {  (  x   ( 1 ) ,    y   ( 1 ) ) ,    (  x   ( 2 ) ,    y   ( 2 ) ) ,   ⋯ ,  (  x   ( m ) ,    y   ( m ) )


  x ∈  [     x 0    x 1   ⋮    x n ]


   x 0 = 1


  y ∈ { 0 ,   1 }


   h 𝜃  ( x ) =  1  1 +  e  −  𝜃 ⊤ x


  𝜃
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  Cost (  h 𝜃  ( x ) , y ) =  1 2    (  h 𝜃  ( x ) − y ) 2


  J  ( 𝜃 ) =  1  2 m   ∑  i = 1 m     (  h 𝜃  (  x   ( i ) ) −  y   ( i ) ) 2 =    1 m   ∑  i = 1 m  Cost (  h 𝜃 (  x   ( i ) ) , y ) )


  Cost (  h 𝜃  ( x ) , y ) =  1 2    (  h 𝜃  ( x ) − y ) 2

