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Tensors in Statistical Learning



Optimization and Decision-Making Problems

1. Get a precise definition of problem, all relevant data 
and information on it

• Uncontrollable factors (“random” variables)

• Controllable inputs (“decision” variables)

2. Construct a mathematical (optimization) model of 
problem

• Build objective functions and constraints

3. Solve model
• Apply most appropriate algorithms for given problem

4. Implement solution



























Problem Specification

Suppose we have a cost function (or objective function)

Our aim is to find values of the parameters (decision variables / features) x that 
minimize this function

(Often) subject to the following constraints:

• equality:

• nonequality: 

If we seek a maximum of f(x), it is equivalent to seeking a minimum of –f(x)  

We will handle 
these a bit more 
“softly” (to be 
discussed later)!
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Equivalence between Minimum and Maximum

• If a point x* corresponds to the minimum value of the function f (x),

the same point also corresponds to the maximum value of the negative 

of the function, -f (x). 

– This means optimization can be re-interpreted to mean minimization since the maximum 

of a function can be found by seeking the minimum of the negative of the same function.



The Many Faces of Optimization!!



Presence of Multiple Optima (Minima)



Minimizing with Multiple Inputs



x

W

𝑳(𝒙, 𝒚; 𝑾) = 𝚺𝐢 𝐩𝐢 − 𝐲𝐢
𝟐

𝑳*

𝒑 = 𝑾 ⋅ 𝒙 𝒚

Computational Graph (Example)Model

Objective function
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Simple Example: The Idealized Climb

• One dimension (typically use more):

x

function

value



Simple Example: The Idealized Climb

• Start at a valid state, try to maximize

x

function

value



Simple Example: The Idealized Climb

• Move to better state

x

function

value



Simple Example: The Idealized Climb

• Try to find maximum

x

function

value
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Stochastic Hill-Climbing Search
• Steepest ascent, but random selection/generation of neighbor 
candidates/positions (variations: first-choice hill climbing, random-
restart hill-climbing)

Generate a random sample/set of 
neighbors around current, choose 
highest-valued among them



Stochastic Hill Climbing (Ascent)

• Random Starting Point

x

function

value



Stochastic Hill Climbing (Ascent)

• Three random steps

x

function

value



Stochastic Hill Climbing (Ascent)

• Choose Best One for new position

x

function

value



Stochastic Hill Climbing (Ascent)

• Repeat

x

function

value



Stochastic Hill Climbing (Ascent)

• Repeat

x

function

value



Stochastic Hill Climbing (Ascent)

• Repeat

x

function

value



Stochastic Hill Climbing (Ascent)

• Repeat

x

function

value



Stochastic Hill Climbing (Ascent)

• No Improvement, so stop.

x

function

value



Gradient Descent/Ascent (What We Want!)

• Simple modification to hill climbing
• Generally assumes a continuous state space

• Idea is to take more intelligent steps

• Look at local gradient: the direction of largest change

• Take step in that direction
• Step size should be proportional to gradient 

• Tends to yield (much) faster 
convergence to maximum



Gradients Means Derivatives; 
This Means Some Calculus…
• [See Crash Course on Derivatives]



Questions?

Deep questions?!

Deep robots!
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The Value of Derivatives

• How do you solve the following problems?

(1)

(2)
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2min ( ) ( 5)
w

f w w= −

Local minima

Global minima

(a) Plot
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(b) Take derivatives, check = 0



Gradient Ascent

• Random Starting Point

x

function

value



• Take step in direction of largest increase (obvious in 1D, must be 
computed in higher dimensions)

x

function

value

Gradient Ascent



Gradient Ascent

• Repeat

x

function

value



Gradient Ascent

• Next step is actually lower, so stop

x

function

value



Gradient Ascent

• Could reduce step size to “hone in”

x

function

value



Gradient Ascent

• Converge to (local) maximum

x

function

value



The Finite Difference Method
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Evaluation

Optimization



signum(v)









Functions with Multiple Inputs

w.r.t. (with 
respect to)





Race of the Optimizers!

http://cs231n.github.io/neural-networks-3/#hyper



Stochastic Hill-Climbing
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𝑓 𝑥 = − ෍

𝑖

(𝑥𝑖 sin 𝑥𝑖 + 0.1 𝑥𝑖) Negative Alpine Function



Stochastic Gradient Ascent
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𝑓 𝑥 = − ෍

𝑖

(𝑥𝑖 sin 𝑥𝑖 + 0.1 𝑥𝑖) Negative Alpine Function



Race of the Optimizers!

http://cs231n.github.io/neural-networks-3/#hyper





What is a useful constrained version of this cost to get “smaller” coefficients? 
(Hint: Tikhonov regularization)

Linear Regression & Gradient Descent



QUESTIONS?

Deep questions?!

Deep robots!
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  𝑳 ( 𝒙 , 𝒚 ; 𝑾 ) =  𝚺 𝐢    (  𝐩 𝐢 −  𝐲 𝐢 ) 𝟐


  𝑳


  𝒑 = 𝑾 ⋅ 𝒙  


  𝒚


  f  ( x ) = −   ∑ i  (  x i  sin ⁡   (  x i ) + 0 . 1    x i )  


  f  ( x ) = −   ∑ i  (  x i  sin ⁡   (  x i ) + 0 . 1    x i )  

