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The Gaussian Distribution

Carl Friedrich Gauss
1777-1855

* For single real-valued variable x
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68% of data lies within o of mean
95% within 2o

« Parameters:

— Mean p, variance 62, /Q\

« Standard deviation o
* Precision B=1/07, E[x]=u, Var[x]=07

* For D-dimensional vector x, multivariate Gaussian

N(x|p,X)= (2?:59;:3 | Ell,fﬂ CXp {_%(X —p) X (x - ”’)}

M is @ mean vector, X is a D x D covariance matrix, |Z| is the determinant of £

>-lis also referred to as the precision matrix



The Multivariate Gaussian Distribution

A p-dimensional random vector X has the multivariate normal distribution
if it has the density function
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where i is a constant vector of dimension p and ¥ is a p X p positive semi-
definite which is invertible (called, in this case, positive definite). Then,
EX = ji and C(w{f) = ¥.

The standard multivariate normal distribution is obtained when g = 0
and 2 = [, the p x p 1dentity matrix:
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This corresponds to the case where X, ..., X, are 1.1.d. standard normal

Inflection points at
r=pto
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Example: Parameter Variance & Covariance

b2 Linear objective function:
No correlation, b, less sensitive

minimum

: Can change b, and have little change
: in the objective function. Objective
: function changes more quickly with b,
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- ~Var(b,) ° 1



positive covariance negative covariance
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Positive: Both dimensions increase or decrease together Negative: While one increases the other decreases



Covariance

e Used to find relationships between dimensions in high dimensional
data sets

1 N . o
it = 2 (Xij — B(X;)) (Xax — E(X,))

g=—1

The sample mean
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Anomaly detection with the multivariate Gaussian

1. Fit model p(z) by setting | .
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2. Given a new example x, compute e
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Why? Well, Dimensionality Reduction...

e PCA (Principal Component Analysis):
* Find projection that maximize the variance (based on Gaussian assumptions)

* ICA (Independent Component Analysis):
* Similar to PCA except assumes non-Gaussian features

* Multidimensional Scaling:
* Find projection that best preserves inter-point distances

e LDA(Linear Discriminant Analysis):
* Maximizing the component axes for class-separation



Data Compression

Reduce data from 3D to 2D

Andrew Ng



More Distributions

1.4} A=0.5
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Exponential: m\\

p(z; A) = Alg>pexp (—Az) . s \\\\\~
0.2f 1
/ —1 =2 3 4 =5
Used to predict the waiting time until

the next event occurs, such as a
success, failure, or arrival Py — N I

Dirac ol ]
p(x) = 8(z — p)
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“Dirac density" of an idealized point mass or point charge -- a function that is equal to zero
everywhere except for zero (integral over the entire real line is equal to one)



Laplace Distribution

1 L
Laplace(x; u,y) = — exp (— i /i|>
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Bernoulli Distribution

The Bernoull1 distribution 1s the “coin flip” distribution.

X is Bernoulli if its probability function is:

(1 w.p. p

X =+
0 wp 1-p

X=1 1s usually interpreted as a “success.” E.g.:
X=1 for heads 1n coin toss
X=1 for male 1n survey
X=1 for defective 1n a test of product
X=1 for “made the sale’ tracking performance



Bernoulli Distribution

4 | Can prove/derive each of
o= e =7l — i) these properties!
E x| = 0o
Vary(x) = ¢(1 — ¢)

p is @ in these formulas!



Empirical Distribution

such that:

(0.0
f d(x)dx =1
—00

An empirical (Dirac) distribution function is
distribution function associated with empirical
measure of a sample
(the data “is” the distribution)



Mixture Distributions

P(x) = ZP(C — §{)P(x | ¢ = i)

Gaussian mixture with
three components
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Figure 3.2




Mixtures of Gaussians

Gaussian has limitations in modeling real
data sets
Old Faithful (Hydrothermal Geyser in
Yellowstone)

— 272 observations

— Duration (mins, horiz axis) vs Time to next
eruption (vertical axis)

— Simple Gaussian unable to capture
structure

— Linear superposition of two Gaussians is 1w
better

Linear combinations of Gaussians can
give very complex densities

K
p(x)= zﬂkN(x | i, Z,)
k= 40
T, are mixing coefficients that sum to one " !

60

One —dimension
— Three Gaussians in blue
— Sumin red

.
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