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So, Again, What are Tensors?

• A building block of linear algebra
• A mathematical formalism for a multi-dimensional collection / 

object – houses items, notably numbers / values
• In Python, there are often called arrays or n-dimensional arrays (ndarrays)
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Transposing/manipulation in NumPy
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Hadamard Product

• Multiply each A(i, j) to each corresponding B(i, j)

• Element-wise multiplication
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Elementwise Functions
• Applied to each element (i, j) of matrix/vector argument 

• Could be cos(.), sin(.), tanh(.), etc.  (the “.” means argument)

• Identity:

• Logistic Sigmoid:

• Softmax:

• Linear Rectifier:

1.0 -1.4

-0.69 1.8

𝜑(1.0) = 1 𝜑(-1.4) = 0

𝜑(-0.69) = 0 𝜑(1.8) = 1.8
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Elementwise Operators
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Vectorization and Broadcasting

• Vectorization: store numerical data in 
arrays to use batch operations 
(applied to all values in array)
• Avoids explicit loops
• Makes code easier to maintain / more 

concise, better performance
• Binary op well-defined if two arguments 

ae same shape

• Broadcasting: effective array 
expansion
• Array + scalar – scalar distributed (& op 

applied) to each element in array
• Unequal shape arrays – if smaller array 

can be broadcasted to larger array (rule: if 
array axes on 1-on-1 basis have same 
length or length of 1)
• If an array has fewer axes, dummy axes 

are padded on until dimensions of arrays 
agree
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Adding a 3x3 matrix to a 1x3 row vector:

Adding a 3x3 matrix to a 3x1 column vector:

True elements Broadcasted elements



Elementwise / Broadcasted Mathematics

• Addition “+” ( + )

• Subtraction “-” ( - )
• Multiplication (Hadamard product) “*”  (      )

• Division “/” ( / )
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Elementwise Functions (Vectorized Operators)

• NumPy contains many vectorized functions – elementwise 
evaluation of basic mathematical functions (over tensors)
• Take in tensor/ndarray, return tensor/ndarray of same shape as input 

(though not necessarily of same type)
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Sinusoid function



• Elementwise functions can be single or multi-argument
• Can use the np.vectorize to convert some custom functions to those 

that operate on tensors/ndarrays
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NumPy aggregation functions (aggregators)
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Σ = summation (capital sigma)
Π = product (capital pi)



Elementwise Composed Functions

• Can build from simple routines:
cos(.), sin(.), exp(.), etc.  (the “.” means argument)

Softmax: Sigmoid:

Let’s write these out to 
our Python interpreter!



Why Do We Care? 

Computation Graphs
Linear algebra 

operators can 

be arranged in 

a directed 

graph!
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Vector Form (One Unit)

𝐱𝟎

𝒙𝟏

𝒙𝟐

𝐰𝟎 𝐰𝟏 𝐰𝟐𝒉𝟎: * = 𝛗(𝐰𝟎 ∗ 𝐱𝟎 + 𝐰𝟏 ∗ 𝐱𝟏 + 𝐰𝟐 ∗ 𝐱𝟐)

This calculates activation value of single (output) 

unit that is connected to 3 (input) sensors.



Vector Form (Two Units)

𝐱𝟎

𝒙𝟏

𝒙𝟐

𝐰𝟎 𝐰𝟏 𝐰𝟐

𝐰𝟑 𝐰𝟒 𝐰𝟓

𝒉𝟎: * = 𝛗(𝐰𝟎 ∗ 𝐱𝟎 + 𝐰𝟏 ∗ 𝐱𝟏 + 𝐰𝟐 ∗ 𝐱𝟐)

𝛗(𝐰𝟑 ∗ 𝐱𝟎 + 𝐰𝟒 ∗ 𝐱𝟏 + 𝐰𝟓 ∗ 𝐱𝟐)

This vectorization easily generalizes to multiple (3) 

sensors feeding into multiple (2) units.

𝒉𝟏:

Known as vectorization!



Now Let Us Fully 

Vectorize This!

𝐱𝟎 𝐱𝟑

𝒙𝟏 𝒙𝟒

𝒙𝟐 𝒙𝟓

𝐰𝟎 𝐰𝟏 𝐰𝟐

𝐰𝟑 𝐰𝟒 𝐰𝟓

𝒉𝟎: * = 𝛗(𝐰𝟎 ∗ 𝐱𝟎 + …) 𝛗(𝐰𝟎 ∗ 𝐱𝟑 + …)

𝛗(𝐰𝟑 ∗ 𝐱𝟎 + …) 𝛗(𝐰𝟑 ∗ 𝐱𝟑 + …)

This vectorization is also important for 

formulating mini-batches.

(Good for GPU-based processing.)

𝒉𝟏:



Vectorized Operations / Objects

• Vectors, matrices, tensors (greater than 2nd order arrays)
• Essential tool for numerical computation

• Useful data representation, especially for operations (ops) that are repeated for set 
of values

• Vectorization – eliminates the need for explicit loops (batch operations 
applied to data)
• In Python, these ops often built on lower-level libraries (XLA, LAPACK, etc.)

• Essentially what NumPy, i.e., 𝑛𝑢𝑚𝑝𝑦 (and 𝑛𝑢𝑚𝑝𝑦. 𝑙𝑖𝑛𝑎𝑙𝑔), is for
• Built on C (for processing/manipulating arrays)

• All elements in a numpy (fixed-size) array are of the same type (homogeneous) 

• These arrays have in-built operations to be applied to them (along with 
functions/modules that work with these data structures)
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Identity Matrices
Creating identity matrix in NumPy:



Norms
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NumPy Equivalent:
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𝑳𝒑 Norm



The Frobenius norm
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Norms Can Serve as the Building 

Blocks for Distance Measurements!

Euclidean distance



The Symmetric Matrix
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Inversion: use numpy.linalg
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Standard inversion operator:

(Moore-Penrose) pseudo-inverse operator:

Sometimes, there is no 
matrix inverse!

Determinant, i.e., det(A) = |A|

A



Tensors in Machine Learning



QUESTIONS?

Deep questions?!

Deep robots!
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