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So, Again, What are Tensors?

* A building block of linear algebra

import numpy as np

* A mathematical formalism for a multi-dimensional collection /
object — houses items, notably numbers / values
* In Python, there are often called arrays or n-dimensional arrays (ndarrays)

1d-tensor

4d-tensor

D=1

D=4

2d-tensor

5d-tensor D=9

6d-tensor
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Transposing/manipulation in NumPy

(AT)T;,;,&:A

ji

Table 2-12. Summary of NumPy Functions for Array Operations

r=|z,..,2|

Function

Description

np.transpose,
np.ndarray.transpose,
np.ndarray.T

np.fliplr/np.flipud

Transpose (reverse axes) an array.

Reverse the elements in each row/column.

np.rotoo Rotate the elements along the first two axes by 90 degrees.
np.sort, Sort an array’s elements along a specified axis (which defaults to the last axis
np.ndarray.sort of the array). The np.ndarray method sort performs the sorting in place,
modifying the input array.
P
ih‘ R AI,E qu1,’I ‘42,1 A."I.,i
A = .-_AE,i : :AT = AI,E ‘42,1 A."I.,Z
A3,1 ‘43,2
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Hadamard Product

- Element-wise multiplication

0.5

-0.7

-0.69

1.8

®

0.5

-0.7

-0.69

1.8

- Multiply each A(l, J) to each corresponding B(i, )

5*.5=.25

-7 *.7=.49

-.69 * -.69 = 4761

1.8%1.8=3.24




Elementwise Functions

- Applied to each element (i, |) of matrix/vector argument

- Could be cos(.), sin(.), tanh(.), etc. (the “.” means argument)

. Identity: (V) =V

. Logistic Sigmoid: ¢(V) = 0(v) = 7=

_ exp(v)
. Softmax: (V) = S0 exp(v,)

. Linear Rectifier: ¢(v) = max(0, v)

~

v € R¢

@(1.4)=0

@(1.0)="1
1.0 | -14 _
¢( -0.69 | 1.8 ) - (p[-0.69) =0

p(1.8)=1.8




Elementwise Operators

Table 2-6. Operators for Elementwise Arithmetic Operation on NumPy Arrays

Operator Operation
+, += Addition

-= Subtraction
¥, = Multiplication
/1= Division
I 1= Integer division
o Exponentiation
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Vectorization and Broadcasting

Adding a 3x3 matrix to a 1x3 row vector: * Vectorization: store numerical data in
arrays to use batch operations
(applied to all values in array)

* Avoids explicit loops

* Makes code easier to maintain / more
concise, better performance

* Binary op well-defined if two arguments
ae same shape

Broadcasting: effective array

Adding a 3x3 matrix to a 3x1 column vector: expansion

* Array + scalar - scalar distributed (& op
applied) to each element in array

 Unequal shape arrays —if smaller array
can be broadcasted to larger array (rule: if

1 1

’ o array axes on 1-on-1 basis have same
length or length of 1)

3 3 * If an array has fewer axes, dummy axes
are padded on until dimensions of arrays
agree

True elements Broadcasted elements
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0.5

-0.7

-0.69

1.8

€ »

e Subtraction “-

0.5

-0.7

-0.69

1.8

- Division “/” (/)

- Addition “+” ( +)

C=A+B= C,-.;- = AJ_J+BJ_J_

0.5

0.7

-0.69

1.8

(-)

* Multiplication (Hac

®

Elementwise / Broadcasted Mathematics

amard product) “*” ()

0.5

0.7

-0.69

1.8

5+.5=1.0 -7-.7=-0.0
-.69-.69=-1.38 1.8+1.8=3.6
5*.5=.25 -7*.7=-.49
-.69 * -.69 = .4761 1.8*%1.8=3.24
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Elementwise Functions (Vectorized Operators)

Table 2-7. Selection of NumPy Functions for Elementwise Elementary Mathematical Functions

NumPy Function Description

np.cos, np.sin, np.tan Trigonometric functions

)
I
np.arccos, np.arcsin, np.arctan Inverse trigonometric functions R
! |

np.cosh, np.sinh, np.tanh Hyperbolic trigonometric functions

np.arccosh, np.arcsinh, np.arctanh Inverse hyperbolic trigonometric functions Sinusoid function
np.sqrt Square root

np.exp Exponential

np.log, np.log2, np.loglo Logarithms of base e, 2, and 10, respectively

* NumPy contains many vectorized functions — elementwise
evaluation of basic mathematical functions (over tensors)

* Take in tensor/ndarray, return tensor/ndarray of same shape as input
(though not necessarily of same type)

26



Table 2-8. Summary of NumPy Functions for Elementwise Mathematical Operations

NumPy Function Description

np.add, np.subtract, Addition, subtraction, multiplication, and division of two NumPy arrays

np.multiply, np.divide

np.power Raises first input argument to the power of the second input argument
(applied elementwise)

np.remainder The remainder of the division

np.reciprocal The reciprocal (inverse) of each element

np.real, np.imag, np.conj The real part, imaginary part, and the complex conjugate of the

elements in the input arrays
np.sign, np.abs The sign and the absolute value
np.floor, np.ceil, np.rint Converts to integer values

np.round Rounds to a given number of decimals

* Elementwise functions can be single or multi-argument

* Can use the np.vectorize to convert some custom functions to those
that operate on tensors/ndarrays
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NumPy aggregation functions (aggregators)

Table 2-9. NumPy Functions for Calculating Ageregates of NumPy Arrays

NumPy Function Description
np.sum The sum of all elements 4-—_2 = summation (Capital Sigma)
np.prod The product of all elements «—— [1= pI’OdUCt (Ca pltal pl)

np.min, np.max The minimum/maximum value in an array

np.argmin, np.argmax The index of the minimum/maximum value in an array

data data data

data.sumf()

ata.sumia

xis=0)

El

1)

o
o
in
=
o
g,
n
1}

Figure 2-3. lllustration of array aggregation functions along all axes (left), the first axis (center), and the
second axis (right) of a two-dimensional array of shape 3 x 3
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Elementwise Composed Functions

* Can build from simple routines:
cos(.), sin(.), exp(.), etc. (the “.” means argument)

Softmax: ¢(v) = ~2Pv) Sigmoid: ¢(v) = o(v) = 1+£—v

> e-1€xp(Ve)
/

Let’s write these out to

NumPy Function

our Python interpreter! NumPy Function np.add, np.subtract,
] np.multiply, np.divide
np.cos, np.sin, np.tan
_ np.power
np.arccos, np.arcsin, np.arctan
np.cosh, np.sinh, np.tanh np.remainder
np.arccosh, np.arcsinh, np.arctanh np.reciprocal
np.sqrt np.real, np.imag, np.conj
np-€xp np.sign, np.abs
np.log, np.log2, np.logio np.floor, np.ceil, np.rint

np.round




Why Do We Care?
Computation Graphs

Linear algebra

operators can

be arranged in
w, a directed

’IU—!. =w5+w5




A Simple Linear Predictor




A Simple Linear Predictor




A Simple Linear Predictor

........... %.-.,H
Z=Zo+21+22




A Simple Linear Predictor




Vector Form (One Unit)

This calculates activation value of single (output)
unit that is connected to 3 (input) sensors.

@(Wy * Xg+Wp * X1 +Wy * Xy)




Vector Form (Two Units)

This vectorization easily generalizes to multiple (3)
sensors feeding into multiple (2) units.

P(Wy * Xg+WwW; * X1 +W, * X3)

P(W3 * Xg+WwW, * X1 +Wg * X3)

Known as vectorization!



Now Let Us Fully
Vectorize This!

This vectorization is also important for

formulating mini-batches.

(Good for GPU-based processing.)

@(wy * Xg+...)

@e(Wp * X3+ ..)

@e(wz * Xg+...)

@(Wz * X3+ ..)




Vectorized Operations / Objects

import numpy as np

* Vectors, matrices, tensors (greater than 2" order arrays)
e Essential tool for numerical computation

» Useful data representation, especially for operations (ops) that are repeated for set
of values

* Vectorization — eliminates the need for explicit loops (batch operations
applied to data)
* In Python, these ops often built on lower-level libraries (XLA, LAPACK, etc.)

* Essentially what NumPy, i.e., numpy (and numpy. linalg), is for
 Built on C (for processing/manipulating arrays)
e All elements in a numpy (fixed-size) array are of the same type (homogeneous)

* These arrays have in-built operations to be applied to them (along with
functions/modules that work with these data structures)



Creating identity matrix in NumPy:
In [62]: np.identity(4)

Identity Matrices outle2l: arrayll 1

0., 0., 0.],
[ 0., 1., 0., 0.],
o

« Matrix inversion is a powerful tool to analyticaily
solve Ax=b éﬂtﬁi}i25;3?%?0‘.‘?”1., o)
0., 0., 1.],
* Needs concept of Identity matrix o toal: moeyels. ity 1P
. . Out . arra .y - -1
» |dentity matrix does not change value of vector ™" ”’“E ol ol
0., 1., 0.]])

when we multiply the vector by identity matrix

— Denote identity matrix that preserves n-dimensional
vectors as I,

—Formally 1 er™ and vxeR"Ix=x

n

— Example of I,

1
0
0

= = O
= o o
L

18
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Norms

» Used for measuring the size of a vector
* Norms map vectors to non-negative values
* Norm of vector z = [z,,..,2 ]T IS distance from

origin to x

— It is any function f that satisfies:

NumPy Equivalent:

f(m):O:m::O
f(x+y) < f(x)+ (v

3

/

(

VaeR f(om:j :‘cx‘f

~

o)

Triangle Inequality

>>> x = np.array([[6., 9.]11)
>>> y = np.array([[14., 18.]])
>>> np.linalg.norm(x + y)
33.60059523282288

>>> np.linalg.norm(x) + np.linalg.norm(y)
33.620162328374725
= I
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Lp Norm linalg.nnr‘m(x, ord=None, axis=None, keepdimstaLEE)

1

r P
11:(2‘1:1 ]
— I? Norm |,

+ Called Euclidean norm
— Simply the Euclidean distance )

between the origin and the point =

e Definition:

5

— written simply as || || o -
— Squared Euclidean norm is same as z'z s —dicoh
|

— L' Norm
» Useful when 0 and non-zero have to be distinguished
— Note that L? increases slowly near origin, e.g., 0.1?=0.01)

- L Norm | =maslz,

e Called max norm
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The Frobenius horm

imi L? norm :
Similar to O (3]
4- E _{ i =T Te 37 v 1 =i
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Norms Can Serve as the Building
Blocks for Distance Measurements!

» Distance between two vectors (v, w)

— dist(v,w)=||v-w|

\/(ful — wl):z +.+(v - wH)E

Euclidean distance



The Symmetric Matrix

* A symmetric matrix equals its transpose: A=AT
— E.g., a distance matrix is symmetric with A=A,

@ a b C d e f a b cd e f
a
a 0 184 222 177 216 | 231
b 184 0 45 123 128 200 b
[
I::} c 222 45 0 129 121 | 203 ::>
d
o o d 177 | 123 |129 | 0 46 | B3
e
@ e 216|128 (121 46 O 83
fl231 200 (203 /83 B3 |0 f —
Raw dala Graphical View

— E.g., covariance matrices are symmetric

15 .15 325 1 0 0

0 0 1] 0 1 10

0o 0 0 0 .10 1
\ 7 /




A

Inversion: use numpy.linalg

Standard inversion operator:

n =>> Np. 11”319 Linv { }i} Determinant, i.e., det(A) = |A|
array{[['2' ! 1. ]J

ATA=1

[ 1.5, -0.5]1])

P > I

A'Ax=A"'b (Moore-Penrose) pseudo-inverse operator:
. Al . .

f,,l-f‘: b >>> np.linalg.pinv(X)

x=A"b

Sometimes, there is no
matrix inverse!

array{[['z' ! 1. ]J

[ 1.5, -0.5]])
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Tensors in Machine Learning

A linear classifier y= Wz +b

streich pixels into single column

Vector x is converted
into vector y by

multiplying « by a matrix W

02 |05 01 | 20 56 1.1 -96.8 | catscore

15 [ 13 | 21 | 00 | |231| 4| 32 | — | 437.9 | dog score

0 (025 0.2 | -0.3 -1. :
input image 24 e 61.95 | ship score

W 2 b flz W, b)

A linear classifier with bias eliminated y= Wz

02 | -05| 01|20 56 1.1 02 |-05|01 |20 11 56

15|13 2100 |231| 4|32 «— |[15] 13|21 (00| 32 |||231

0 |025/|02|-03 24 1.2 0 |025|02|-03]|-12 24

W 2 b W b >
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