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Theorem 5:

Proof:

PSPACE STA(pol,exp,pol) . (13)

C: immediately from (11).

~: Let L be an arbitrary language from the class STA(pol,exp,pol).

Then there exists a machine M e ATM recognizing the language

L and operating in space nk with the number of alterna­

tions bounded by n r for some fixed integers k and r. we ~l

construct a deterministic algorithm A accepting the language

L and using a polynomial amount of memory.

The construction of A:

Denote by ~ the next-move function of machine l1 and by

1*r- the transitive closure of ~. Given two configurations

nk we can deterministlcally check

1-*-- C2 and all intermediate configura-

C1 , C2 of M of length

2kin space n whether C1

tions between C1 and C2
have length not exceeding k

n •

Moreover, the following predicates Compl and Comp2 are

also computable in deterministic space n 2k

*Comp1(C 1 ,C2 ) * C1 ~ C2 , C1 is an existential configura-

tion, C2 is a universal configuration,

all configurations appearing between C1 and

C2 are existential and not longer than nk ,
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Comp2(C l ,C2 ) ~ C1 ~ C2 ' Cl is a universal configuration,

C2 is· an existential configuration and all

configurations appearing between C1 and C2

are universal and not longer than nk

The predicates Compl, Comp2 com~ute whether it is possible

to pass from a configuration Cl to C2 using machine M in the

space bound nk with only one alternation at the last applica-

tion of the next-move function of M.

We shall use one more predicate:

ACC(C) ~ M starting from configuration C, accepts C, operates

in space nk and does not make any alternation along

the accepting computation for C.

Let us note, that ACC(C) is also computable in deterministic

2k kspace n for C of length n. . There are two cases: C can

be an existential or universal configuration. In the first

case ACC(C) denotes that M accepts C nondeterministically and

we can use Savitch's theorem NSPACE(s(n)) C DSPACE(s(n)2). The

second case is symmetric.

Now we can construct a recursive procedure TEST(C)

checking if the alternating machine M starting from an

arbitrary configuration C of length nk accepts C in the

kspace bound n .
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TEST(C) * ACC(C) v

(3C1)[comp1 (C,C1) A

[ACC (C
1

) v

(.lJ. C2 ) (Comp2 (C
1

,C 2 ) => TEST (C2 ) )] ] ,

where all'configurations have length not exceeding n
k

(the quantifiers are bounded to the configurations of

length nk ). Finally, the algorithm A has the following form:

A: 1. C:=initial configuration of M for input x of

length n, the length of C is nk .

2. If TEST(C) then ACCEPT else REJECT.

Since the machine M operates in space nk , algorithm A

recognizes the language L, i.e. x € L iff A accepts x.

The recursive calls of the procedure TEST we implement

in a natural way on a stack. The quantifiers are realized

by simple looping over all the configurations of M of

length nk The depth of the recursion in the procedure TEST

is bounded by n r /2 which is equal to half the number

of alternations made by M (we terminate the computation of TEST

without accepting if the depth of the recursion exceeds n r /2).

Let T(i) denote a memory requirement of the procedure

TEST for configurations C on which machine M alternates

at most 2i times. Then we have:

rT (0)

1T (H1)
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Then the total memory requirement of the algorithm A

is bounded by T(nr/2}~ 2n2k+r . Hence the language L belongs

to the class PSPACE, which terminates the proof of the

theorem. o

As a corollary we can obtain some trade-offs between

time and number of alternations using the STA-notation.

Corollary 7:

1. STA(pol,pol,pol}

2. STA(exp,exp,exp}

Proof:

1. from (11) and (13)

STA(pol,exp,O}

STA(exp,EE,O}

STA(pol,exp,pol}

STA(exp,EE,exp)

2. direct "upward translation" of the point l(for similar

techniques see Book [3] ,[4]).
o

Remark 5:

Another interesting trade-off property of the STA

measure was obtained by Berman [2]:

U
c>1

cn cn 2
STA(2 , 2 cn} U STA(2cn , 2cn , cn}.

c>l
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VIII. Compendium of complexity classes.

The STA measure is monotonic with respect to its three

arguments. However it seems to be a very difficult question

at which points STA is strictly monotonic. We shall regard

the classes STA(s(n), t(n), a(n)) only for reasonabl~ cases,

i.e. for function s,t,a satisfying s(n) ~ t(n) A a(n) ~ t(n).

Fixing space and time we will be changing the function a(n),

which bounds the number of alternations. The resulting

complexity classes are gathered in Table 1.

Time, space and the number of alternations are bounded

by the following classes of functions:

TIME: pol, exp, EE,

SPACE: log, pol, exp,

ALT det- deterministic computations

o - nondeterministic computations

k - constant

klogn, n , pol, expo

The first three columns in the table denote the parameters

of STA, the fourth is the resulting complexity class1and in the

last one \ole include some remarks. The classes from the fourth

column form a nondecreasing~n. From the hierarchy theorem

DSPACE(f) ~ DSPACE(2f )
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we know that in this chain there are at least two points where

the succesive classes are different. However, so far we are

unable to specify exactly any such point.
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TABLE I.

SPACE TIME ALT CLASS REMARKS

log pol det DLOGSPACE

log pol 0 NLOGSPACE

log pol k STA(log,pol,k)

log pol n k kSTA(log,pol,n )

U k
log pol pol PTIME [ 6] , = k

STA(log,pol,n )

------------------------ ----------------- --------------------------

} ?
pol pol det PTIME P = NP conjecbure

pol pol 0 NPTIME

pol pol k-1 ~P [ 17] , [18] ,=ASTATE(k-1)
k

pol pol logn ASTATE(logn) sec.V

pol pol f(n)~1ogn ASTAT~ (f (n) ) sec.V

pol pol pol PSPACE [ 6] , = U STA(pol,pol,nk )
k

------------------------ ----------------- --------------------------

pol exp det PSPACE

pol exp pol PSPACE th.5
k

STA(P01,eXp,2
nk

)pol exp 2n

k
pol [6] ,=U n

)exp exp EXPTIME STA(pol,exp,2
k

------------------------ ----------------- -------------------------

exp exp det EXPTn1E

}
exponential version

0 NEXPTIME the
.,

exp exp of P=NP conjecture

exp exp pol STA (exp,exp,pol)
k

[ 6] , =
n

)exp exp exp EXPSPACE U STA(exp,exp,2
k

------------------------ ----------------- --------------------------

exp EE det EXPSPACE

exp EE exp EXPSPACE Cor.7.2

exp EE EE EE-TIME
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Table I is not complete, in the sense that there

are known complexity classes, which cannot be embedded

directly into this scheme (or possibly we do not know how

to do it). For instance, the class EXPLINTlME= U,DTlME(2cn )
c>

lies between PTlME and EXPTlME and we can't precise it more

exactly.

Some interesting results dealing with STA complexity

classes were obtained in classifying the complexity of

a few decidable logical theories:

1. The decision problem for the theory of real addition

is complete in the class STA(*, 2cn , n) -- Bruss,

Meyer [5], Berman [2] .

2. The elementary theory of Boolean algebras is complete

. Cn [1n the class STA( *,2 , n) -- Kazen 111.

3. The decision problem for Presburger arithmetic is

complete in the class STA( * ,2 29n , n) -- Berman [2]

Let us mention also the work of Kintala and Fischer [10]

on bounded nondeterminism, where the technique for restricting

the computations and the resulting complexity classes seem to

have a similar structure as in the present paper.
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