


To consider only the computations of the length
2p(n) we define the successor of the terminal configura-
tion as the same configuration. Indices k(i) computed
after s steps of while loop code the configuration which
follows after c(i) by application 2% times next move
function of M to c(i). The length of the computation
M is bounded by 2p(n)' hence after p(n) steps of the
loop we can simulate all possible computations of M
in the memory bounded by T(n). Obviously the running
time of our parallel program is of the range O(p(n)),

that means it is bounded by some polynomial.

Part two

To complete the proof of the theorem it is suf-
ficient to construct a polynomial space bounded nonde-
terministic Turing machine simulating an arbitrary given
parallel program K running in polynomial time, Instead
of writing a next-move function of the Turing machine,
we will construct an algorithm easy by transformable to
the formal one.

From the assumption about the relational system R
we can rewrite our original program K into the paral-
lel program K’ with only boolean operations and O-1
boolean variables by:

a) replacing every variable by O-1 array coding the
current value of this variable;

b) substituting for occurences of functors, predicates
and arithmetic operations suitable polynomial

programs ;

c) substituting for every formula o occuring in the
program K a new part of program K, which carries
out the value of a at a special boolean variable b&.
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Resulting parallel program K’ has exactly the
same structure of parallelism as K and it remains
polynomial (counting binary operations).

We will construct a recursive procedure find
(i,t) which returns the value of i-th 0-1 variable
after t steps of computation K’, assuming all vari-
ables and cells of arrays are numbered by integers. The
steps are counted at external level, that.means every
parallel instruction is treated as one step and all
binary instructions outside parallel instructions are
counted separately., The idea of the procedure find is
taken from [9]. By treating parallel instruction as a
single statement our program is sequential. Build up the
graph G whose vertices are conditions, substitutions
and parallel instructions of K'’. The edges are implied
by the structure of K’. For the sake of simplicity
assume that the terminal instruction is a successor of
itself., A nondeterministic algorithm simulating K’ acts
as follows:

1. Choose a path P=P;.-+Pq(pn) of the length T(n) in G
such that p begins at the start vertex, where T(n)
is a polynomial bounding time of K’. (It is done in

T(n) nondeterministic steps.)

2, Compute find(O,T(n)) for the chosen path p. If the
path p does not code the valid computation of K’
then procedure find will loop infinitely .

3. 2f find (0,T(n)) = 1 then accept else reject.

The proof will be completed if we construct poly-
nomial space bounded algorithm for function find, since
the acceptance of the input word by the program K is
equivalent to find(O,T(n)) = 1, where O is the index of
koolean variable denoting the acceptance of K’.
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procedure find(i,t)

1.

if t=0 then

2f 1 is an index of input variable then return X,

i
else return O

2. if Py is not a parallel instruction at the choosen

path p then

a)

b)

c)

i 5 Py is a substitution which does not change Xy

then return find(i,t-1);
i £ Py is of the form xi:=xj 2] X for some boolean
operation 2 then return find(j,t-1) @ find(k,t-1);

if P, is a formula of the form X, = o for ae{0,1}
then compute find(i,t-1) and check if the edge in
G we have passed was in agreement with the struc-
ture of K’. If not then loop infinitely, other-

wise return find(i,t-1);

if Py is a parallel instruction:

cobegin Ile1 e i Ierr coend

then

Find k such that in Ik Xy
exists at most one such integer between 1 and r -

can be changed . (There

it can be found having at the disposal procedure
find(j,t-1) for pertinent j.)If such k does not
exist then return find(i,t-1).

Let Xy be the variable occuring as a left side of
substitution in Ik at the instruction Py - Then
return findl(i,t,T(n)) where procedure findl is
almost exactly the same as find, but constructed
for "internal level" of program K’, that means
for Ik
instruction is counted as a single instruction.

written in details, where each binary

Function findl uses the second parameter t and
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the function find when the third parameter de-
creases to O, It plays the same role as input
word for procedure find.

This completes the description of the algorithm.
To observe that it operates in polynomial space note
that in stack implementation of find the depth of re-
cursion is bounded by T2(n) and the memory required for
recording path Py and all parameters at every level of
recursion is also bounded by some polynomial.

This proves our theorem.

V. EXAMPLES OF PROGRAMS

Example 2

Boolean matrix multiplication in time O(logn). A is a
nxn boolean matrix and n 1is a power of 2, Then after
execution of program M matrix A contains its

previous square,

M:
cobegin M(i,3j,k):=A(i,k)AA(k,j) O 1<i,j,ksn coend;
s:=1;
while sslogzn do
begin s:=s+1;
cobegin M(i,j,k):=M(i,j,2k-1)aM(i,3,2k) O

lsi,jsnAlsksnlzs_l coend
end;

cobegin A(i,j):= M(i,3j,1) O 1<i,j<n coend;

. 694



Example 3

G is the n vertex undirected graph with edges given
by the nxn boolean matrix A. The following program L
checks the connectivity of G in time O(loggn):

Lz
cobegin A(i,i):=1 0 1l<is<n coend
for i:=1 step 1 untzil logzn do A:= Ax A;
comment A is the transitive closure of the incidence
matrix for G

s:=1;
while s51og2n do _

begin cobegin A(i,j):=A(i,2j-1)AA(i,23) O

1sisnAlsjsn/2s coend ;

end;

8:=1; while sslogzn do
begin cobegin A(i,l):=A(2i-1,1)AA(2i,1) 0O
lsiSn/2s coend; s:=s+1 end;

if A(1l,1) = 1 then accept else reject;

VI, FINAL REMARKS

In the section III we stated only rather evident
logical properties of synchronous parallel programs, It
seems that this kind of problems should be studied more
carefully, particularly as a construction of the axio-
matization and the system of inference rules for for-
mulas of the form K, where K 1is a parallel program.

The proof of the complexity theorem based among
others on the fact, that the value of an arbitrary vari-
able after i steps of computation depends only at most
on ci other variables. There could be more active pro-

cessors, but the history of computation for every vari-
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able is restricted to the exponential amount of memory.

An interesting question arises, what would happen if
functions had an unlimited number of arguments and were

computable in one step.

The parallel language PP can be a useful tool for

programming so far intractable problems, for instance

members of P-space not known to be in P-time. The paral-

lel algorithms for these problems will run in polynomial

time.
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