
Chapter 3

M ultivariate NormalM od el

3.1 Introd uc tion
Inthislec ture w e w illexamine the use ofthe multivariate normalmod eland
itsuse inpatternclassī cation.A point infeature spac e w illb e represented
by a row vec tor xofM d imensions.x= x1;:::;xM ,w here xi isthe value
offeature numb er i.P articular pointsinfeature space may b e referred to
asx1,x2 and so on.We w illillustrate some ofthe c onceptsbyusing¯gures
b ased onM = 2 ; but realproblemsoftenuse much larger valuesofM :T he
mathematicsisthe same inhigher d imensions,but w e can't d raw the ¯gures.

T he multivariate normald istributionhasa relatively simple expression
that isalmost ind epend ent ofthe numb er ofd imensions. T hisand other
propertiesmake it very°exible asa mod elingtool.T he expressionis

pN (x) =
1

(2 ¼)M =2j§j1=2 e
¡ 12 [(x¡¹)§¡1(x¡¹)0] (3.1)

We w illuse the notationpN (x;¹;§ ) to refer to the ab ove expressionw hen
w e w ant to make the parametersevid ent but d on't w ant to w rite out the
w hole equation.T he subscript N meansthat the d istributionisnormal.

T he parameter ¹ isa vec tor that representsthe meanvalue ofx.T he
value ¹ r isthe meanvalue ofxr.T he parameter § isthe covariance matrix.
T he ijelement of§ isthe covariance

sij= E[(xi¡¹i)(xj¡¹j)] (3.2 )

Since sij = sji and sii > 0 , the matrix § ispositive d e¯nite. Allofthe
eigenvaluesof§ are realand positive and allofthe eigenvec torsare linearly
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ind epend ent.T hese propertiesare especiallyusefulincertainnumericalcal-
culations.

T he contoursonw hich pN (x) = c; w here cissome c onstant, are of
particular interest. T hese are the contoursofconstant prob ab ility. Ifw e
set the expressionin(3.1) equalto a constant, w e see that the required
c ond itionfor a c ontour isthat the exponent equala c onstant.T hislead sto

(x¡¹)§ ¡1(x¡¹)0= ln
³
c(2 ¼)M =2

p
j§j

´
= c1 (3.3)

T hisd e¯nesanellipsoid inM -d imensionalspace.
It c anb e show nthat the term onthe left satis̄ esthe requirementsto

b e a d istance measure.T hisd istance measure,w hich iscommonlyused in
statistics,iscalled the M ahalanob isd istance.
M ahalanob isDistance The Mahalanobis distance between two points x

and y is

d § (x;y) =
p
(x¡y)§ ¡1(x¡y)0 (3.4 )

where § is a positive de n̄inte symmetric matrix.

B ivariate NormalDistribution

T he b ivariatenormald istributionhasM = 2 .T he meanisa vec tor oflength
M = 2 and the c ovariance isa 2 £2 matrix.T hisisthe simplest c ase and one
that has¯guresthat w e c and raw .We canw rite out the variousvec torsand
matricesinsymb olic form to see their b ehaviour.We w illcalculate estimated
valuesfor these symb olsinexamplesw here w e have numeric alfeature d ata.
Let the meanvec tor and covariance matrixb e represented by

¹ = [m 1;m 2 ] and § =

2
4 s11 s12

s2 1 s2 2

3
5 (3.5)

T he inverse c ovariance matrixis

§ ¡1 =

2
4 s2 2 ¡s12
¡s2 1 s11

3
5

s11s2 2 ¡s12 s2 1
(3.6)
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W henw e multiply out the vec tor prod uc ts, w e ¯nd that the prob ab ility
d ensityfunctionis

pX (x) =
1

2 ¼
p
s11s2 2 ¡s12 s2 1

¢

exp
µ
¡(x1¡m 1)2 s2 2 ¡(s12 + s2 1)(x1¡m 1)(x2 ¡m 2 )+ s11(x2 ¡m 2 )2

2 (s11s2 2 ¡s12 s2 1)

¶

T he exponent isa quad ratic form inthe componentsofx= [x1;x2 ]:Setting
the exponent to a constant w illprovid e c ontoursofconstant prob ab ility.T he
shape ofthese c ontoursw illb e ellipses.T hey w illb e c oncentric ab out the
meanvalue ofthe d istribution.T hisw illb e illustrated w ith anexample.

Numeric alE xample Consid er the M = 2 c ase w ith meanand c ovari-
ance givenby

¹ = [1;1] and § =

2
4 1 ¡0:7
¡0:71

3
5 (3.7)

We ¯nd that j§j= 0:51 and

§ ¡1 =
1
0:51

2
4 1 0:7

0:71

3
5 =

2
4 1:960 8 1:372 5
1:372 5 1:960 8

3
5 (3.8)

A plot ofthe prob ab ility functionand c ontoursofconstant prob ab ility is
show ninFigure 3.1

Here the c ontoursofconstant prob ab ilityare ellipsesthat are c entered on
the meanfeature values.E ach ofthe c ontourshasanequationofthe form

1:960 8(x1¡1)2 + 2 :755(x1¡1)(x2 ¡1)+ 1:960 8(x2 ¡1)2 = c1 (3.9)

w here c1 isanappropriate constant.T hisisthe form ofanequationofan
ellipse. Note that the ellipsesare concentric ab out the meanvec tor ¹ =
[1;1] and are tilted b ec ause ofthe nonzero termso® ofthe d iagonalinthe
covariance matrix.T he d irec tionofthe tilt ofthe ellipse axisisd etermined
by the signofthe o®-d iagonalterms.
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Figure 3.1:A b ivariate normald istributioncentered on(1,1) w ithnegatively
correlated features.
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3.1.1 M od elingE xperimentalData
T he normald istributionmay b e used to mod elexperimentald ata by com-
putingthe meanand c ovariancefunctionsfor that d ata.O fcourse,the mod el
w illonlygive reasonable resultsw henthe d ata isclustered ina normalfash-
ion.

W henthe d ata isd istributed inthree or few er d imensionsit ispossible to
d isplay the d istributionoffeature pointsand get anid ea ab out the quality
ofthe cluster for each class.

3.1.2 E xample: T hree Classesw ith T w o Features
Some experimentald ata involving M = 2 featuresare d isplayed inFigure
3.2 . Note that this d ata fallsinto three relatively d istinc t clusters. We
w ould therefore expec t some suc cessinmod elingeach cluster w ith a normal
d istribution.T he contour linesofa normald istributionw ith the same mean
and covariance are overlaid onthe d ata clusters.

T he d ata used inthisexample istabulated inTable 3.1.T here are ¯fteen
examplesofeach type ofob jec t,and each ob jec t hastw o features.

T he meanand c ovariance for each classcanb e read ily calculated .T he
method isshow ninthe next sec tion.

¹1 = [4:074 ;3:855] § 1 =

2
4 0:72 70:0 87
0:0 87 0:60 9

3
5 § ¡11 =

2
4 1:4 ¡0:2
¡0:2 1:67

3
5 (3.10 )

E xample 3

¹ 2 = [¡4:0 87;¡4 :07] § 2 =

2
4 1:65 0:6347

0:634 0:974

3
5 § ¡12 =

2
4 0:806 ¡0:52 5
¡0:52 5 1:368

3
5

(3.11)

¹3 = [¡3:87;3:63] § 3 =

2
4 0:569 ¡0:2 63
¡0:2 63 0:683

3
5 § ¡13 =

2
4 2 :14 0:82 3

0:82 3 1:78

3
5

(3.12 )



4 0 CHAP T E R 3M U LT IVARIAT E NO R M ALM O DE L

Figure 3.2 : A scatter plot offeature d ata w ith c ontourscorrespond ing to
normald istributions¯t to each cluster.
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Class® 1 Class® 2 Class®3

Feature 1 Feature 2 Feature 1 Feature 2 Feature 1 Feature 2

3.4 1 4 .4 4 -4 .2 6 -3.56 -4 .31 4 .97

3.81 4 .89 -2 .92 -2 .54 -4 .58 3.53

4 .4 0 3.35 -2 .96 -3.07 -3.61 3.33

5.34 2 .77 -4 .89 -5.54 -3.64 4 .0 4

4 .2 4 4 .0 9 -2 .4 5 -3.47 -2 .90 4 .13

4 .2 5 3.56 -4 .15 -3.77 -5.0 4 3.89

2 .92 4 .12 -5.0 2 -3.54 -3.50 4 .05

4 .92 4 .85 -1.4 9 -3.4 9 -2 .97 2 .2 2

3.56 3.4 1 -4 .68 -5.31 -3.47 4 .4 8

4 .4 4 3.18 -4 .4 9 -5.97 -3.13 2 .2 4

4 .03 4 .17 -4 .16 -3.64 -4 .11 2 .56

4 .33 5.14 -6.39 -3.76 -5.4 2 4 .34

4 .80 4 .0 0 -3.14 -3.85 -4 .4 5 4 .2 4

1.96 2 .52 -4 .63 -4 .35 -3.31 3.13

4 .70 3.33 -5.68 -5.19 -3.61 3.32

Table 3.1: Table d ata for three classesofob jec tsd escrib ed by tw o features.
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Figure 3.3:Anillustrationofthe normald istributionmod elsfor three d ata
clustersshow ingthe surfacesand c ontoursofthe mod els.
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Note that in§ 1 and § 2 the o®-d iagonaltermsare positive, show inga
positive c orrelationb etw eenthe feature values, w hile § 3 hasnegative o®-
d iagonalterms,show ingnegative correlationb etw eenitsfeatures.T he c on-
toursinFigure 3.2 for class® 1 are nearly circular,show ingthat the c ross
correlationisverysmall(0.0 87).T he contoursfor ® 2 are quite elongated and
have a positive slope inthe coord inate plane,show inga fairlystrongpositive
correlation(0.635).T he contoursfor ®3 are lesselongated and show a neg-
ative slope,correspond ingto the negative correlation(-0.2 6).(Y oucan¯nd
the cluster for each classbylookingat the coord inatesofthe meanfeature
vec tor.)

3.1.3 CalculationofM od elP arameters

T he ad vantage ofusing the normald istributionisthat each classcanb e
mod eled by a simple parametric func tion.T he meanvec tor and covariance
matrixfor each classare easly calculated from lab eled d ata.

¹k =
1
N k

N cX

n= 1

xn (3.13)

w here N k isthe numb er ofexamplesofclasskfeature vec tors.T hiscalcula-
tionhasto b e d one separatelyfor each classsince each hasa d i®erent mean
vec tor.We canalso calculate the termsofthe covariance matrixusingthe
d ata for each class.

sij=
1

N k¡1

N kX

n= 1

(xni¡¹i)(xnj¡¹j)

w here xniiscomponent iofthe feature vec tor xn inclassk:
InIDL it isconvenient to arrange the d ata for a particular classasa

matrixX inw hich each row representsa feature vec tor for a d i®erent d ata
point. T here are asmany row sasfeature vec torsfor a givenclassand
asmany columnsasthere are features. T henthe meanisgivenby the
func tionmean(X ) and the c ovariance isgivenby cov(X ). T he matrix X
w ould c orrespond to the pair ofcolumnsinTable 3.1 associated w ith the
classofinterest.
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3.1.4 M inimum E rror Dec isions
T he expec ted lossinassociatinga givenobservationxw ith class!jisgiven
by

Lj(x) =
cX

i= 1

¸(!jj®i)P(®i)p(xj®i) (3.14 )

If̧ (!ij®i) = 0 and ¸(!jj®i) = 1 for allj6= i,the ab ove red ucesto

Lj(x) = 1¡P(xj®j)
Hence,the prob ab ility oferror isminimized by associatingxw ith the class
that maximizesP(xj®j).T he prob ab ilityP(xj®j) ismod eled asa normal
d istributionw ith mean¹j and c ovariance § j:T hat is, w e assume that w e
know the d istributiononce w e know w hich classw aschosen.T he expression
for the prob ab ilityisgivenbyspec ializingE quantion3.1 for each class.

P(xj®j) =
1

(2 ¼)M =2j§ jj1=2
e¡

1
2 [(x¡¹j)§¡1j (x¡¹j)0] (3.15)

W henw e are usingthe normald istributionasa mod el,it ismore c onve-
nient to maximize ln(P(xj®j)).Ifw e eliminate termsthat are the same for
allj,w e ¯nd that w e should maximize the func tion

gj(x) = ¡lnj§ jj¡(x¡¹j)§
¡1
j (x¡¹j)

0 (3.16)

T hisfunctionisa d iscriminant function.Choosingthe value ofjthat max-
imizesgj(x) isequivalent to choosingthe jthat minimizesthe loss.Inthe
ab ove equation¹jand § jare the meanand covariance for classj:T he d is-
c riminant functionsfor the previousexample are show ninFigure 3.4 .T he
d ec isionb ound ariescorrespond to the c ontoursw here the d ec isionfunctions
meet.T hese are show nona contour plot inFigure 3.5.It iseasyto see w hy
the b ound ariesare curved c ontoursinthisexample.

T he term onthe right isthe square ofthe M ahalanob isd istance measure
from the point xto the point ¹j.Ifw e w rite

d 2j(x;¹j) = (x¡¹j)§
¡1
j (x¡¹j)

0

w e have a d istance measure in§ junits.T he d iscriminant functioncanb e
w rittenas

gj(x) = cj¡d 2§j(x;¹j) (3.17)



3.1 INT R O DU CT IO N 4 5

Figure 3.4 : Discriminant functionfor the three d ata classesshow ninthe
previousexample.

w here

cj= ¡lnj§ jj
isa c onstant,w ith a d i®erent value for each j.For a givenpoint x,w e need
to simply calculate gj(x) for j= 1;:::;kand pickthe one that isgreatest.
T hisw illgive usthe d ec isionthat minimizesthe prob ab ility oferror.T he
computationofgj(x), inturn, involvescalculationofd §j(x;¹j). B ecause
ofthe minussign,moving the point x closer to ¹j increasesgj(x). Note,
how ever,that b ec ause the c onstantscjare d i®erent for each classw e d on't
alw aysassociatexw ith the closest ¹j.T he constantsw illnot varyw ith class
w henallthe § jare equal.Inthat c ase,some evennicer simplī c ationsoc cur,
asd iscussed b elow .
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3.1.5 DecisionR egionsand DecisionB ound ariesw ith
minumum error d ec isions

A d ecisionregionFi c onsistsofallthe pointssuch that Li(x) < Lj(x) for
allj6= i.O ne can¯nd the d ec isionb ound ary b etw eenregionsFiand Fjby
¯nd ingthe pointsthat fallonthe c ontour

Li(x) = Lj(x) (3.18)

Tracingthe b ound ariesb etw eenregionsishelpfulinvisualizingthe layout
offeature spac e. How ever, one hasto b e c areful, b ecause a point onthe
b ound ary b etw eenFiand Fjmayac tually b elongto Fm .T hisw illhappen
ifLm (x) isthe low est loss. E quation(3.18) only looksfor the pointsthat
are onthe b ound aryb etw eentw o particular regions.Further examinationis
usuallyneed ed .

We can¯nd the d ec isionb ound ary for the minimum error c riterionby
solving

gi(x) = gj(x) (3.19)

Ingeneral, these b ound ariesare quad ratic surfacesofd imensionM ¡1 in
the M -d imensionalfeature space. Ifw e substitute (3.18) into (3.19) and
rearrange w e ¯nd

(x¡¹i)§
¡1
i (x¡¹i)

0¡(x¡¹j)§
¡1
j (x¡¹j)

0= ln
j§ jj
j§ ij

(3.2 0 )

Anexample ofd ecisionb ound ariesina 2 D feature spac e isshow ninFigure
3.5.T he b ound ariesare nonlinear,and serve to separate the three classeson
a pair-by-pair b asis.Note that the three b ound ariescrossat a single point.

Case ofequalcovariance matric es
W henthe classesallhave the same c ovariance,w e cand rop the subscripts
onthe § matric esand w rite (3.2 0 ) as

(x¡¹i)§
¡1(x¡¹i)

0¡(x¡¹j)§
¡1(x¡¹j)

0= 0 (3.2 1)

T hisisthe equationofa M ¡1 d imensionalplane that d ivid esthe M d i-
mensionalfeature space into regions.
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Figure 3.5:Anillustrationofthe b ound ariesb etw eenthe d ec isionregionsfor
a system w ith three classes.T he ind ivid ualcovariance functionsw ere used
to c ompute the d iscriminant functions,lead ingto the curved b ound aries.
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Figure 3.6: Anillustrationofthe b ound ariesb etw eenthe d ec isionregions
w hena pooled c ovariance matrixisused .T hisprod uceslinear b ound aries
that are not necessarilyinthe optimum positions.

Ifthere isreasonto b elieve that allofthe classeshave equalcovariance,
thenone cancompute a single covariance matrix by sub trac tingthe mean
value from the d ata for each classand pooling the results. W henthat is
d one,w e ¯nd that the covariance func tionfor the sample d ata ofTable 3.1
is

§ =

2
4 0:939 0:14 6
0:14 6 0:72 1

3
5

We cannow see inFigure 3.6that allofthe b ound ariesare straight lines.
T hisw illalw aysb e the c ase w ith a multivariate normald istributionw hen
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the classeshave equalcovariance matrices.It isw orth emphasizingthat in
thisproblem the covariance matricesofthe ind ivid ualclassesare reallynot
equal. How ever, by using a covariance matrix that iscomputed w ith the
pooled d ata w e are forc ed to use the same c ovariance matrixw ith each class.
T he e®ec t c anb e seenby comparingFigures3.3and 3.6.

3.2 P roblems
1.T he feature space for thispatternrecognitionproblem istw o d imen-
sionaland there are tw o patternclassesd enoted by ® 1 and ® 2.T he
prob ab ility d ensity func tionfor the feature vec tor x; for each ofthe
classesisnormal.T he parametersfor each classare

¹1 = [4 ;0 ] § 1 =

2
4 1 :2

:2 1

3
5

¹ 2 = [0 ;¡4 ] § 2 =

2
4 1 :2

:2 1

3
5

(a) Sketch the equalprob ib ility contoursforP(xj® 1) and P(xj® 2 ):

(b ) Assume that P(® 1) = P(® 2 ) and that a minimum-error d ec ision
rule isto b e used . Find the equationofthe b ound ary b etw eenthe
regionsF1 and F2 :
(c) Assume that P(® 1) = 2P(® 2 ) and that a minimum-error d ec ision
rule isto b e used . Find the equationofthe b ound ary b etw eenthe
regionsF1 and F2 :
(d ) Assume that P(® 1) = P(® 2 ) and that the d ec isionrisksare given
by¸(!1j® 2 ) = 1; ¸(!1j® 2 ) = 2 ; and ¸(!1j® 1) = ¸(! 2j® 2 ) = 0:Find the
equationofthe b ound ary b etw eenthe regionsF1 and F2 :
(e) Assume that P(® 1) = 2P(® 2 ) and that the d ec isionrisksare given
by¸(!1j® 2 ) = 1; ¸(!1j® 2 ) = 2 ; and ¸(!1j® 1) = ¸(! 2j® 2 ) = 0:Find the
equationofthe b ound ary b etw eenthe regionsF1 and F2 :

2 .T he feature space for thispatternrecognitionproblem istw o d imen-
sionaland there are tw o patternclassesd enoted by ® 1 and ® 2.T he
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prob ab ility d ensity functionfor the feature vec tor x; for each ofthe
classesisnormal.T he parametersfor each classare

¹1 = [4 ;0 ] § 1 =

2
4 1 :2

:2 1

3
5

¹ 2 = [0 ;¡4 ] § 2 =

2
4 1 ¡:2
¡:2 1

3
5

(a) Sketch the equalprob ib ility contoursforP(xj® 1) and P(xj® 2 ):

(b ) Assume that P(® 1) = P(® 2 ) and that a minimum-error d ec ision
rule isto b e used . Find the equationofthe b ound ary b etw eenthe
regionsF1 and F2 :

(c) Assume that P(® 1) = 2P(® 2 ) and that a minimum-error d ec ision
rule isto b e used . Find the equationofthe b ound ary b etw eenthe
regionsF1 and F2 :

(d ) Assume that P(® 1) = P(® 2 ) and that the d ec isionrisksare given
by¸(!1j® 2 ) = 1; ¸(!1j® 2 ) = 2 ; and ¸(!1j® 1) = ¸(! 2j® 2 ) = 0:Find the
equationofthe b ound ary b etw eenthe regionsF1 and F2 :

(e) Assume that P(® 1) = 2P(® 2 ) and that the d ec isionrisksare given
by¸(!1j® 2 ) = 1; ¸(!1j® 2 ) = 2 ; and ¸(!1j® 1) = ¸(! 2j® 2 ) = 0:Find the
equationofthe b ound ary b etw eenthe regionsF1 and F2 :

3.T he feature space for thispatternrec ognitionproblem isthree d imen-
sionaland there are tw o patternclassesd enoted by ® 1 and ® 2.T he
prob ab ility d ensity functionfor the feature vec tor x; for each ofthe
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classesisnormal.T he parametersfor each classare

¹1 = [¡1;¡1;¡1] § 1 =

2
6664

1 0:5 0

0:5 1 0:5

0 0:5 1

3
7775

¹ 2 = [1;1;1] § 2 =

2
6664

1 0:5 0

0:5 1 0:5

0 0:5 1

3
7775

Assume that P(® 1) = P(® 2 ) and that a minimum-error d ec isionrule

isto b e used .Find the equationofthe b ound ary b etw eenthe regions
F1 and F2 :

4.R eprod uc e equations(3.10 ), (3.11) and (3.12 ) by using the d ata in
Table 3.1.Y oumayw ant to w rite a computer program usingfunctions
such asthose givenat the end ofthischapter.

5.Find the meanand covariance matrixfor each classfor the jockey,foot-
b allplayer and sw immer d ata and plot the equalprob ab ility contours
for the feature vec torsfor each classassumingthat the d ata c anb e ¯n
w ith a b ivariate normald istribution.P lot the d ec isionb ound arieson
the feature spac e for the minum error prob ab ility d ecisionrule.

6.Find the pooled c ovariance matrixfor the jockey,footb allplayer and
sw immer d ata. P lot the equalprob ab ility contoursand the d ec ision
regionb ound ariesfor the minum error prob ab ility d ec isionrule und er
the assumptionthat each classhasa covariance equalto the one you
calculated from the pooled d ata. W hat isthe e®ec t onthe location
ofthe d ec isionb ound ariescompared w ith your answ er to the previous
problem?

3.3 Computer programs

Computer programsto c alculate the meanand c ovariance caneasilyb e w rit-
teninIDL.Listed b elow are prob ramsfor functionsmean(H) and cov(H)
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w here H isanarray offeature d ata.Allofthe d ata inH isassumed to b e
from the same class.To ¯nd the meanand covariance for allofthe classes
it isnecessary to runthe computationw ith a d ata arrayfor each class.H
isassumed to b e arranged w ith each feature vec tor asa row .T here are as
manyrow sasthere are examplesand asmanycolumnsasthere are features.

FUNCTION MEAN,H
;+
; MU=MEAN(H) returns an array that has one less array dimension
; than does H. That is, if H is a 2D array then MU is a 1D
; vector. If H is a 3D array then MU is a 2D array formed by
; averaging over the third dimension of H. Each value of MU is
; the average value over the highest dimension of H.
; If H is a scalar then H is returned. MU is always of type FLOAT
; unless H is of type DOUBLE, COMPLEX or DOUBLE COMPLEX, in
; which case MU is the same type as H.
;-
S=SIZE(H)
; S[0] is the number of dimensions of H
; S[S[0]] is the number of elements in the highest dimension
; of H.
IF S[0] EQ 0 THEN RETURN,H $
ELSE RETURN,TOTAL(H,S[0])/FLOAT(S[S[0]])
END
===========================================================
FUNCTION COV,H
;+
; C=COV(H) returns the covariance matrix for a table of data
; in an array H. H is assumed to be arranged with each example
; as a row and each column as a feature. C is an array of size
; NxN where N is the number of columns of H. C is always of type
; FLOAT unless H is of type DOUBLE, COMPLEX or DOUBLE COMPLEX,
; in which case C is the same type as H.
;-
S=SIZE(H)
MU=MEAN(H)
MUV=(FLTARR(1,S[2])+1)##MU
X=H-MUV
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RETURN,X#TRANSPOSE(X)/FLOAT(S[2]-1)
END


