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Different Approaches

Theory (Markov chain Monte Carlo with simulated annealing)

• Jerrum-Sinclair-Vigoda ’01:  approximate permanent in O*(n10), yields 
O*((mn)10) algorithm for m x n binary contingency tables

• Bezáková-Bhatnagar-Vigoda ’06:  O*((mn)3(m+n)5)

Practice (sequential importance sampling, Chen-Diaconis-Holmes-Liu ’05)

• Bezáková-Sinclair-Štefankovič-Vigoda ’06:  negative example

• Jose Blanchet ’06:  SIS works if marginals O(n1/4)

• Bayati-Kim-Saberi ’07:  alternative importance sampling method, works 
if marginals O(n1/4)

Practice (the switching Markov chain, Diaconis-Gangolli ’94)

• Kannan-Tetali-Vempala ’97, Cooper-Dyer-Greenhill ’05:  works for 
regular marginals
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Broder Chain

Mixes in polynomial time ?    Even if it did…

1 perfect matching

near matchings≥2(n/4)

Thm [Jerrum-Sinclair ’89]:
Rapid mixing if perfects 
polynomially related to nears.
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u,v

Ideal weights
(for a matching with holes u,v):

(# perfects)

(# nears with holes u,v)

A perfect matching sampled with prob. 1/(n2+1)

Computing ideal weights as hard as original 
problem ?

Good:
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Simulated Annealing for Permanent

Ideal weights
(# perfects)

(# nears with holes u,v)

λλλλ = 1 … ~0

1

need to be λλλλ-weighted:

w(u,v) = 

λλλλ(M) = λλλλ# λλλλ-edges in M

λλλλ(S) =    ∑∑∑∑ λλλλ(M)

where

λλλλ( P  P  P  P  )

λλλλ( N  N  N  N  (u,v) )

M in S



Simulated Annealing for Permanent

λλλλ = 1

1

λλλλ( P  P  P  P  )

λλλλ( N  N  N  N  (u,v) )
w(u,v)  =

Initially, λλλλ = 1.                   
Thus w(u,v) = n!/(n-1)! = n.

Algorithm (sketch):

Later, have approx. of w(u,v).                                           
Run chain to improve the approx.        
Decrease λλλλ (until ~0).

(Improved approx. of old λ = starting approx. of new λ)

*

Thm [Jerrum-Sinclair-Vigoda ’01]:              
Weighted Broder chain mixes 
if w(u,v) approximated within 
a constant factor.
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2 2 2 2 where

w(u,v) = 
λλλλ( P  P  P  P  )

λλλλ( N  N  N  N  (u,v) )

T in S

λλλλ(T) = λλλλ# λλλλ-edges in T

λλλλ(S) =    ∑∑∑∑ λλλλ(T)

Recall that

2 3 1 2

2 2 2 2
on Kn,n

2 3 1 2

2 2 2 2
on G*

λλλλ = ~0

λλλλ

……………………… 1
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22 3 1

2 2 2 2

λλλλ

The catch :

What, if for some u,v, there is no near-table which uses 
all real edges ?   Then,

λλλλ( N  N  N  N  (u,v) ) = 0    for λλλλ = 0.

where

w(u,v) = 
λλλλ( P  P  P  P  )

λλλλ( N  N  N  N  (u,v) )

T in S

λλλλ(T) = λλλλ# λλλλ-edges in T

λλλλ(S) =    ∑∑∑∑ λλλλ(T)

Recall that
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Different Approaches

Theory (Markov chain Monte Carlo with simulated annealing)

• Jerrum-Sinclair-Vigoda ’01:  approximate permanent in O*(n10), yields 
O*((mn)10) algorithm for m x n binary contingency tables

• Bezáková-Bhatnagar-Vigoda ’06:  O*((mn)3(m+n)5)

Practice (sequential importance sampling, Chen-Diaconis-Holmes-Liu ’05)

• Bezáková-Sinclair-Štefankovič-Vigoda ’06:  negative example

• Jose Blanchet ’06:  SIS works if marginals O(n1/4)

• Bayati-Kim-Saberi ’07:  alternative importance sampling method, works 
if marginals O(n1/4)

Practice (the switching Markov chain, Diaconis-Gangolli ’94)

• Kannan-Tetali-Vempala ’97, Cooper-Dyer-Greenhill ’05:  works for 
regular marginals



Importance Sampling for counting problems

x

with positive probability σσσσ(x)>0

Probability distribution σσσσ
on the points + ♦

♦

Random variable       ηηηη(s) =
1/σσσσ(s)

0

if s in the set

if s is ♦

Unbiased estimator

E[ηηηη] = ∑∑∑∑ σσσσ(x).1/σσσσ(x) = size of the set
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Result holds for any 
order of rows/columns.

Alternating rows and 
columns?
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• Practical algorithm ?

• Detecting convergence of SIS

• SIS for larger marginals ?

• The Switching Markov chain of Diaconis-Gangolli ?

• General contingency tables

• Cell-bounded tables 

• Counting non-bipartite graphs with a given degree 
sequence

Open Problems


