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1 IntroductionA succinct representation of a graph is a widely studied problem. A numberof criteria can be used to determine the succinctness of the representation. Weexamined the representation of a graph in these two aspects:1. The space complexity of the representation.2. The time complexity of the basic \graph-operations" (usually the adjacencytest of two given vertices, eventually the update operations, for example theadding or removing of an edge).On the one hand, one needs to represent a graph in as few bits as possible,on the other hand, fast manipulation with the compressed structure is required.The two most common representations of a graph { an adjacency matrix andan adjacency list show the contrast between these two aspects: The adjacencymatrix is an optimal representation with respect to the time complexity of anadjacency test of two given vertices; however, if n is the number of the verticesin the graph to be represented, the space complexity of this representation isalways O(n2) bits, regardless of the number of edges m. On the other hand, theadjacency list representation is space-optimal, but the adjacency test takes moretime than it is necessarily needed.The aim of this thesis was to �nd a representation as close as possible to theoptimal space complexity O(m logn) bits, and to the optimal time complexity ofthe adjacency test (and the update operations) O(logn) bit-operations.The structure of this work is as follows: The Chapter 2 introduces the basicde�nitions, notions and models of computation used in the thesis.Several authors studied the problem of representation of graphs from the sameor related point of view. Their results are summarized in Chapter 3.In Chapter 4 we present a representation using the technique of hashing: Wecan store a graph of n vertices and m edges in O(m logn) bits and the adjacencytest can be performed in O(logn log logn) bit-operations. Further, the \list-of-all-neighbors" procedure takes O((k + log logn) logn) time (bit-operations),where k is the number of the neighbors to be listed. This is the only repre-sentation presented here which works also for the dynamic graphs, i.e. graphswhich are changing in time. In this case the space complexity remains O(m logn)and the time complexities of the adjacency test and the list-of-all-neighbors areO(logn log logn) and O((k+log logn) logn), respectively, and the expected amor-tized time complexity of the update operations is O(logn log logn).A new representation based on computing the distance from all vertices tosome given vertex is suggested in Chapter 5. We show that this representation isoptimal (in both time and space complexities) for the family of planar graphs andwe conjecture that it is optimal for the family of graphs of bounded arboricitytoo. 2



The Chapter 6 deals with the problem of computing the arboricity of a graph.This problem is motivated by di�culties encountered when we wanted to �nd asuitable representation of dynamic graphs of bounded arboricity. We developeda new technique based on orienting the edges of an undirected graph. Thistechnique can be easily understood and it resulted in an algorithm running in thesame time complexity as the best known algorithm for this problem (which usesnon-trivial algebraic structures | graphic matroids).
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2 Basic De�nitionsIn this chapter we present basic terminology used in this work. We give termi-nology of graph theory and corresponding notation, especially of terms not sowidely used or not standardized in computer science. We extend the de�nitionsof a connected component, a tree, etc. to directed graphs as well.2.1 NotationLet G = (V;E) be a graph. If G is directed (called a digraph), E consistsof ordered pairs (u; vi, u; v 2 V , such that there is an arc from u to v in G.Otherwise, if G is undirected and there is an edge between u and v, both pairs(u; vi and (v; ui are in E. We denote an edge of an undirected graph by (u; v).Let v 2 V be an arbitrary vertex. The most important notations and corre-sponding terms (the emphasized words) are presented in the following table:Denotation De�nition Comment (Term)Ov = fu j (v; ui 2 EgIv = fu j (u; vi 2 Eg for undirected graphs Ov = IvNv = Ov [ Iv a set of all neighbors of vdeg(v) = jNvj degree of vertex vindeg(v) = jIvj indegree of vertex voutdeg(v) = jOvj outdegree of vertex vBy V (H), resp. E(H) we denote the set of vertices, resp. edges of a graph H.We use V and E instead of V (H) and E(H), when the graph H is understoodfrom the context. In this case, n stands for the number of vertices and m for thenumber of edges in H (n = jV j, m = jEj).A subgraph H of a given graph G = (V;E) is induced by a set of verticesS � V , if H = (S;E \ S � S). In other words, H is a graph consisting of allvertices in S and all edges of G joining two vertices from S.A path P is a sequence of vertices P = u1; : : : ; uk, ui 2 V for i = 1; : : : ; k,such that (ui; ui+1i 2 E for i = 1; : : : ; k � 1 and ui 6= uj for i 6= j. Sometimeswe say that P is a path from u1 to uk, or, if G is undirected, we say that P is apath between u1 and uk. A length of the path P is the number k � 1. A cycle isa path P = u1; : : : ; uk, k > 2, such that (uk; u1i 2 E.We say that a graph G is connected, if there is a path between any twovertices in G. If G is directed, we ignore the directions of the edges. A connectedcomponent of a graph G is the connected subgraph H of G such that H is inducedby the set V (H) and there is no edge in G connecting a vertex from V (H) toa vertex outside V (H). Again, if G is directed, the directions of the edges areignored. 4



In some chapters we study special kinds of well-known graphs. Here is asummary of de�nitions: A graph G without a cycle is called a forest. If a forestG is connected, it is a tree. A special type of a tree having one vertex joinedby an edge to all other vertices, is called a stargraph. A graph G = (V;E)such that V = fv1; : : : ; vng and E = V � V � f(vi; vii j 1 � i � ng is calledcomplete and denoted Kn. A hypercube Hp = (V;E) of dimension p is a graphof 2p vertices such that V = f0; 1gp (all binary numbers of at most p digits) andE = f(x; y) j x and y di�er in exactly 1 digitg. A graph G is planar if it can beembedded into a plane so that no two edges cross. Let G0 be such embeddingof G. A face F is a topological term for a connected open set of points in planesuch that its boundary is �rmed by some edges and vertices in G0 and there isno vertex from G0 in F . The outer face is the face containing the point in thein�nity. All these notions shall be used for digraphs as well (directions of theedges are ignored).The last de�nitions from the graph terminology introduced are the closelyrelated terms of arboricity and density of a graph. Several authors (see [12]) havestudied the family of graphs of bounded arboricity. In this work we deal withthis family of graphs in Chapters 5 and 6.De�nition 2.1 An arboricity 
(G) of a graph G is the minimal number of edge-disjoint forests into which G can be decomposed.De�nition 2.2 Let G = (V;E) be a graph. The density �(G) of the graph G is�(G) = maxH�G E(H)V (H) .The correlation between arboricity and density is explained in Chapter 6,where we propose an algorithm for �nding a density (more precisely d�(G)e) ofa given graph G. Deeper insight into this relation gives also the well-knowntheorem of Nash-Williams (see [16]):Theorem 2.3 (Nash-Williams) Let G = (V;E) be a graph. Then:
(G) = dmaxH�G E(H)V (H)� 1eFrom the well-known fact that a planar graph of n vertices has at most 3n�6edges one can now easily conclude that the family of planar graphs is a family ofgraphs of arboricity upper-bounded by 3.2.2 Models of RepresentationWe study two basic types of representations of graphs. The term classic represen-tation means that the structure is stored in a global memory and all algorithmscan access the information stored there. The representation must provide analgorithm for adjacency test of two vertices.5



The following type of representation of graphs is inspired by distributed net-works. It assigns to each vertex w a label lab(w). If there exists an algorithmfor testing adjacency of two vertices u and v such that the only informationabout the graph needed to run the algorithm is stored in lab(u) and lab(v), therepresentation is called a labeling schema (or just labeling).Both of these models of representation of graphs can be used for both directedand undirected graphs.We compare the representations of a static graph (i.e. not changing afterbeing represented) in two attributes: the amount of memory used and the timeneeded for adjacency test. When representing dynamic graphs, the representationmust provide algorithms for update operations (addition or deletion of an edge ora vertex) too. In this case another attribute for comparison of representations isadded | the time complexity of the update operations.2.3 Measures of ComplexityIn this work we shall use several measures of complexity. The most importanthere is the one called bit-model: the space used for storing a structure is countedin bits, and the time complexity is determined by the number of bits visitedduring the run of an algorithm.Another widely used model in computer science, especially in the theory ofalgorithms, is the cell-model: Information is stored in a cell (or in several cells),each of which can accommodate element from a set U = f0; 1; : : : ; mUg, wheremU is �xed. The set U is called a universe. The space complexity in this model iscounted in the number of cells used, and the time complexity corresponds to thenumber of basic operations performed by the algorithm. Thus, basic arithmeticoperations such as adding, subtracting, multiplying and dividing are consideredto be performed in constant time.In both models we assume that jumping to a given address takes constanttime. Therefore in the cell-model the jump-operation is performed in time O(1),while in the bit-model it is proportional to the length of the address. In fact, weshall bound the address also in the cell-model (usually by mU ).The main di�erence between these two models lies in the time complexity ofarithmetic operations. While in the cell-model adding (or subtracting) two num-bers of size O(mU) takes constant time, in the bit-model it takes time O(logmU ).However, multiplying (or dividing) these two numbers takes in the bit-modeltime O(logmU log logmU ), while in the-cell model its time complexity remainsconstant.2.4 Straightforward RepresentationsAn adjacency list is a representation of a graph G = (V;E) which gives for everyvertex a list of its neighbors. The list of neighbors can be ordered, or stored6



in a weighted binary search tree. Thus, the space complexity is O(m) in thecell-model, resp. O(m logn) in the bit-model, and the time complexity of theadjacency test and the update operation is O(logn), resp. O(log2 n).Let V = f1; : : : ; ng. The adjacency matrix is a matrix of type n� n having 1in the position [i; j] i� (i; ji 2 E. The space complexity is O(n2) in both models,the time complexity is constant, resp. O(logn). The main advantage of thisrepresentation is that the worst-case time complexity of the update operations isconstant, resp. O(logn) too.We consider a representation to be optimal, if its space complexity is O(m),resp. O(m logn) and the time complexity of all operations is O(1), resp. O(logn),depending on the model used.
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3 Related WorkSeveral authors worked on the problem of succinct encoding of a graph, regardlessof the time complexity of the basic \graph-operations". Sampath Kannan, MoniNaor and Steven Rudich (see [12]) encode a graph of arboricity � by a labelingrepresentation with labels of size O(� logn). Gy�orgy Tur�an showed that unla-beled planar graphs can be encoded using 12n bits, and he gave an asymptoticallyoptimal representation for labeled planar graphs. Alon Itai and Michael Rodeh(see [10]) showed that the adjacency list method is optimal in many instances| for planar graphs it requires 3n logn + O(n) bits. They present also a linearalgorithm, which obtains a 3=2n logn + O(n) representation (in the case of pla-nar graphs). Moni Naor (see [15]) showed that general unlabeled graphs can berepresented by �n2� � n logn + O(n) bits which is optimal up to the O(n) term.Both encoding and decoding algorithms that he suggested are linear.Guy Jacobson (see [11]) was interested also in the second aspect { the timecomplexity of the operations. He developed a data structure that represent staticunlabeled trees, planar graphs and graphs of bounded genus in asymptoticallyoptimal space, and is time-e�cient for traversal operations. Tom�as Feder andRajeev Motwani (see [5]) proposed a technique of partitioning the edges of agraph into bipartite cliques. The technique works for su�ciently dense graphsand can be used to speed-up some algorithms, for example matching or shortestpaths. Maurizio Talamo and Paola Vocca (see [19]) represent a general graphby labeling with labels of size O(deg(v) log3 n) bits. They are able to performthe adjacency test in O(logn) bit-operations. Their work is the closest to theproblem studied here.
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4 Hashing AlgorithmsHashing is a very useful technique for storing any data structure. A static dic-tionary is a data structure consisting of a set of elements picked from a givenuniverse and supporting a test of membership of an element from the universe inthis set (a FIND operation). If the dictionary supports also the update opera-tions (an insertion and a deletion of an element) it is called a dynamic dictionary.Several optimal or near optimal algorithms have been developed for maintaininga dictionary.In this chapter we recall a result of M.L. Fredman, J. Koml�os, and E. Sze-mer�edi (see [6]) who developed an optimal algorithm for storing a static dictio-nary. Based on their work M. Dietzfelbinger, A. Karlin, K. Mehlhorn, F. Meyerauf der Heide, H. Rohnert, and R.E. Tarjan (see [3]) proposed an algorithm formaintaining a dynamic dictionary running in expected optimal time. We modi-�ed this algorithm for storing a dynamic graph. Our algorithm not only tests theadjacency of two vertices and performs the update operations on the graph, butit also lists all current neighbors of a given vertex. The time and space complex-ity of all supported operations are optimal, using the cell-model as a measure ofcomplexity. Throughout this chapter we shall use only the cell-model.4.1 Data StructuresFirst, we sketch the important ideas of Fredman, Koml�os and Szemer�edi (FKS)and Dietzfelbinger et. al., the stepping stones for our algorithm presented at theend of the chapter. We start by describing the double hashing scheme of FKSwhich stores the static dictionary in optimal space and supports FIND operationin optimal time (using cell-model as a measure of complexity). Then, we outlinethe technique of Dietzfelbinger et. al. which uses FKS scheme for a dynamicdictionary.4.1.1 Static DictionaryLet M be a universe of elements and let S � M be the set to be stored. Thefollowing theorem is the basis of all algorithms described in this chapter.Theorem 4.1 (Fredman, Koml�os, Szemer�edi)For any S � M = f0; 1; : : : ; m � 1g with jSj = s there exists a hash tablerepresentation of S that uses space O(s) and permits the processing of a FINDoperation in constant time. Such representation can be found in expected O(s)time.The proof of this theorem is very important for understanding our algorithm.The proof presented here is only a slight modi�cation of the original proof ofFKS.We need to de�ne the basic hashing notation:9



De�nition 4.2 Let S � M and let h : M ! N be a hash function, N =f0; 1; : : : ; n� 1g. For each table location 0 � i � n� 1, we de�ne the binBi(h; S) = fx 2 S j h(x) = ig:The size of a bin is denoted by bi(h; S) = jBi(h; S)j.Collision caused by h on S is any set fx; yg � S, x 6= y, such that h(x) = h(y).Hash function h :M ! N is called perfect for S, if it causes no collisions onS, i.e. bi(h; S) � 1 for every i.In the proof of Theorem 4.1 we shall use a double hashing scheme. The
�NS

g0g1g3gn�1g primary hash function g : S ! N is almostperfect for S, i.e. it causes few collisions. Then,we shall use for every bin Bi a secondary hashfunction gi. Since gi will be required to be per-fect for Bi, operation FIND can be performedin constant time. The main trick is in choosingthese hash functions so that the required spaceis linear in s.Let p[m] � m be a prime such that p[m] = O(m). By Bertrand's Postulate suchp[m] � 2m always exists. For each prime p[m] and a hash table R = f0; 1; : : : ; r�1gwe de�ne a family Hr of hash functions hk : M ! R:hk(x) = (kx mod p[m]) mod r; where 1 � k < p[m]:The most important property of the family Hr is:Lemma 4.3 For all V �M of size v, and all r � v,r�1Xi=0  bi(hk; V )2 ! < 2v2rfor at least one-half of the choices of k 2 f1; : : : ; p[m]�1g, i.e. for at least one-halfof the functions in Hr.Proof : First, for �xed V and r, we show:p[m]�1Xk=1 r�1Xi=0  bi(hk; V )2 ! < (p[m] � 1)v2r : (1)The left-hand side counts all the pairs (k; fx; yg) such that x 6= y and hk(x) =hk(y). For �xed fx; yg, the number of pairs (k; fx; yg) is: jfk j k(x�y) mod p[m] =zr; z 2 Z n f0ggj. Since Zp[m] is a �eld, there is a unique solution for k satisfyingthe equation kc mod p[m] = zr for 1 � jzj � b(p[m] � 1)=rc and a constant c.(For other z there is no solution.) Therefore for a �xed fx; yg there are at most10



2(p[m] � 1)=r tuples (k; fx; yg). The number of sets fx; yg is �v2�. Multiplying itby 2(p[m] � 1)=r implies the right-hand side of the inequality above.We shall �nish the proof by contradiction. Let us suppose thatr�1Xi=0  bi(hk; V )2 ! � 2v2r ;holds for more than one-half of the choices of k. Thenp[m]�1Xk=1 r�1Xi=0  bi(hk; V )2 ! � (p[m] � 1)2 � 2v2r ;a contradiction with (1). 2Corollary 4.4 Let hk be a hash function satisfying inequality from the previouslemma. Then: r�1Xi=0 bi(hk; V )2 < 4v2r + vThe proof follows directly from the lemma and from the fact, thatPr�1i=0 bi(hk; V ) = v.Now we can prove the theorem:Proof of Theorem 4.1: We show that there exists a primary hash functiong = hk 2 Hs such that the sum of squares of the sizes of the bins is linear in s.For every bin Bi(hk; S) (denoted Si) we �nd a perfect hash function gi = hki 2Hbi(hk;S)2 such that hki : Bi(hk; S) ! f0; 1; : : : ; bi(hk; S)2g. For any x the cellhk(x) will store ki of corresponding secondary hash function, i.e. khk(x). Since kand each ki is O(m), the required space is linear in s.The existence of such primary hash function follows immediately from theCorollary 4.4, if V = S and v = r = s.Let Si be a bin of size si. By Lemma 4.3 for V = Si, v = si, and r = 2s2i , thereexists hki 2 Hs2i such that �bj(hki ;Si)2 � = 0 for every j 2 f0; : : : ; s2i � 1g. Thereforehki is perfect for Si.The total space T used by this scheme is bounded by:T � s+ 1 + s�1Xi=0 2bi(hk; S)2 < s+ 1 + 8s2s + 2s = 11s+ 1 = O(s):By Lemma 4.3, hash functions hk and hki can be found by random samplingin expected O(s) and O(bi(hk; S)) time, respectively, i.e. in time linear in s. 211



4.1.2 Dynamic DictionaryThe following randomized algorithm for dynamic dictionary is due to Dietzfel-binger et al. (see [3]). The algorithm uses FKS scheme for a static dictionaryand, if necessary, rehashes part or all of the structure.Let M = f0; : : : ; m � 1g be the universe and let S � M be the set to berepresented. Let s = jSj. Using the double-hashing scheme, the primary hashfunction hashes the set S into bins Bi of size bi, where i stands for each tablelocation, i = 0; : : : ; n� 1. The content of the bin Bi is then hashed into a blockof memory Ti. The currently used double-hashing scheme should accommodateup to t elements.During the process (except while processing the rehashing phase), the follow-ing invariants hold:(1 + c)s � t � (1 + 2c)s; for a suitable constant c (2)jTij = 2m2i ; where mi is such that bi � mi � 2bi (3)n�1Xi=0 b2i < 4t2n + t (4)The values of t and each mi shall be determined (and if necessary changed)so that the total space used is linear in s.Clearly, the FIND operation can be performed in constant time in the samemanner as in the FKS scheme. The update operations (INSERT, DELETE) areslightly more complicated.The algorithm consists of four main procedures: Insert(x), Delete(x), Find(x),and RehashAll. The procedure Insert(x) �rst checks the violation of invariant (2).If the invariant does not hold, complete rehashing is performed. Otherwise, theprocedure detects the position where x should be stored if the current hashingfunctions were used. If the position is empty, x is stored there unless the in-variant (3) is violated. If the invariant does not hold anymore, or the positionis occupied, rehashing is necessary. Either complete rehashing, or rehashing ofthe corresponding table Tj is performed (depends on the invariant (4)). The pro-cedure Delete(x) deletes x from its position in the corresponding table. If theinvariant (2) is violated, the whole structure is rehashed. The procedure Find(x)is identical to its counterpart for static dictionary and the procedure RehashAllis similar to the initial phase for static dictionary. While rehashing, the newhashing functions and the values of t and each mi are determined. Here is thesketch of the algorithm.Algorithm 4.5 (Dynamic Dictionary)Description: Represent a set S in O(s) space. Provide FIND, INSERT andDELETE operations in constant time. 12



1. Procedure RehashAll;2. put all elements in S into a list L;3. for all i = 0; : : : ; n� 1 do delete Ti;4. t (1 + c)s;5. by random sampling �nd g = hk 2 Hn such that condition (4) is satis�ed;6. for i = 0; : : : ; n� 1 do7. mi  2bi;8. Bi  ;; bi  0;9. allocate Ti such that jTij = 2m2i ;10. randomly choose hki :M ! Ti from H2m2i ;11. S  ;; s 0;12. for all y 2 L do Insert(y);13. Procedure Insert(x);14. s s+ 1; S  S [ fxg;15. if s � t then16. j  hk(x);17. Bj  Bj [ fxg; bj  bj + 1;18. if bj � mj and position hkj (x) of subtable Tj is empty then19. store x in this position20. else21. if bj � mj then22. put all elements in Tj into a list Lj;23. by random sampling from H2m2j �nd hkj :M ! Tj perfect for Bj;24. for all elements y 2 Lj do25. store y in position hkj (y) of subtable Tj;26. else27. mj  2mj;28. if there is not enough space for the new subtable Tj (jTjj = 2m2j)or (4) is no longer satis�ed then RehashAll29. else30. put all elements in Tj into a list Lj;31. delete Tj;32. allocate new subtable Tj;33. by random sampling �nd hkj in H2m2j perfect for Bj;34. use hkj for hashing elements in Lj into Tj;13



35. else RehashAll;36. Procedure Delete(x);37. j  hk(x);38. s s� 1;39. Bi  Bi � fxg; bi  bi � 1;40. delete x from position hkj (x) of subtable Tj;41. if (1 + 2c)s < t then RehashAll;42. Function Find(x);43. j  hk(x);44. if position hkj (x) of subtable Tj is empty then return x 62 S45. else return x 2 S;The space complexity of the algorithm follows from the conditions (2), (3)and (4). The space used by subtables Ti is:n�1Xi=0 jTij (3)= n�1Xi=0 2m2i (3)� 8 n�1Xi=0 b2i (4)< 32t2n + 8tBy (2), t = �(s). If we choose n = 
(s), for example n = t, by the condition(4), the space complexity of the algorithm is �(s).The time complexity of the FIND operation is clearly constant. We show thatthe amortized expected time complexity of the update operations is constanttoo. The main trick of this algorithm lies in the fact, that the scheme shouldaccommodate additional cs elements after expected 2 calls of RehashAll (seeLemma 4.3). The time complexity of this procedure is O(s). Therefore amortizedexpected time complexity of the update operations is constant.4.2 Applications to GraphsA graph of n vertices can be represented as a set of its edges. A suitable codingf : E ! N of an edge (u; v) = e 2 E, u; v 2 V , V = f0; : : : ; n� 1g, is a numberf(e) = un+ v, since it �ts into a cell of O(logn) size. Using this method a graphcan be represented in O(m) cells and the adjacency testing can be performed inconstant time, regardless of whether the graph is directed or undirected. Up-date operations can be performed in constant amortized expected time. (Note:In the bit-model the total space used is O(m logn) bits, the adjacency testingtakes O(logn log logn) bit-operations and the update operations take amortizedexpected O(logn log logn) bit-operations.)A labeling schema can be developed similarly. A label of vertex v correspondsto the representation of set Nv. (Recall that Nv is the set of all neighbors of v.)14



Both of these representations allow e�cient adjacency testing.Another useful operation on graphs is ALL-NEIGHBORS-LIST for a givenvertex v. The algorithm for ALL-NEIGHBORS-LIST operation is e�cient, if itcan be performed in O(dv) steps (dv = deg(v) = jNvj) and the whole representa-tion uses storage of no more than O(m+ n) cells. In the static case it su�ces toadd an adjacency list to the structure to solve the problem. It is more interestingto consider the dynamic case. In the rest of the chapter we shall modify theAlgorithm 4.5 so that it can be used e�ciently for both adjacency testing andlisting all neighbors of a given vertex.Let LG be a labeling schema (described above) for a dynamic graph G. Themain idea of the modi�cation of this schema lies in hashing a double linked listof all neighbors of every vertex v into LG.For each vertex v we modify its label in the following way: In every non-emptycell of every table Tv;i we store a triple (x; prevx; nextx), where x is the originalcontent of the cell (i.e. the vertex x is adjacent to v), and prevx (resp. nextx)is a pair of integers determining the hash-position of the previous (resp. next)member in a double linked list of all neighbors of v. Let y be the previous (resp.next) vertex in the linked list of vertices adjacent to v. The hash-position of y isa pair of numbers j and l such that y is stored in table the Tv;j in the position l.Thanks to the double linking, the linked list can be updated in constant time.More precisely, here is a sketch of the algorithm. (Deviations from Algorithm4.5 are denoted by (.)Algorithm 4.6 (Dynamic Digraph { Hashing)Description: Represent a dynamic graph G = (E; V ) of m edges and n vertices inO(m + n) space. Provide AddEdge(v; w), DeleteEdge(v; w), AddVertex(v) andAdjacencyTest(v; w) operations in constant time and operations DeleteVertex(v)and ListAllNeighbors(v) in O(dv) time.1. Procedure RehashAll(v);2. put all elements in Nv into a list Lv;3. zv  unde�ned; (4. for all i = 0; : : : ; tv � 1 do delete Tv;i;5. tv  (1 + c)dv;6. by random sampling �nd gv = hv;k 2 Htv such that Ptvi=0 b2v;i < 5tv;7. for i = 0; : : : ; tv � 1 do8. mv;i  2bv;i;9. Bv;i  ;; bv;i  0;10. allocate Tv;i such that Tv;i contains 2m2v;i cells, each cell is a 5-tupleof integers (over the universe);11. randomly choose hv;ki from H2m2v;i ;15



12. Nv  ;; dv  0;13. for all u 2 Lv do AddEdge(v; u);14. Procedure StoreNeighbor(v; w; j; p); (15. if zv is unde�ned then16. zv  (j; p);17. store (w; zv; zv) in position p of subtable Tv;j;18. else19. (r; l) zv;20. (q; pq; nq) triple from position r of subtable Tv;l;21. store (w; zv; nq) in position p of subtable Tv;j;22. store (q; pq; (j; p)) in position r of subtable Tv;l;23. (r; l) nq;24. (q; pq; nq) triple from position r of subtable Tv;l;25. store (q; (j; p); nq) in position r of subtable Tv;l;26. Procedure AddEdge(v; w);27. dv  dv + 1; Nv  Nv [ fwg;28. if dv � tv then29. j  hv;k(w);30. Bv;j  Bv;j [ fwg; bv;j  bv;j + 1;31. if bv;j � mv;j and position hv;kj (w) of subtable Tv;j is empty then32. StoreNeighbor(v; w; j; hv;kj(w));33. else34. if bv;j � mv;j then35. put all elements in Tv;j into a list Lv;j;36. by random sampling in H2m2v;j �nd hv;kj perfect for Bv;j;37. for all elements u 2 Lv;j do38. StoreNeighbor(v; u; j; hv;kj(u));39. else40. mv;j  2mv;j;41. if there is not enough space for the new subtable Tv;j(jTv;jj = 2m2v;j) or Ptv�1i=0 b2v;i � 5tv then RehashAll(v)42. else43. put all elements in Tv;j into a list Lv;j;44. delete Tv;j;45. allocate new subtable Tv;j;16



46. by random sampling �nd hv;kj in H2m2v;j perfect for Bv;j;47. for all elements u 2 Lv;j do (48. StoreNeighbor(v; u; j; hv;kj(u)); (49. else RehashAll(v);50. Procedure DeleteEdge(v; w);51. j  hv;k(w);52. dv  dv � 1;53. if dv = 0 then zv  unde�ned; (54. Bv;i  Bv;i � fwg; bv;i  bv;i � 1;55. delete triple (x; px; nx) from position hv;kj (w) of subtable Tv;j;56. if zv = (j; hv;kj (w)) then zv  nx; (57. (q; pq; nq) triple from position p1 of subtable Tv;l1 , where px = (p1; l1); (58. store (q; pq; nx) in this position; (59. (q; pq; nq) triple from position p2 of subtable Tv;l2 , where nx = (p2; l2); (60. store (q; px; nq) in this position; (61. if (1 + 2c)dv < tv then RehashAll(v);62. Procedure AddVertex(v); (63. Nv  ;; dv  0;64. RehashAll(v);65. Procedure DeleteVertex(v); (66. for i = 0; : : : ; tv � 1 do delete Tv;i;67. Function AdjacencyTest(v; w);68. j  hv;k(w);69. if position hv;kj (w) of subtable Tv;j is empty then return (v; w) 62 E70. else return (v; w) 2 E;71. Procedure ListAllNeighbors(v); (72. if zv is de�ned then73. (j; p) zv;74. (q; pq; i) triple from position p of subtable Tv;j;75. report q as a neighbor of v;76. while i 6= zv do77. (j; p) i;78. (q; pq; i) triple from position p of subtable Tv;j;79. report q as a neighbor of v;17



5 Representation by DistanceIn this chapter we propose two new labeling schemes, both based on computingthe distances between some chosen vertices and all other vertices. The main rea-son why we have chosen the representation based on distance is that the distancefrom all vertices to some �xed vertex has a nice property: in relatively small num-ber of bits (O(logn) per vertex) one can store useful information for adjacencytesting. Throughout this chapter we shall use the bit-model for the measure ofcomplexity.A distance between two vertices u and v in a graph G = (V;E), denoted bydist(u; v), is the length of the shortest path between u and v. The proposed rep-resentations are based on the symmetry of distance, i.e. dist(u; v) = dist(v; u),therefore they can be used directly for undirected graphs only. A slight modi�-cation for directed graphs is mentioned at the end of the chapter.5.1 Labeling by Distinguishing SetDe�nition 5.1 Let G = (V;E) be a graph. A set S = fw1; w2; : : : ; wsg � V iscalled a distinguishing set, if: for any pair (u; v) 62 E there exists w 2 S such thatjdist(w; u)�dist(w; v)j � 2. We say that the vertex w distinguishes the anti-edge(u; v).Labeling by distinguishing set (LDS) assigns to each vertex v 2 V a labelcorresponding to a sequence of integers fdist(v; wi)gsi=1.Lemma 5.2 De�nition 5.1 is correct, i.e.:1. There always exists a distinguishing set S of a graph G = (V;E).2. For every (u; v) 2 E and each w 2 S is jdist(w; u)� dist(w; v)j < 2.Proof :1. A set S = V ful�lls the requirements of distinguishing set. Let (u; v) 62 E.Then there exists w = u 2 S such that dist(w; v) = dist(u; v) � 2 (otherwise(u; v) 2 E).2. Let S be any distinguishing set of G. Let us suppose that there is (u; v) 2 Eand w 2 S such that jdist(w; u)� dist(w; v)j � 2. W.l.o.g. let dist(w; u) <dist(w; v). There exists a path from w to u of length dist(w; u). We canprolong that path to v by the edge (u; v), thus constructing a path from wto v of length dist(w; u) + 1 < dist(w; v), a contradiction.2 The length of the label lab(v) assigned by LDS to a vertex v isO(Psi=1 log(dist(v; wi))). If dist(v; wi) = 1 (i.e. v and wi belong to di�erent18



connected components of G), we can de�ne dist(v; wi) = �2. Therefore we canassume that for v and wi from di�erent connected components dist(v; wi) = O(1).The time complexity of the adjacency test of two vertices u and v is proportionalto the sum of lengths of labels lab(u) and lab(v). This time is upper-bounded bys(logn+ c) for a suitable constant c.5.2 Recursive Distance-LabelingThe second representation is based on a similar principle. The intuition behindis as follows: Let us number the connected components of a graph G. We choosea representative vertex in every component and we compute distance from thisrepresentative to every other vertex in the component. The label of every ver-tex starts with the number of the component to which the vertex belongs andcontinues with the distance to the representative. We know that two verticesfrom various components or two vertices with the di�erence of distances greaterthan 1 cannot be adjacent. We decompose the vertices in each component Cinto layers: Each layer LC;d consists of vertices with the same distance d to therepresentative. Each layer LC;d induces new graph HC;d and each pair of adjacentlayers LC;d and LC;d+1 \induce" the new bipartite graph KC;d. We use the samemethod for representing HC;d and KC;d (recursion). More precisely, here is thede�nition:De�nition 5.3 Let G = (V;E) be a graph. A recursive distance-labeling (RDL)assigns to each vertex v 2 V a label corresponding to a sequence of 5-tuplesf(cv;i; dv;i; av;i;1; av;i;0; av;i;�1)gnvi=1, (nv > 0), each of which corresponds to somesubgraph Gv;i of G, such that:� Gv;1 = G,� the connected components in every Gv;i are numbered by some �xed uniquenumbers from f1; 2; : : : ; jV jg, and every connected component C of Gv;i isrepresented by a �xed vertex wC 2 V (C) (called a representative), i.e. iftwo tuples (cv;i; dv;i; av;i;1; av;i;0; av;i;�1) and (cu;j; du;j; au;j;1; au;j;0; au;j;�1) cor-respond to the same subgraph Gv;i = Gu;j, the numbers of the connectedcomponents of Gv;i and Gu;j and their representatives are identical,� the distance of a vertex to the representative wC of a connected componentC decomposes the vertices of C into layers:LC;d = fu 2 V (C) j dist(u; wC) = dg;we refer to LC;d as the d-th layer of C,� cv;i is the number of a connected component Cv;i of Gv;i containing v,� dv;i = dist(wCv;i ; v) for each v in V (Cv;i),19



� if dv;i = 0, then av;i;1 = av;i;0 = av;i;�1 = 0,otherwise av;i;1 = k1 (resp. av;i;0 = k0, resp. av;i;�1 = k�1) stands for thek1-th (resp. k0-(th), resp. k�1-(th)) 5-tuple such that{ V1 = fu j u 2 V (Cv;i); dist(wCv;i; u) = dv;i + 1g,i.e. V1 is the (dv;i + 1)-th layer of the graph Cv;i,{ V0 = fu j u 2 V (Cv;i); dist(wCv;i; u) = dv;ig,i.e. V0 is the dv;i-th layer of the graph Cv;i,{ V�1 = fu j u 2 V (Cv;i); dist(wCv;i ; u) = dv;i � 1; dv;i � 2g,i.e. if dv;i � 2, V�1 is the (dv;i�1)-th layer of the graph Cv;i, otherwiseV�1 is the empty set,{ if V1 = ;, let k1 = 0, otherwise:Gv;k1 = (V0 [ V1; E(Cv;i) \ (V0 � V1 [ V1 � V0)),{ Gv;k0 = (V0; E(Cv;i) \ (V0 � V0)),{ if dv;i = 1, let k�1 = 0, otherwise:Gv;k�1 = (V0 [ V�1; E(Cv;i) \ (V0 � V�1 [ V�1 � V0)).i.e. Gv;k0 is the graph induced by the set of vertices V0 and Gv;k1 (resp.Gv;k�1) is the bipartite graph \induced" by partitions V0 and V1 (resp. V0and V�1),� every (u; v) 62 E can be detected by the following algorithm:Algorithm 5.4 (Adjacency Test)Description: Test adjacency of two distinct vertices u and v.1. i 1; j  1;2. if cv;i 6= cu;j then report (u; v) 62 E);3. if jdv;i � du;jj � 2 then report (u; v) 62 E4. else5. w.l.o.g. let dv;i � du;j;6. if du;j = 0 then report (u; v) 2 E7. else8. if dv;i > du;j then i av;i;�1; j  au;j;19. else i av;i;0; j  au;j;0;10. goto 3;The maximum number of calls, over all pairs (u; v), of goto in the previousalgorithm is called a depth of the RDL.First, we notice that RDL-scheme can be applied to an arbitrary undirectedgraph G, i.e. that the recursive process does not get into a loop. In the previ-ous de�nition, each Gv;kj has less vertices than Gv;i (the representative wCv;i is20



contained in none of the Gv;kj), thus the number of vertices in Gv;i is the mea-sure of recursion. After at most n� 1 \recursive calls" v must be chosen as therepresentative and no additional \recursive call" is made. We have proven thislemma:Lemma 5.5 For any graph G = (V;E) there exists a representation by RDL-scheme.Now we shall discuss the correctness of Algorithm 5.4: Let e = (u; v). Clearly,if u and v belong to di�erent connected components, then e 62 E(G). Further,if there exists a vertex w such that jdist(w; u)� dist(w; v)j � 2, then e 62 E(G).(The argument is very similar to the proof of Lemma 5.2.) Otherwise, e mayor may not belong to E(G). We recursively test if e 2 E(H), where H is thegraph induced by the corresponding layers of G. This recurrent process ends ifeither e 62 E(G) was detected or if u or v is the representative of their commonconnected component of the corresponding subgraph of G. Therefore:Lemma 5.6 The Algorithm 5.4 is correct.In the bit-model, the length of a label lab(v) is counted in the number of bits.We need to represent a sequence of tuples by a string of bits so that the addressof the i-th tuple can be easily detected. Hence, we add a table of these addressesto the sequence of tuples. By the length of a label we understand the number ofbits needed to represent the sequence of tuples plus the size of the table, i.e. thesequence of tuples is qv = O(Pnvi=1(log cv;i + log dv;i + lognv)) bits long and thetable takes additional nv log qv bits.We shall try to minimize the length of the labels assigned by the RDL-scheme,with respect to its depth. The sum of the lengths of the labels corresponds to thespace complexity, while the depth multiplied by logn + log l, where l stands forthe maximum of the lengths of labels (in bits), upper bounds the time complexityof the adjacency test.If a graph can be represented by RDL of depth p, the number of tuples nv ina label lab(v) can be upper bounded by O(3p), because every tuple induces theexistence of up to 3 more tuples and Ppi=0 3i = O(3p). Hence, if for some familyof graphs the depth is constant, the length of labels is O(logn) and also theadjacency test is O(logn). We shall study several graph families with constantdepth.5.3 Properties of RDL and LDSLemma 5.7 Any tree T of n vertices can be represented by an RDL-scheme ofconstant depth. 21



Proof : First we prove that any stargraph S can be represented by RDL ofconstant depth. Recall that a stargraph S is a tree such that each of its verticesis joined by an edge to one �xed vertex vS. There are no other edges in S. If wechoose vS as the representative wS of S, we obtain an RDL of constant depth,namely 2.Now we can prove the lemma. Let us choose an arbitrary vertex wT as therepresentative. The proof is based on simple observations: a) There are no cross-
�wT LT;1LT;2LT;3 edges within a layer. (Otherwise T would contain a cy-cle.) b) Graph \induced" by layers LT;d and LT;d+1 con-sists of jLT;dj connected components, each of which is astargraph. (If there were two distinct vertices u1; u2 2LT;d both adjacent to the same v 2 LT;d+1, T would con-tain a cycle u1; : : : ; wT ; : : : ; u2; v.) From a) and b) onecan conclude that there exists RDL for T of depth 3.2At �rst sight one would say that the RDL is at least as e�cient as the LDS.This conjecture is disproved in the following lemma:Lemma 5.8 Labeling by distinguishing set and recursive distance-labeling are in-comparable, i.e.:1. There exists a family of graphs G which needs asymptotically more space forlabels in LDS than in RDL. Time spent for adjacency testing is asymptoti-cally smaller for the latter labeling.2. There exists a family of graphs G which needs asymptotically more space forlabels in RDL than in LDS. Time spent for adjacency testing is asymptoti-cally smaller for the latter labeling.Proof :1. Let G be the family of graphs Gn = (Vn; En) such that Vn = fv1; : : : ; vng,En = f(v1; vi) j i = 3; : : : ; ng [ f(vi; vi+1 j i = 1; : : : ; n� 1)g.
�v1 vnv3v2 First we assign an RDL for Gn 2 G: Let wg = v1 be therepresentative of Gn (Gn is connected). Therefore allvertices (except v1) belong to the �rst layer, i.e. LGn;1 =Vn � fv1g. Since the graph Hd induced by LGn;1 is apath and thus a tree, by Lemma 5.7 there exists anRDL of constant depth for Hd. Therefore, the assignedGn's RDL has constant depth too.On the other hand, let S be one of the distinguishing sets for Gn of mini-mal size. All anti-edges join vertices from the set fv2; : : : ; vng. If v1 2 S,v1 would distinguish no anti-edge, since dist(v1; vi) = 1 for every i =22



2; : : : ; n. Thus, the set S 0 = S � fv1g would be distinguishing too, andjS 0j < jSj, a contradiction. Let us suppose that there are three distinctvertices vi1 ; vi2 ; vi3 , 2 � i1 < i2 < i3 � n, such that vi1 ; vi2 ; vi3 62 S. Thedistance of any two vertices in Gn is at most two and it is 1 i� one of thevertices is v1 or if the indices of the two vertices di�er by one. Thereforethe anti-edge (vi1 ; vi3) is distinguished by none of the vertices from S, acontradiction. We have proven that jSj � n� 3.The proposed RDL assigns to each vertex a label of O(logn) bits and adja-cency test can be performed inO(logn) bit operations. Every distinguishingset has size �(n), therefore the label of each vertex has length 
(n) bitsand the adjacency test takes time 
(n) too.2. Let G = fKn j n > 0g. Since Kn has no anti-edges, the size of the labelsassigned by LDS and the time complexity of the adjacency test are constant.On the other hand, one can easily prove by induction on n that every RDLfor Kn has depth �(n).2 Although it seems that the size of a distinguishing set depends on the num-ber of anti-edges in the graph (\the fewer anti-edges, the smaller the set"), thefollowing lemma contradicts this hypothesis.Lemma 5.9 There exists a family of graphs G such that for any n > 0 thereexists a graph G 2 G of n vertices and �(n2) edges such that every distinguishingset S of G has size �(n).Proof : Let G consist of graphs Gn = (Vn; En), where Vn = fv1; : : : ; vng andE = Vn � Vn � f(v2i�1; v2i) j 1 � i � bn2 cg. Let Gn be a graph from G. Let S beany distinguishing set of Gn. The distance from v2i�1 (or v2i) to any other vertex(di�erent from v2i�1 and v2i) is 1. Thus, no vertex di�erent from v2i�1 and v2ican distinguish the anti-edge (v2i�1; v2i), and therefore jSj � bn2 c. 2We shall try to specify those families of graphs which are e�ectively repre-sentable by either LDS or RDL.We studied the representation by RDL or LDS of several well-known and incomputer science widely studied families of graphs, such as trees, planar graphs,p-dimensional meshes and hypercubes. Although all of these families are rep-resentable e�ciently by another representation, the proposed distance represen-tations could serve as a generalization of various representations of the graphfamilies. The most challenging problem was to prove that the family of graphsof arboricity upper bounded by some � is of depth proportional to �. Unfor-tunately, this problem remains open. We solved it only for a restricted class ofplanar graphs. 23



Lemma 5.10 There exists a distinguishing set of size p + 1 for p-dimensionalhypercube.Proof : Let Hp be the p-dimensional hypercube. We choose the distinguishingset S as follows: S contains all vertices with at most one digit 1. We show thatevery anti-edge (u; v) is distinguished by some vertex from S. We denote thenumber of 1s in u by jjujj | the weight of u. If j jjujj � jjvjj j � 2, the anti-edge (u; v) is distinguished by the vertex 0 : : : 0| {z }p 2 S. Otherwise, w.l.o.g. letjjujj � jjvjj. Clearly, jjujj > 0 (if not, 0 : : : 0| {z }p is joined to every vertex of weight1 and therefore (u; v) would not be an anti-edge). Since (u; v) is an anti-edge,at least one 1 in u is in a position where v has 0. As a distinguishing vertex for(u; v) we can choose any vertex w 2 S such that the digit 1 in w is in a position inwhich u has 1 and v has 0. Then dist(u; w) = jjujj � 1, and dist(v; w) = jjvjj+ 1.Thus, the anti-edge (u; v) is distinguished by w. 2Corollary 5.11 A hypercube can be represented by LDS as e�ciently as by hash-ing.The best lower bound for the size of a distinguishing set for a hypercube isan open problem. An answer to the question what is the complexity of the bestRDL representation of a hypercube remains open too.We conjecture that the RDL representation of graphs of bounded arboricitygives the same time and space complexity as the representation proposed byKannan et. al. (see [12]). We prove this claim for the family of planar graphs(which have arboricity upper bounded by 3). First, we prove it for the family ofboundary planar graphs, and then we generalize it for any planar graph.De�nition 5.12 Let G be a planar graph. We call G boundary planar if it canbe embedded into a plane so that all its vertices are on a boundary of the sameface.Let us note that a boundary planar graph is not necessarily connected. It isa union of its connected boundary planar components.Theorem 5.13 For any boundary planar graph G there exists a recursive dis-tance-labeling of constant depth.Proof : Without loss of generality we can assume that G is connected. Let us�v3 v2 v1 vnf embed G into a plane as described in De�nition 5.12. We denote theface common to all vertices by f . Let us denote the vertices on fclockwise by v1; v2; : : : ; vn and let us choose wG = v1 to be a represen-24



tative of G. The distance of a vertex to the representative of G decomposes thevertices of G into layers LG;d. First, we show the following claim:Let vi1 ; vi2 ; : : : ; viq , where 1 � i1 < i2 < : : : < iq � n, q = jLG;dj, be the verticesin the LG;d, d-th layer of G. If (vij ; vik) 2 E(G), then jj � kj = 1.We show, that e = (vij ; vik) 2 E(G), for some j; k such that jj � kj � 2, leads
�vij vikvij+1wG = v1 to a contradiction. We know that the shortest path from v1to every vil for l = 1; : : : ; q has length d. If jj�kj � 2, w.l.o.g.let j < k, any path from v1 to vij+1 must pass through eithervij or vik (because of the topology). Therefore the shortestpath from v1 to vij+1 has length at least d+1, a contradiction.Let HG;d = (LG;d; E(G) \ LG;d � LG;d). Such a graph corresponds to Gv;k0,where dist(wG; v) = d and k0 is from the �rst 5-tuple in lab(v) . As shown in theabove claim, HG;d is a union of vertex-disjoint paths. By Lemma 5.7, each pathcan be represented by RDL-scheme of a constant depth.We need to prove that also KG;d = (LG;d [ LG;d+1; E(G) \ (LG;d � LG;d+1 [LG;d+1 � LG;d)) corresponding to Gv;k1 can be represented by RDL-scheme of aconstant depth.Let us recall, that vi1 ; : : : ; viq denote the vertices in LG;d and let j < q. Wedenote by vk1; : : : ; vkr all the vertices from LG;d+1 such that ij < kl < ij+1 forl = 1; : : : ; r (i.e. all the vertices from LG;d+1 lying between vij and vij+1). W.l.o.g.
�vij vk1 vkt0 vkt vkp vij+1wG = v1

we can assume that k1 < : : : < kr. Let t be the longestnumber such that (vkt; vij) 2 E(G). Because of theembedding into the plane, no vkt0 , t0 < t can be ad-jacent to vij+1 . However, every vkl must be adjacentto at least one of the vertices vij and vij+1 . Therefore(vkl; vij ) 2 E(G) for l = 1; : : : ; t and (vkl; vij+1) 2 E(G)for l = t+ 1; : : : ; r. The \edge" (vkt; vij+1) is optional. We call a bipartite graph\induced" by vertices vij , vij+1 and all vkl a block Bj, i.e. Bj = (V 01 [ v02; E(G) \(V 01 � V 02 [ V 02 � V 01)), where V 01 = fvij ; Vij+1g and V 02 = fvkl j l=1,. . . ,rg.We have shown that every block Bj (j = 1; : : : ; q � 1) is either a tree or a
�vij+1vkqvktvk2vk1vij Bj

forest consisting of 2 stargraphs. The graph KG;d is aunion of all blocks Bj. By the above claim, two distinctblocks Bj and Bk share a vertex i� jj � kj = 1. Ifj + 1 = k, the only shared vertex is vik . Hence KG;d isa forest and by Lemma 5.7 it can be represented by anRDL of constant depth.2If G is \boundary"-embedded into a plane, the RDL of constant depth can becreated in O(n) time. Later we shall discuss the case when G is not embeddedinto a plane. 25



Let us mention that there is a subfamily of the family of boundary planargraphs such that for any n there exist a boundary planar graph of n verticeswhich requires the distinguishing set of size jSj = �(n). (An example of such afamily of graphs is given in the proof of Lemma 5.8, item 1.)Theorem 5.14 For any planar graph G there exists a recursive distance-labelingof constant depth.Proof : Let G = (V;E) be a planar graph embedded into the plane. W.l.o.g.let G be connected. Let us choose some vertex wG lying on the boundary of theouter face of this embedding of G as the representative of G. First we prove thateach graph HG;d, d > 0, induced by the layer LG;d is a boundary planar graph(not necessary connected) and thus, by Theorem 5.13 it is representable by RDLof constant depth. Let us suppose that HG;d is not boundary planar, i.e. there isno embedding of HG;d into a plane such that all its vertices share a common face.Therefore the embedding of HG;d corresponding to the embedding of G has thisproperty too. Let V 0G;d be the set of vertices in HG;d lying on the boundary of theouter face. By the above assumption, there is a vertex v 2 V (HG;d)� V 0G;d lying\inside" this embedding of HG;d (i.e. not on the boundary of the outer face).Hence, all paths in G from v to wG have to pass through at least one vertex inV 0G;d (because wG lies on the boundary of the outer face of G), a contradictionwith the assumption that v and all vertices in V 0G;d are equally distant from wGin G.We need to prove that also the graph KG;d \induced" by the layers LG;d andLG;d+1 has a suitable RDL-representation. There exists a set of paths fPv j v 2LG;dg such that each path Pv is of length d, and joins v with wG. We can rearrangethe paths in this set so that no two path Pu, Pv cross, i.e. there exists l such thatpaths Pu(wG = u1; u2; : : : ; uku = u) and Pv(wG = v1; : : : ; vkv = v) share exactlythe �rst l vertices: ui = vi for i � l, and ui 6= vj for i; j > l. Let Pu, Pv betwo paths crossing each other, i.e. ui = vj for some i; j � 1 and there existsk < minfi; jg such that uk 6= vk. If i 6= j, either Pu or Pv can be shortened, acontradiction. Therefore i = j and Pu, Pv can be rearranged so that they sharethe �rst i vertices. Continuing with this process we obtain the desired set ofpaths.
�

wGv1 v2vq Pv1
vertices from LG;dvertices from LG;d+1edges from HG;dedges from KG;dvirtual edges26



We can denote the vertices in LG;d by v1; : : : ; vq (q = jLG;dj) in clockwise orderfollowing the paths from wG (i.e. there is no other path Pvj \between" paths Pviand Pvi+1). We can add a virtual edge between every pair of vertices vi, vi+1(and v1, vq) without disturbing the topology. Thus, we can suppose that HG;dis a connected boundary planar graph such that joining any two non-adjacentvertices by an edge embedded in the outer face of the actual embedding impliesthat there is a vertex not lying on the boundary of the outer face. Further, wecan suppose that all vertices from LG;d+1 are located in non-boundary faces ofHG;d.Let C be a connected component of KG;d and let any vertex from LG;d be itsrepresentative, w.l.o.g. let it be v1 = wC . Since KG;d is a bipartite graph, eachHC;d0 consists of isolated vertices and it is of constant depth. We show that allKC;d0 are of constant depth too.Let d0 be odd. Then LC;d0 � LG;d+1. Further, there exists a set of pathsfRu j u 2 LC;d0g such that each Ru (length of Ru is d0) connects v1 with u inC, and no two path Ru, Rv (u 6= v) cross. We denote the vertices in LC;d0 byu1; : : : ; ur in clockwise order following the paths from v1. Let us suppose thatui and uj (i < j) share a neighboring vertex v0. Then, due to the topology, forevery k (i < k < j), uk is either isolated in C, or it is joined by an edge to theonly vertex v0. Moreover, distinct ui and uj share at most one vertex. Therefore,KC;d0 is a forest, and by Lemma 5.7 it is representable by an RDL of constantdepth.Let d0 be even and let LC;d0 = fvk1; : : : ; vks j k1 < : : : < ksg. Let u be the
	vki vkjvki+1uwC

vertex from the (d0 + 1)-th layer of C. We show that if(u; vki); (u; vkj) 2 E(C) for some i 6= j, then ji � jj = 1.Let us suppose that (u; vki); (u; vkj) 2 E(C) and j > i + 1.Then any path from vki+1 to wC in C has to pass througheither vki, vkj , or u. Hence, d0 = dist(vki+1; wC) >minfdist(vki ; wC); dist(vkj ; wC); dist(u; wC)g = d0, a contra-diction.We can choose vk1 to be the representative of the connected graph KC;d0 (ifKC;d0 is not connected, we choose the \leftmost" vki as the representative of a

vk1 vk2 vk3 vksC 0 connected component C 0, i.e. if C 0 consists of ver-tices vki ; vki+1; : : : ; vkj , the representative of C 0 isvki). Both HC0;d00 and KC0;d00 are representable bya constant depth RDL, because HC0;d00 does notcontain any edge and KC0;d00 is a stargraph.2There is an O(n) algorithm embedding a planar graph into a plane (N. Chiba,T. Nishizeki, and S. Abe, see [1]). Therefore we can represent a planar graph byRDL in O(n) time because every boundary planar subgraph that needs to be rep-27



resented is already \boundary"-embedded into the plane. Since every boundaryplanar graph is planar we can represent a not embedded boundary planar graphin O(n) time as well.5.4 A Note on DigraphsDigraphs can be represented by RDL with this slight modi�cation: Let(cv;i; dv;i; av;i;1; av;i;0; av;i;�1) be the i-th tuple in the label lab(v) and let dv;i = 1.Let us denote by C the connected component of Gv;i containing v. In this casethe number av;i;�1 = 0. We can modify the RDL and assign to av;i;�1 either 0,�1, or �2 according to the direction of the arc between v and wC (for example, 0stands for (wC ; vi, �1 stands for (v; wCi, and �2 stands for both of these arcs).LDS can be modi�ed similarly.
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6 Pseudoarboricity and DensityAs we have already mentioned, several authors studied representations of staticgraphs from the family of graphs of bounded arboricity. We want to representdynamic graphs from this family. There are two basic approaches: Either we canassume that the graph to be represented always belongs to the family of graphsof arboricity bounded by some given � (\promise"), or we can check during theprocess whether the arboricity is less than � and if not, we can report an error.We have developed an algorithm which can check if some added edge results inarboricity greater than � in O(m) time. The space complexity of this algorithmis optimal and the graph is always represented in the optimal space too. Sincean O(m) time for an update operation is too long, we wanted to �nd some lowerbound of this time complexity. Although we were not successful in �nding thelower bound, we have developed an algorithm for �nding a density of a graph (seeTheorems 6.6 and 6.7 for the relation to the arboricity) which gives an intuitionwhat can or what cannot speed up the algorithm.6.1 More De�nitions and Basic TheoremsIn the proofs of correctness of the algorithms we shall need several well-knowntheorems of the graph theory. First we introduce some basic notions.Let G = (V;E) be a graph and let A;B � V be two subsets of its vertices.Any path from a vertex in A to a vertex in B is called an A-B path. We say thata set of vertices S (resp. a set of edges H) separates A from B if every A-B pathcontains a vertex from S (resp. an edge from H).We can now formulate the Menger's Theorem and its corollary:Theorem 6.1 (Menger) Let G = (V;E) be a graph and A;B � V . Then theminimum number of vertices separating A from B in G is equal to the maximumnumber of disjoint A-B paths in G.Corollary 6.2 Let a and b be two distinct vertices of G. The minimum numberof edges separating a from b in G is equal to the maximum number of edge-disjointa-b paths in G.In our algorithms we shall �nd the maximal 
ow in a proper network. Anetwork is a directed graph which has a nonnegative capacity assigned to each ofits arcs. In every network one vertex is determined as a source and one vertex asa sink. A 
ow is an assignment of nonnegative values to the arcs satisfying:1. the value of an arc is less than or equal to the capacity of this arc,2. let the \invalue" of a vertex be the sum of the values of arcs incoming tothis vertex, and the \outvalue" be the sum of the values of arcs outgoingfrom this vertex, 29



3. for any vertex di�erent from the source and the sink the \invalue" equalsthe \outvalue",4. the \outvalue" of the source is greater or equal to its \invalue".The di�erence of the \outvalue" and the \invalue" of the source is called a 
ow-value.A pair of disjoint sets of vertices A and B such that A [ B = V , A containsthe source and B contains the sink, is called a cut. A capacity of a cut is thedi�erence between the sum of the capacities of the arcs from A to B and the sumof the capacities of the arcs from B to A.Theorem 6.3 (Ford & Fulkerson) In every network, the maximum 
ow-valueequals the minimum capacity of a cut.In our algorithms we shall use the decomposition of a graph into the \pseud-oforests" instead of �nding the \continuous" density (recall De�nition 2.2). Apseudoarboricity is de�ned similarly as the arboricity.De�nition 6.4 A pseudotree is a connected graph which contains exactly onecycle. A pseudoforest is a graph in which each connected component is either apseudotree or a tree.De�nition 6.5 A pseudoarboricity #(G) of a graph G is the minimal number ofedge-disjoint pseudoforests into which G can be decomposed.The following results are due to Pickard and Queyranne (see [17]). Theystated the relation between arboricity, density and pseudoarboricity. In the nextsection we give another proof of the following theorem. Our algorithms are basedon this proof.Theorem 6.6 Let G = (V;E) be a graph of density �(G). Then #(G) = d�(G)e.Theorem 6.7 Let G be a graph. Then either 
(G) = #(G) or 
(G) = #(G)� 1.6.2 Computing the PseudoarboricityIn this section we present an algorithm which decides whether a given number kupper-bounds the pseudoarboricity of a given graph G. (We refer to this problemas the pseudoarboricity decision problem (PDP).) Although its time and spacecomplexity are the same as these complexities of the best known algorithm byGabow and Westermann (see [7]), we believe that the straightforward graph-theoretic approach which we have developed is easier to understand than theapproach of Gabow andWestermann using matroids. Our algorithm has one more30



advantage | its complexity depends on a complexity of a max-
ow algorithm.Thus, speed up of a max-
ow algorithm results in a speed up of our algorithm.Step by step we shall develop several algorithms leading to the desired al-gorithm for PDP. The main idea of the algorithms presented here consists in aproper \orientation" of the edges of the undirected graph G.De�nition 6.8 Let G = (V;E) be an undirected graph. By replacing each edgee = (u; v) 2 E by a directed arc (either (u; vi or (v; ui) we get an orientationO(G) of G.The following theorem states a relation between the orientations of a graphand its decompositions into the pseudoforests. The proposed algorithms are basedon this relation.Theorem 6.9 The pseudoarboricity of a graph G equals the minimum, over allorientations of G, of the maximal outdegree of its vertices; i.e.#(G) = minO maxout(O(G));where maxout(O(G)) is the maximal outdegree of vertices in the orientationO(G).Proof : To prove #(G) � minOmaxout(O(G)), we construct an orientationO0(G) of G with maxout(O0(G)) � #(G).Let us decompose G into #(G) edge-disjoint pseudoforests F1; : : : ; F#(G). Forevery Fi we orient its edges as follows: Let us root every tree in Fi and orientevery edge of the tree from a child to the parent. In all remaining pseudotreesin Fi let us orient the edges on the cycle so that the result contains a directedcycle. Let us remove one arc, say (u; vi from the cycle and let v be the rootof the resulting tree. Let us orient all remaining undirected edges from a childto the parent. Clearly, the outdegree of every vertex in Fi with respect to thisorientation is at most 1. Therefore the maximal outdegree in G is at most #(G).To prove #(G) � minOmaxout(O(G)), we show that given an orientationO0(G) ofG one can decompose G into maxout(O0(G)) edge-disjoint pseudoforests.Let O0(G) be an orientation of G. Let us color the arcs of O0(G) by colorsnumbered 1; : : : ;maxout(O0(G)) so that no two arcs (u; v1i and (u; v2i have thesame color. We call such coloring an edge-coloring of a digraph. Let Fi = (V;Ei)be the digraph consisting of the arcs of color i and let C be one of its connectedcomponents. We need to show that C is either a tree or a pseudotree. Thisproperty follows directly from the following claim (for H = C and F = Fi):Let F be a digraph edge-colored by a single color. Any connected subgraph H ofF is either a tree or a pseudotree.We prove the claim by induction on jE(H)j. If jE(H)j = 0, H consistsof one vertex and it is a tree. Let jE(H)j > 0. It is simple to observe that31



outdegH(v) � 1 for every v 2 V (because of the coloring). Let u be a vertex in Hsuch that u has no incoming arcs in H. If there is no such u, from the previousobservation it follows that the component H is a cycle and thus a pseudotree.Otherwise, let (u; vi be the arc in H. By removing this arc from H we obtainconnected subgraph H 0 which, by the induction hypothesis, is a (pseudo)tree.Since degH(u) = 1, H is a (pseudo)tree too. 2The following min-max theorem can be proved using the previous theorem andTheorem 6.6. We give another proof of it which will result in the �rst proposalof an algorithm for pseudoarboricity (or ceiling of the density, by the min-maxtheorem).Theorem 6.10 Let G be a graph. Then the minimum, over all orientations ofG, of maximal outdegree of its vertices equals the ceiling of the density, i.e.minO maxout(O(G)) = d�(G)eProof : To prove minOmaxout(O(G)) � d�(G)e, let us �x some orientationO0(G) and suppose that H is a subgraph of G. Then jV (H)j:maxout(O0(G))edges cover all edges in H and therefore jV (H)j:maxout(O0(G)) � E(H). Thisinequality holds for every subgraph H, thus: maxout(O0(G)) � d�(G)e.To prove minOmaxout(O(G)) � d�(G)e, we show the following claim:For any graph G with n vertices, m edges and density upper bounded by some�xed � 2 N there exists an orientation O0(G) such that maxout(O0(G)) � �.We prove it by induction on m. For m = 0 the claim holds. Let G1 be agraph with n vertices, m > 0 edges and the density upper bounded by �. Let ussuppose that the claim holds for any graph of n vertices, m�1 edges and density� � �. Removing one edge (u; v) from G1 results in a graph G2 which ful�llsthe induction hypothesis. Therefore there exists an orientation O0(G2) such thatmaxout(O0(G2)) � �. Now we add the removed edge to the oriented G2 and weshall orient it. If any of its end vertices u, v has outdegree less than �, we canorient the edge out from this vertex. If not, we shall follow the outgoing arcsfrom both of these vertices (we can use, for example, the breadth-�rst search).We shall stop either if there is a vertex of outdegree less than � or if there are nomore vertices to discover.In the �rst case, let w be the vertex of outdeg(w) < � and let, e.g., u be thevertex from which there exists a directed path to w. We switch the directions ofall arcs on this path and orient the edge (u; v) from u to v. The outdegrees of theinterior vertices on the path and of the vertex u do not change and the outdegreeof w increases by 1. Therefore every vertex in this orientation has outdegree lessthan or equal to �.In the second case, the density of G1 is greater than �, a contradiction. 232



One can easily prove Theorem 6.6 by combining Theorems 6.9 and 6.10.We are now ready to present the �rst algorithm for pseudoarboricity. Weshall later show that a slight modi�cation of this algorithm solves the PDP witha better complexity.Algorithm 6.11 (Pseudoarboricity)Description: Given a graph G = (V;E), compute its pseudoarboricity #(G) anddecompose it into corresponding pseudoforests.1. Set # = 0.2. Choose some undirected edge (u; v). If there is none, go to step 7.3. Perform the breadth-�rst search from u, following directed arcs only. If anyw such that outdeg(w) < # is found, reverse all arcs on the path from u tow and orient (u; v) from u to v.(Note: Arcs counted in outdegree must be directed.)4. If there is no such w, perform the step 3 with vertex v and continue withstep 5. Otherwise go to 2.5. If there is no such w, increase # by 1. Orient (u; v) arbitrarily.6. Go to step 2.7. Report pseudoarboricity #.8. Color each arc by some color from f1; : : : ; #g so that for each vertex u itholds that no two distinct arcs (u; v1i and (u; v2i are of the same color.Report pseudoforest Fi = (V;Ei) to be the graph consisting of exactly thoseedges colored by the color i.Correctness of the algorithm follows from the proofs of Theorems 6.9 and 6.10.Its time complexity is O(m2), where m = jEj (since the breadth-�rst search isO(m) and it is performed for all edges), and the space complexity is O(m).Algorithm 6.12 (Pseudoarboricity Decision Problem)Description: Given a graph G = (V;E) and a number k, decide whether #(G) � k.If yes, decompose G into at most k pseudoforests.1. Choose some undirected edge (u; v). If there is none, go to step 6.2. Perform the breadth-�rst search from u, following directed arcs only. If anyw such that outdeg(w) < k is found, reverse all arcs on the path from u tow and orient (u; v) from u to v.(Note: Arcs counted in the outdegree must be directed.)3. If there is no such w, process the step 2 with vertex v and continue withstep 4. Otherwise go to 1.4. If there is no such w, return #(G) > k.5. Go to step 1. 33



6. Report that #(G) � k.7. Color each arc by some color from f1; : : : ; kg so that for each vertex u itholds that no two distinct arcs (u; v1i and (u; v2i are of the same color.Report pseudoforest Fi = (V;Ei) to be the graph consisting of exactly thoseedges colored by the color i.The time complexity of this algorithm is O(k2n2), while the space complexityis O(m). In the rest of the chapter we shall optimize the time complexity of thesealgorithms. The idea of the optimization is simple | in the previous algorithmswe have repeatedly performed some set of steps for each edge, and now we shalltry to perform these steps for several edges at the same time. We shall reducethe pseudoarboricity problem to the max-
ow problem:Algorithm 6.13 (Pseudoarboricity Decision Problem)Description: The same as for the Algorithm 6.121. Arbitrarily orient all edges in G.2. Add two new vertices to G, one source s and one sink t.3. Let S be the set of all vertices of outdegree greater than k. Add new directedarcs from s to every vertex in S.4. Let T be the set of all vertices of outdegree less than k. Add new directedarcs from every vertex in T to t.5. Assign a capacity outdeg(u) � k to every arc (s; ui and a capacityminfindeg(u); k � outdeg(u)g to every arc (u; ti. Let any other arc (notincident to s or t) be unit-cost (i.e. set its capacity to 1).6. Find a max-
ow on the directed G.7. If the value of the 
ow is less than Pu2S(outdeg(u)� k), return #(G) > k.Otherwise report that #(G) � k, switch the directions of all the \
ow" edges,delete s and t with all their incident edges, and report pseudoforests (seeAlgorithm 6.12, step 7).Theorem 6.14 Algorithm 6.13 is correct.Proof : We prove the following claim:Let O1(G) be some orientation of G, k 2 N be an integer, S = fu 2 V j outdeg(u)> kg and T = fu 2 V j outdeg(u) < kg. LetM = Pu2S(outdeg(u)�k). Then thepseudoarboricity is less than or equal to k i� there exist M edge-disjoint directedS-T paths such that every v 2 S is used as a start-vertex of an S-T path exactlyoutdeg(u)� k times and no end-vertex u 2 T is used as an end-vertex more thank � outdeg(u) times.Let us suppose that there exist M edge-disjoint S-T paths claimed. We canreverse all arcs on each of the paths and obtain an orientation O2(G). (Notice34



that outdegrees have changed only for the start and end-vertices.) Since everyvertex u 2 S is a start-vertex of exactly outdeg(u)�k paths, by reversing the arcsevery v 2 S decreases its outdegree by outdeg(u)� k. Since every vertex u 2 Tis an end-vertex of no more than k� outdeg(u) paths, its outdegree increases byat most k� outdeg(u). Therefore the maximal outdegree in orientation O2(G) isupper-bounded by k and by the Theorem 6.9 the pseudoarboricity of G is less orequal to k.Conversely, if #(G) � k, we shall inductively construct M required edge-disjoint S-T paths. Let S 0 be the multiset consisting of all vertices from S suchthat every vertex v 2 S is in S 0 with a multiplicity outdeg(u)� k times. (Noticethat a set of edge-disjoint S-T paths is also a set of edge-disjoint S 0-T paths,and vice-versa.) Let us denote the vertices in S 0 by v1; : : : ; vq (not necessarilydistinct) and for i 2 f1; : : : ; qg let us suppose that edge-disjoint paths P1; : : : ; Pihave been found, such that Pj starts in vj and no vertex u 2 T is an end-vertex ofmore than k�outdeg(u) paths. Let O2;i(G) denote the orientation of G obtainedfrom O1(G) by reversing all arcs on the paths P1; : : : ; Pi. By performing thebreadth-�rst search from vi+1 on O2;i(G), one can �nd a vertex w 2 T such thatoutdegO2;i(G)(w) < k. If no such w exists, the subgraph of G containing all thevertices inspected by the search has density greater than k and therefore, byTheorem 6.6, #(G) > k, a contradiction.Let P 0 = x1; : : : ; xl0 be a directed path from x1 = vi+1 to xl0 = w. We shallinductively rearrange the paths P1; : : : ; Pi and P 0 so that the new set of pathsP1;new; P2;new; : : : ; Pi+1;new = P 0new satis�es:1. Any two di�erent paths from the set are edge-disjoint,2. the set of edges in G covered by paths P1; : : : ; Pi; P 0 is identical with theset of edges covered by P1;new; : : : ; Pi+1;new,3. Pj starts in vj for each j,4. no vertex u 2 T is an end-vertex of more than k � outdeg(u) paths.Let us switch back to the orientation O1(G). Let j 0 be the longest index suchthat (xj0+1; xj0i belongs to some of the P1; : : : ; Pi paths, w.l.o.g. let it be Pi. Ifthere is no such j 0, the path P 0 shares no edge with any other path and therefore
�vi = y1 vi+1 = x1yj�1 = xj0+1 yj = xj0ylxl0

S 0
TP 0 Pi it could be chosen for Pi+1. Otherwise, Pi = y1; : : : ; yl(in orientation O1(G)), where y1 = vi and yj = xj0for some j � 2. We rearrange the edges on thepaths Pi and P 0. Let the new Pi be y1; : : : ; yj�1 =xj0+1; xj0+2; : : : ; xl0 and let the new P 0 be x1; : : : ; xj0 =yj; yj+1; : : : ; yl. We can continue with the process de-scribed in this paragraph with the new paths P1; : : : ;Pi and the new P 0. Since each step decreases the num-ber of edges of P 0 shared with some other path, the process is �nite and resultsin �nding a suitable Pi+1. This completes the proof of the claim.35



In order to complete the proof of the theorem, let O1(G) be the orientationof G in step 1 and let G0 be the weighted digraph with added s and t on whichmax-
ow is to be performed in step 6. Notice, that S-T paths speci�ed in theclaim extended to the start-vertex s and the end-vertex t form a max-
ow onG0. Conversely, if max-
ow on G0 of value M is found, by Ford & Fulkerson andMenger's Theorems (see 6.3 and 6.2) one can �nd such S-T paths. 2The time complexity of the Algorithm 6.13 depends on the timecomplexity of the max-
ow algorithm. According to the survey by AndrewV. Goldberg (see [8]), the integer capacity max-
ow can be computed inO(min(n2=3; m1=2)m log(n2=m) logU), where U > 1 is the upper bound of thecapacity of an edge and n and m are the number of vertices and edges, respec-tively. This is the result of Andrew V. Goldberg and Satish Rao, see [9]. Inour case, the graph G0 on which the max-
ow is going to be performed hascapacities less than n0 = O(n), and m0 = O(m), because Pv2V (indeg(v) +outdeg(v)) = O(m). Therefore �nding the max-
ow on G0 has time complex-ity O(min(n2=3; m1=2)m log(n2=m) logn). If we determined #(G) by the binarysearch using Algorithm 6:13, the overall time complexity of the algorithm forpseudoarboricity would be O(log(�(G))min(n2=3; m1=2)m log(n2=m) logn).We can improve this time complexity by using a max-
ow algorithm on agraph with all edges of unit-cost. We shall slightly modify the previous algorithmby omitting the step 5 and modifying the steps 3, 4, 6, and 7:Algorithm 6.15 (Pseudoarboricity Decision Problem)Description: The same as for the Algorithm 6.121. Arbitrarily orient all edges in G.2. Add two new vertices to G, one source s and one sink t.3'. Let pu = outdeg(u) � k. For every vertex u 2 S add pu new verticesv1; : : : ; vpu and new directed arcs (s; vii and (vi; ui for all i 2 f1; : : : ; pug.4'. Let qu = minfindeg(u); k � outdeg(u)g. For every vertex u 2 T addnew vertices v1; : : : ; vqu and new directed arcs (u; vii and (vi; ti for all i 2f1; : : : ; qug.5'. Skip.6'. Find a max-
ow on G with all unit-cost edges.7'. If the value of the 
ow is less than Pu2S(outdeg(u)� k), return #(G) > k.Otherwise report that #(G) � k, switch the directions of all the \
ow" edges,delete every new vertex with all its incident edges, and report pseudoforests(see Algorithm 6.12, step 7).The problem of �nding the max-
ow on a directed graph with unit-cost edgeswas solved independently by Alexander V. Karzanov (see [13]) and by Shimon36



Even and R. Endre Tarjan (see [4]). The time complexity of the algorithm isO(min(n2=3; m1=2)m).In the Algorithm 6.15, the graph G0 on which the max-
ow algorithm is goingto be performed (in step 6') has O(n+m) vertices and O(m) edges. Therefore themax-
ow algorithm takes O(m3=2) time (we can assume that n = O(m)). Usingthe idea of the binary search then completes the proof of the following theorem:Theorem 6.16 For a given graph G and an integer k the question \Is the densityof G less than or equal to k?" can be answered in O(m3=2) time and O(m) space.The pseudoarboricity #(G) of a graph G and a decomposition of G into #(G)pseudoforests can be found in time O(log(#(G))m3=2).Several authors studied the k-pseudoforest problem (here pseudoarboricity de-cision problem, see Algorithm 6.12): Jean-Claude Picard and Maurice Queyranne(O(m4), see [17]), James Roskind and Robert E. Tarjan (O(m2, see [18]) andHarold N. Gabow and Herbert H. Westermann (O(m3=2), see [7]). In their pa-per, Gabow and Westermann developed some algorithms for matroids and sumsof matroids and by running the algorithms on a suitable graphic matroid theyobtained the same time complexity as the algorithm presented here. The maincontribution of our algorithm is in the reduction to a max-
ow algorithm. Thecoherence between the lower-bounds for the time complexity of the max-
owproblem and for the decision problem for the pseudoarboricity remains an openproblem.6.3 Approximation AlgorithmAt the end of the chapter we propose an approximation algorithm for the pseu-doarboricity problem.Algorithm 6.17 (Approximation of Pseudoarboricity)Description: Given a graph G = (V;E), compute a number #0 not greater than2#(G) and decompose G into #0 pseudoforests.1. Initially, let G1 = (V1; E1) be a copy of G and let #0 = minv2V deg(v).2. If there is no remaining vertex in G1, go to step 6. Otherwise choose avertex u1 2 V1 having minimal degree. If deg(u1) > #0, let #0 = deg(u1).3. Orient each undirected edge (u; v) 2 E from u to v, i.e. change it into anarc (u; vi.4. Delete vertex u1 and all its incident edges from G1.5. Go to step 2.6. Report #0 and construct pseudoforests by coloring the outgoing arcs by colors1; : : : ; #0. (See Algorithm 6.11, step 8.)37



Proof of correctness: Let us suppose that G is a graph of density �. By thepigeon-hole principle in any subgraph H of G there exists a vertex u such thatdegH u � 2�. (Otherwise E(H) > �V (H), a contradiction with the de�nition ofthe density.) Therefore the vertex u1 chosen in step 2 has degG1 u1 � 2�, thus#0 � 2� � 2#. 2It often su�ces to have some reasonable approximation of the pseudoarboric-ity. The Algorithm 6.17 may be helpful in this respect. Its main advantage isits time and space complexity | both are optimal: O(m). Finding a better ap-proximation may further contribute as follows: If there was an approximationalgorithm reporting #0 such that #0 � f(G)#(G), where f(G) = 1+o(1), the timecomplexity of the algorithm for pseudoarboricity using binary search could beimproved (the searched interval would be smaller). Finding such approximationalgorithm remains an open problem too.
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7 Summary of Open ProblemsWe propose several open problems and suggestions for further work:� Is it possible to improve the hashing-based representation of dynamic graphs?� Does there exist an optimal recursive distance-representation for the graphsof bounded arboricity?� What is the lower bound for the size of a distinguishing set of a p-dimensionalhypercube? (We conjecture that it is p + 1.)� Is it possible to represent a p-dimensional hypercube by a recursive distance-labeling e�ciently?� Can the knowledge of the arboricity of a dynamic graph be helpful in main-taining its representation?� What is the relation between the time complexity of the max-
ow algorithmand the algorithm for pseudoarboricity decision problem? We have shownthat the PDP can be solved in the same time as the max-
ow on directedgraph with all unit-cost edges. Does it hold conversely?� Does there exist a better approximation algorithm for pseudoarboricity prob-lem running in reasonable time? Such an algorithm could be used to �nd afaster algorithm for computing the pseudoarboricity.
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