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1 Introduction

A succinct representation of a graph is a widely studied problem. A number
of criteria can be used to determine the succinctness of the representation. We
examined the representation of a graph in these two aspects:

1. The space complexity of the representation.

2. The time complexity of the basic “graph-operations” (usually the adjacency
test of two given vertices, eventually the update operations, for example the
adding or removing of an edge).

On the one hand, one needs to represent a graph in as few bits as possible,
on the other hand, fast manipulation with the compressed structure is required.
The two most common representations of a graph — an adjacency matrix and
an adjacency list show the contrast between these two aspects: The adjacency
matrix is an optimal representation with respect to the time complexity of an
adjacency test of two given vertices; however, if n is the number of the vertices
in the graph to be represented, the space complexity of this representation is
always O(n?) bits, regardless of the number of edges m. On the other hand, the
adjacency list representation is space-optimal, but the adjacency test takes more
time than it is necessarily needed.

The aim of this thesis was to find a representation as close as possible to the
optimal space complexity O(mlogn) bits, and to the optimal time complexity of
the adjacency test (and the update operations) O(logn) bit-operations.

The structure of this work is as follows: The Chapter 2 introduces the basic
definitions, notions and models of computation used in the thesis.

Several authors studied the problem of representation of graphs from the same
or related point of view. Their results are summarized in Chapter 3.

In Chapter 4 we present a representation using the technique of hashing: We
can store a graph of n vertices and m edges in O(mlogn) bits and the adjacency
test can be performed in O(lognloglogn) bit-operations. Further, the “list-
of-all-neighbors” procedure takes O((k + loglogn)logn) time (bit-operations),
where k is the number of the neighbors to be listed. This is the only repre-
sentation presented here which works also for the dynamic graphs, i.e. graphs
which are changing in time. In this case the space complexity remains O(m logn)
and the time complexities of the adjacency test and the list-of-all-neighbors are
O(lognloglogn) and O((k+loglogn)logn), respectively, and the expected amor-
tized time complexity of the update operations is O(logn loglogn).

A new representation based on computing the distance from all vertices to
some given vertex is suggested in Chapter 5. We show that this representation is
optimal (in both time and space complexities) for the family of planar graphs and
we conjecture that it is optimal for the family of graphs of bounded arboricity
too.



The Chapter 6 deals with the problem of computing the arboricity of a graph.
This problem is motivated by difficulties encountered when we wanted to find a
suitable representation of dynamic graphs of bounded arboricity. We developed
a new technique based on orienting the edges of an undirected graph. This
technique can be easily understood and it resulted in an algorithm running in the
same time complexity as the best known algorithm for this problem (which uses
non-trivial algebraic structures — graphic matroids).



2 Basic Definitions

In this chapter we present basic terminology used in this work. We give termi-
nology of graph theory and corresponding notation, especially of terms not so
widely used or not standardized in computer science. We extend the definitions
of a connected component, a tree, etc. to directed graphs as well.

2.1 Notation

Let G = (V,E) be a graph. If G is directed (called a digraph), E consists
of ordered pairs (u,v), u,v € V, such that there is an arc from u to v in G.
Otherwise, if G is undirected and there is an edge between u and v, both pairs
(u,v) and (v,u) are in E. We denote an edge of an undirected graph by (u,v).
Let v € V be an arbitrary vertex. The most important notations and corre-
sponding terms (the emphasized words) are presented in the following table:

Denotation Definition Comment (Term)

0, = | w) € E)

I, = {u] (u,v) € E} for undirected graphs O, = I,
N, = 0O,Ul, a set of all neighbors of v
deg(v) = |N,| degree of vertex v

indeg(v) = || indegree of vertex v

outdeg(v) = |0, outdegree of vertex v

By V(H), resp. E(H) we denote the set of vertices, resp. edges of a graph H.
We use V and F instead of V(H) and E(H), when the graph H is understood
from the context. In this case, n stands for the number of vertices and m for the
number of edges in H (n = |V|, m = |E]).

A subgraph H of a given graph G = (V, E) is induced by a set of vertices
SCV,ift H=(S,EnNS xS). In other words, H is a graph consisting of all
vertices in S and all edges of G joining two vertices from S.

A path P is a sequence of vertices P = uy,...,ux, u; € V fori =1,...,k,
such that (u;,u;41) € E fori=1,...,k—1 and w; # u; for i # j. Sometimes
we say that P is a path from wu; to wug, or, if G is undirected, we say that P is a
path between u; and ug. A length of the path P is the number k£ — 1. A cycle is
a path P =wuy,...,ux, k> 2, such that (uy,u;) € E.

We say that a graph G is connected, if there is a path between any two
vertices in G. If G is directed, we ignore the directions of the edges. A connected
component of a graph G is the connected subgraph H of G such that H is induced
by the set V(H) and there is no edge in G connecting a vertex from V(H) to
a vertex outside V(H). Again, if G is directed, the directions of the edges are
ignored.



In some chapters we study special kinds of well-known graphs. Here is a
summary of definitions: A graph G without a cycle is called a forest. If a forest
(G is connected, it is a tree. A special type of a tree having one vertex joined
by an edge to all other vertices, is called a stargraph. A graph G = (V) E)
such that V' = {wvy,...,v,} and E =V x V — {(v;,v;) | 1 < i < n} is called
complete and denoted K,. A hypercube H, = (V, E) of dimension p is a graph
of 27 vertices such that V' = {0, 1}? (all binary numbers of at most p digits) and
E = {(z,y) | z and y differ in exactly 1 digit}. A graph G is planar if it can be
embedded into a plane so that no two edges cross. Let G’ be such embedding
of G. A face F is a topological term for a connected open set of points in plane
such that its boundary is firmed by some edges and vertices in G’ and there is
no vertex from G’ in F. The outer face is the face containing the point in the
infinity. All these notions shall be used for digraphs as well (directions of the
edges are ignored).

The last definitions from the graph terminology introduced are the closely
related terms of arboricity and density of a graph. Several authors (see [12]) have
studied the family of graphs of bounded arboricity. In this work we deal with
this family of graphs in Chapters 5 and 6.

Definition 2.1 An arboricity 7(G) of a graph G is the minimal number of edge-
disjoint forests into which G can be decomposed.

Definition 2.2 Let G = (V, E) be a graph. The density §(G) of the graph G is
(S(G) = maXycq %

The correlation between arboricity and density is explained in Chapter 6,
where we propose an algorithm for finding a density (more precisely [§(G)]) of
a given graph G. Deeper insight into this relation gives also the well-known
theorem of Nash-Williams (see [16]):

Theorem 2.3 (Nash-Williams) Let G = (V, E) be a graph. Then:

E(H)
From the well-known fact that a planar graph of n vertices has at most 3n —6
edges one can now easily conclude that the family of planar graphs is a family of
graphs of arboricity upper-bounded by 3.

2.2 Models of Representation

We study two basic types of representations of graphs. The term classic represen-
tation means that the structure is stored in a global memory and all algorithms
can access the information stored there. The representation must provide an
algorithm for adjacency test of two vertices.
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The following type of representation of graphs is inspired by distributed net-
works. It assigns to each vertex w a label lab(w). If there exists an algorithm
for testing adjacency of two vertices u and v such that the only information
about the graph needed to run the algorithm is stored in lab(u) and lab(v), the
representation is called a labeling schema (or just labeling).

Both of these models of representation of graphs can be used for both directed
and undirected graphs.

We compare the representations of a static graph (i.e. not changing after
being represented) in two attributes: the amount of memory used and the time
needed for adjacency test. When representing dynamic graphs, the representation
must provide algorithms for update operations (addition or deletion of an edge or
a vertex) too. In this case another attribute for comparison of representations is
added — the time complexity of the update operations.

2.3 Measures of Complexity

In this work we shall use several measures of complexity. The most important
here is the one called bit-model: the space used for storing a structure is counted
in bits, and the time complexity is determined by the number of bits visited
during the run of an algorithm.

Another widely used model in computer science, especially in the theory of
algorithms, is the cell-model: Information is stored in a cell (or in several cells),
each of which can accommodate element from a set U = {0,1,...,my}, where
my is fixed. The set U is called a universe. The space complexity in this model is
counted in the number of cells used, and the time complexity corresponds to the
number of basic operations performed by the algorithm. Thus, basic arithmetic
operations such as adding, subtracting, multiplying and dividing are considered
to be performed in constant time.

In both models we assume that jumping to a given address takes constant
time. Therefore in the cell-model the jump-operation is performed in time O(1),
while in the bit-model it is proportional to the length of the address. In fact, we
shall bound the address also in the cell-model (usually by my).

The main difference between these two models lies in the time complexity of
arithmetic operations. While in the cell-model adding (or subtracting) two num-
bers of size O(my ) takes constant time, in the bit-model it takes time O(logmy).
However, multiplying (or dividing) these two numbers takes in the bit-model
time O(log my loglogmy), while in the-cell model its time complexity remains
constant.

2.4 Straightforward Representations

An adjacency list is a representation of a graph G = (V, E') which gives for every
vertex a list of its neighbors. The list of neighbors can be ordered, or stored



in a weighted binary search tree. Thus, the space complexity is O(m) in the
cell-model, resp. O(mlogn) in the bit-model, and the time complexity of the
adjacency test and the update operation is O(logn), resp. O(log?n).

Let V- ={1,...,n}. The adjacency matriz is a matrix of type n X n having 1
in the position [i, j] iff (¢, j) € E. The space complexity is O(n?) in both models,
the time complexity is constant, resp. Of(logn). The main advantage of this
representation is that the worst-case time complexity of the update operations is
constant, resp. O(logn) too.

We consider a representation to be optimal, if its space complexity is O(m),
resp. O(mlogn) and the time complexity of all operations is O(1), resp. O(logn),
depending on the model used.



3 Related Work

Several authors worked on the problem of succinct encoding of a graph, regardless
of the time complexity of the basic “graph-operations”. Sampath Kannan, Moni
Naor and Steven Rudich (see [12]) encode a graph of arboricity « by a labeling
representation with labels of size O(alogn). Gyo6rgy Turdn showed that unla-
beled planar graphs can be encoded using 12n bits, and he gave an asymptotically
optimal representation for labeled planar graphs. Alon Itai and Michael Rodeh
(see [10]) showed that the adjacency list method is optimal in many instances
— for planar graphs it requires 3nlogn + O(n) bits. They present also a linear
algorithm, which obtains a 3/2nlogn + O(n) representation (in the case of pla-
nar graphs). Moni Naor (see [15]) showed that general unlabeled graphs can be
represented by (’2’) — nlogn + O(n) bits which is optimal up to the O(n) term.
Both encoding and decoding algorithms that he suggested are linear.

Guy Jacobson (see [11]) was interested also in the second aspect — the time
complexity of the operations. He developed a data structure that represent static
unlabeled trees, planar graphs and graphs of bounded genus in asymptotically
optimal space, and is time-efficient for traversal operations. Tomas Feder and
Rajeev Motwani (see [5]) proposed a technique of partitioning the edges of a
graph into bipartite cliques. The technique works for sufficiently dense graphs
and can be used to speed-up some algorithms, for example matching or shortest
paths. Maurizio Talamo and Paola Vocca (see [19]) represent a general graph
by labeling with labels of size O(deg(v)log®n) bits. They are able to perform
the adjacency test in O(logn) bit-operations. Their work is the closest to the
problem studied here.



4 Hashing Algorithms

Hashing is a very useful technique for storing any data structure. A static dic-
tionary is a data structure consisting of a set of elements picked from a given
universe and supporting a test of membership of an element from the universe in
this set (a FIND operation). If the dictionary supports also the update opera-
tions (an insertion and a deletion of an element) it is called a dynamic dictionary.
Several optimal or near optimal algorithms have been developed for maintaining
a dictionary.

In this chapter we recall a result of M.L. Fredman, J. Komlés, and E. Sze-
merédi (see [6]) who developed an optimal algorithm for storing a static dictio-
nary. Based on their work M. Dietzfelbinger, A. Karlin, K. Mehlhorn, F. Meyer
auf der Heide, H. Rohnert, and R.E. Tarjan (see [3]) proposed an algorithm for
maintaining a dynamic dictionary running in expected optimal time. We modi-
fied this algorithm for storing a dynamic graph. Our algorithm not only tests the
adjacency of two vertices and performs the update operations on the graph, but
it also lists all current neighbors of a given vertex. The time and space complex-
ity of all supported operations are optimal, using the cell-model as a measure of
complexity. Throughout this chapter we shall use only the cell-model.

4.1 Data Structures

First, we sketch the important ideas of Fredman, Komlés and Szemerédi (FKS)
and Dietzfelbinger et. al., the stepping stones for our algorithm presented at the
end of the chapter. We start by describing the double hashing scheme of FKS
which stores the static dictionary in optimal space and supports FIND operation
in optimal time (using cell-model as a measure of complexity). Then, we outline
the technique of Dietzfelbinger et. al. which uses FKS scheme for a dynamic
dictionary.

4.1.1 Static Dictionary

Let M be a universe of elements and let S C M be the set to be stored. The
following theorem is the basis of all algorithms described in this chapter.

Theorem 4.1 (Fredman, Komlés, Szemerédi)

For any S C M = {0,1,...,m — 1} with |S| = s there exists a hash table
representation of S that uses space O(s) and permits the processing of a FIND
operation in constant time. Such representation can be found in expected O(s)
time.

The proof of this theorem is very important for understanding our algorithm.
The proof presented here is only a slight modification of the original proof of
FKS.

We need to define the basic hashing notation:



Definition 4.2 Let S C M and let h : M — N be a hash function, N =
{0,1,...,n— 1}. For each table location 0 < i < n — 1, we define the bin

B;i(h,S) ={x € S | h(z) = i}.

The size of a bin is denoted by b;(h, S) = |B;(h, S)|.
Collision caused by h on S is any set {x,y} C S, x # y, such that h(z) = h(y).

Hash function h : M — N s called perfect for S, if it causes no collisions on
S, i.e. bj(h,S) <1 for every i.

In the proof of Theorem 4.1 we shall use a double hashing scheme. The
primary hash function g : S — N is almost
perfect for S, i.e. it causes few collisions. Then,
we shall use for every bin B; a secondary hash
function g;. Since g; will be required to be per-
fect for B;, operation FIND can be performed
in constant time. The main trick is in choosing
these hash functions so that the required space
is linear in s.

Let pp) > m be a prime such that pj,,) = O(m). By Bertrand’s Postulate such
Pim) < 2m always exists. For each prlmep j and a hash table R = {0,1,...,r—1}
we define a family H, of hash functions hk M — R:

hi(x) = (kx mod pp,)) mod r, where 1 <k < pp).
The most important property of the family #, is:

Lemma 4.3 For allV C M of size v, and all r > v,

B

—0 r

for at least one-half of the choices of k € {1,...,pm)—1}, i.e. for at least one-half
of the functions in H,.

Proof : First, for fixed V and r, we show:

ZZ( V) < 20 )

k=1 i=0 r

The left-hand side counts all the pairs (k,{z,y}) such that = # y and hy(x) =
hi(y). For fixed {z,y}, the number of pairs (k, {z,y}) is: [{k | k(z—y) mod pp,) =
zr, z € Z\{0}}|. Since Z,, , is a field, there is a unique solution for k satisfying
the equation kc mod pyn = 2r for 1 < |2| < |[(ppy — 1)/r] and a constant c.
(For other z there is no solution.) Therefore for a fixed {z,y} there are at most
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2(ppm) — 1)/r tuples (k, {z,y}). The number of sets {x,y} is (g) Multiplying it

by 2(ppm) — 1)/r implies the right-hand side of the inequality above.
We shall finish the proof by contradiction. Let us suppose that

r—1 . 2
Z (bz(hka V)) Z 27}_7
o 2 T
holds for more than one-half of the choices of k. Then
Pim)—1 -1 _ 2
k=1 =0 2 r

a contradiction with (1). O

Corollary 4.4 Let hy be a hash function satisfying inequality from the previous
lemma. Then:

r—1 U2
Z bz(hk, V)2 <4— 4w
i=0 r

The proof follows directly from the lemma and from the fact, that

Now we can prove the theorem:

Proof of Theorem 4.1: We show that there exists a primary hash function
g = hy € H, such that the sum of squares of the sizes of the bins is linear in s.
For every bin B;(hy, S) (denoted S;) we find a perfect hash function g; = hy, €
Hos(ny,,5)2 such that hy, : Bi(he,S) — {0,1,...,b;(hy, S)?}. For any z the cell
hi(x) will store k; of corresponding secondary hash function, i.e. kj,(5). Since k
and each k; is O(m), the required space is linear in s.

The existence of such primary hash function follows immediately from the
Corollary 4.4, if V =S and v =r =s.

Let S; be a bin of size s;. By Lemma 4.3 for V = S;, v = s;, and r = 2s?, there
exists hy, € H,2 such that ( (h’“ : )) =0 for every j € {0,...,s? — 1}. Therefore
hy, is perfect for S;.

The total space T used by this scheme is bounded by:

s—1 2
T<s+1+3 2b(hi, S)2 <s+1+8= +2s=1ls+1=0(s).
i=0 §

By Lemma 4.3, hash functions h; and hy, can be found by random sampling
in expected O(s) and O(b;(hg, S)) time, respectively, i.e. in time linear in s. O
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4.1.2 Dynamic Dictionary

The following randomized algorithm for dynamic dictionary is due to Dietzfel-
binger et al. (see [3]). The algorithm uses FKS scheme for a static dictionary
and, if necessary, rehashes part or all of the structure.

Let M = {0,...,m — 1} be the universe and let S C M be the set to be
represented. Let s = |S|. Using the double-hashing scheme, the primary hash
function hashes the set S into bins B; of size b;, where ¢ stands for each table
location, = 0,...,n — 1. The content of the bin B; is then hashed into a block
of memory 7;. The currently used double-hashing scheme should accommodate
up to t elements.

During the process (except while processing the rehashing phase), the follow-
ing invariants hold:

(14+¢)s <t < (1+2¢)s, for a suitable constant ¢ (2)
|T;| = 2mZ, where m; is such that b; < m; < 2b; (3)
n—1 t2
b <4— -+t (4)
i=0 n

The values of ¢ and each m; shall be determined (and if necessary changed)
so that the total space used is linear in s.

Clearly, the FIND operation can be performed in constant time in the same
manner as in the FKS scheme. The update operations (INSERT, DELETE) are
slightly more complicated.

The algorithm consists of four main procedures: Insert(z), Delete(z), Find(z),
and RehashAll. The procedure Insert(x) first checks the violation of invariant (2).
If the invariant does not hold, complete rehashing is performed. Otherwise, the
procedure detects the position where x should be stored if the current hashing
functions were used. If the position is empty, x is stored there unless the in-
variant (3) is violated. If the invariant does not hold anymore, or the position
is occupied, rehashing is necessary. Either complete rehashing, or rehashing of
the corresponding table 7} is performed (depends on the invariant (4)). The pro-
cedure Delete(z) deletes x from its position in the corresponding table. If the
invariant (2) is violated, the whole structure is rehashed. The procedure Find(z)
is identical to its counterpart for static dictionary and the procedure RehashAll
is similar to the initial phase for static dictionary. While rehashing, the new
hashing functions and the values of ¢t and each m; are determined. Here is the
sketch of the algorithm.

Algorithm 4.5 (Dynamic Dictionary)

Description: Represent a set S in O(s) space. Provide FIND, INSERT and
DELETE operations in constant time.

12



1. Procedure RehashAll;

2. put all elements in S into a list L;

3. for alli=0,...,n—1 do delete T;;

4.t (14c¢)s;

5. by random sampling find g = hy € H,, such that condition (4) is satisfied;
6. fori=0,...,n—1do

7 m; < 2b;;

8 B; + 0;b; < 0;

9 allocate T; such that |T;| = 2m?2;

10. randomly choose hy, : M — T; from Homz;
11. S« 0; s+ 0;

12.  for ally € L do Insert(y);

13. Procedure Insert(z);

14. s<s+1;5« Su{z};

15. if s <t then

16, j hp(2);

17. Bj < B; U {z}; bj < b; +1;

18. if b; < m; and position hy,(x) of subtable T} is empty then

19. store x in this position

20. else

21. if b; <m; then

22. put all elements in T into a list L;;

23. by random sampling from ”HQsz find hy, : M — T} perfect for Bj;

24. for all elements y € L; do

25. store y in position hy; (y) of subtable T);

26. else

27. m; < 2m;;

28. if there is not enough space for the new subtable T; (1T} = 2m3)
or (4) is no longer satisfied then RehashAll

29. else

30. put all elements in T into a list L;;

31. delete T};

32. allocate new subtable Tj;

33. by random sampling find hy; in ’Hgm; perfect for Bj;

34. use hy; for hashing elements in L; into Tj;

13



35.  else RehashAll;

36. Procedure Delete(x);

37 j < hi(x);

38. s+ s—1;

39. B;<+ By —{x}; bj<+ b —1;

40.  delete x from position hy,(x) of subtable T);
41.  if (14 2¢)s < t then RehashAll;

42. Function Find(z);
48, j < hg(x);
44.  if position hy, (x) of subtable T} is empty then return x ¢ S

45. else return x € S;

The space complexity of the algorithm follows from the conditions (2), (3)
and (4). The space used by subtables T; is:

n—1 n—1 (3) n—1 4 t2
> |Ti] 2 doom? < 8 ¥ sl Ly
i—0 i—0 i—0 n

By (2), t = O(s). If we choose n = (s), for example n = t, by the condition
(4), the space complexity of the algorithm is ©(s).

The time complexity of the FIND operation is clearly constant. We show that
the amortized expected time complexity of the update operations is constant
too. The main trick of this algorithm lies in the fact, that the scheme should
accommodate additional cs elements after expected 2 calls of RehashAll (see
Lemma 4.3). The time complexity of this procedure is O(s). Therefore amortized
expected time complexity of the update operations is constant.

4.2 Applications to Graphs

A graph of n vertices can be represented as a set of its edges. A suitable coding
f:E — Nofanedge (v,v)=e€ E, u,v € V,V ={0,...,n— 1}, is a number
f(e) = un+ v, since it fits into a cell of O(logn) size. Using this method a graph
can be represented in O(m) cells and the adjacency testing can be performed in
constant time, regardless of whether the graph is directed or undirected. Up-
date operations can be performed in constant amortized expected time. (Note:
In the bit-model the total space used is O(mlogn) bits, the adjacency testing
takes O(lognloglogn) bit-operations and the update operations take amortized
expected O(lognloglogn) bit-operations.)

A labeling schema can be developed similarly. A label of vertex v corresponds
to the representation of set INV,. (Recall that N, is the set of all neighbors of v.)

14



Both of these representations allow efficient adjacency testing.

Another useful operation on graphs is ALL-NEIGHBORS-LIST for a given
vertex v. The algorithm for ALL-NEIGHBORS-LIST operation is efficient, if it
can be performed in O(d,) steps (d, = deg(v) = |N,|) and the whole representa-
tion uses storage of no more than O(m + n) cells. In the static case it suffices to
add an adjacency list to the structure to solve the problem. It is more interesting
to consider the dynamic case. In the rest of the chapter we shall modify the
Algorithm 4.5 so that it can be used efficiently for both adjacency testing and
listing all neighbors of a given vertex.

Let L be a labeling schema (described above) for a dynamic graph G. The
main idea of the modification of this schema lies in hashing a double linked list
of all neighbors of every vertex v into L.

For each vertex v we modify its label in the following way: In every non-empty
cell of every table T, ; we store a triple (z, prev,, next,), where x is the original
content of the cell (i.e. the vertex z is adjacent to v), and prev, (resp. next,)
is a pair of integers determining the hash-position of the previous (resp. next)
member in a double linked list of all neighbors of v. Let y be the previous (resp.
next) vertex in the linked list of vertices adjacent to v. The hash-position of y is
a pair of numbers j and [ such that y is stored in table the T), ; in the position /.
Thanks to the double linking, the linked list can be updated in constant time.

More precisely, here is a sketch of the algorithm. (Deviations from Algorithm
4.5 are denoted by <.)

Algorithm 4.6 (Dynamic Digraph — Hashing)

Description: Represent a dynamic graph G = (E, V') of m edges and n vertices in
O(m + n) space. Provide AddEdge(v, w), DeleteEdge(v, w), AddVertex(v) and
AdjacencyTest(v, w) operations in constant time and operations DeleteVertex(v)
and ListAllNeighbors(v) in O(d,) time.

1. Procedure RehashAll(v);

2. put all elements in N, into a list L,;

3.z, < undefined;

4. foralli=0,...,t, — 1 do delete T, ;;

5.ty < (1+c)dy;

6 by random sampling find g, = hy € Hy, such that Sk bg,i < Bty
7. fori:=0,...,t,—1do

8
9

My i < 2by 45
By < 0; b,; < 0;

10. allocate T, ; such that T, ; contains 2m12}’z~ cells, each cell is a 5-tuple
of integers (over the universe);

11. randomly choose h,y, from Hzmg J
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12.
15.

N, < 0;d, < 0;
for all u € L, do AddEdge(v, u);

14. Procedure StoreNeighbor(v, w, j, p);

15.
16.
17.
18.
19.
20.
21.
22.
23.
2.
25.

if z, is undefined then

Z’U F (]7 p);
store (w, 2y, 2,) in position p of subtable T, ;;

else

(r,1) < zy;

(¢, pq, ng) < triple from position r of subtable T, ,;;
store (w, 2,,nq) in position p of subtable T, ;;
store (q,pq, (4,p)) in position v of subtable T, ;;
(r,1) = ng;

(q,pq, ng) < triple from position r of subtable T, ;
store (q, (4,p),ng) in position r of subtable T, ;;

26. Procedure AddEdge(v, w);

27,
28.
29.
30.
31,
32,
33,
3.
35,
6.
7.
38.
39,
40.
/1.

42.

43.
44-
45.

dy < d, +1; N, < N, U{w};
if d, < t, then

J < hyp(w);
B, j < B,; U{w}; by; < b,; +1;
if b, ; < m,; and position h,y, (w) of subtable T, ; is empty then
StoreNeighbor (v, w, j, hyx; (w));
else
if b, ; < m, ; then
put all elements in T, ; into a list L, ;;
by random sampling in HQm;Z),j Jind hyy; perfect for B, ;;
for all elements u € L, ; do
StoreNeighbor (v, u, j, by, (1)),
else
My j < 2My 5
if there is not enough space for the new subtable T, ;
(T, = 2mg,j) or Yl ! b%,i > 5t, then RehashAll(v)
else
put all elements in T, ; into a list L, ;;
delete T, ;;

allocate new subtable T, ;;
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/6.
47.
/8.
49.

50.
51,
52,
53,
54.
55,
56.
57,
58.
59,
60.
61.

62.
63.

64.

65.
66.

67.
68.
69.
70.

71.
79.
73.
7.
75.
76.
77.
78.
79.

by random sampling find h, g, in Hgm;z),j perfect for B, j;
for all elements w € L, ; do
StoreNeighbor (v, u, j, hyx; (1)),
else RehashAll(v);

Procedure DeleteEdge(v, w);
J < hyp(w);
dy < d, —1;
if d, = 0 then z, < undefined;
By < By — {w}; by by — 1;
delete triple (x,pz,ne) from position hyy, (w) of subtable T, ;;
if 2, = (j, ho,; (w)) then z, < ng;
(¢, pq, ng) < triple from position py of subtable T,,,, where p, = (p1,l1);
store (q,pg, i) in this position;
(¢, pq, ng) < triple from position py of subtable T, ,,, where n, = (pq,l2);
store (¢, ps, Ng) in this position;
if (1 + 2c¢)d, < t, then RehashAll(v);

Procedure AddVertex(v);
Ny < 0; dy < 0;
RehashAll(v);

Procedure DeleteVertex(v);
for i =0,...,t, — 1 do delete T, ;;

Function AdjacencyTest(v, w);
j — h'u,k (’U)),
if position hyy; (w) of subtable T, ; is empty then return (v,w) ¢ E
else return (v,w) € E;

Procedure ListAllNeighbors(v);
if z, is defined then

(J,p) < 205

(¢, pq, 1) < triple from position p of subtable T, ;;

report g as a neighbor of v;

while i # 2, do
(J,p) < i;
(¢, pq, 1)  triple from position p of subtable T, ;;
report g as a neighbor of v;

17
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5 Representation by Distance

In this chapter we propose two new labeling schemes, both based on computing
the distances between some chosen vertices and all other vertices. The main rea-
son why we have chosen the representation based on distance is that the distance
from all vertices to some fixed vertex has a nice property: in relatively small num-
ber of bits (O(logn) per vertex) one can store useful information for adjacency
testing. Throughout this chapter we shall use the bit-model for the measure of
complexity.

A distance between two vertices u and v in a graph G = (V, E), denoted by
dist(u, v), is the length of the shortest path between u and v. The proposed rep-
resentations are based on the symmetry of distance, i.e. dist(u,v) = dist(v,u),
therefore they can be used directly for undirected graphs only. A slight modifi-
cation for directed graphs is mentioned at the end of the chapter.

5.1 Labeling by Distinguishing Set

Definition 5.1 Let G = (V, E) be a graph. A set S = {wy,ws,...,ws} TV is
called a distinguishing set, if: for any pair (u,v) ¢ E there exists w € S such that
|dist(w, u) — dist(w, v)| > 2. We say that the vertezr w distinguishes the anti-edge
(u,v).

Labeling by distinguishing set (LDS) assigns to each verter v € V a label
corresponding to a sequence of integers {dist(v, w;)}5_;.

Lemma 5.2 Definition 5.1 is correct, i.e.:

1. There always exists a distinguishing set S of a graph G = (V, E).
2. For every (u,v) € E and each w € S is |dist(w, u) — dist(w, v)| < 2.

Proof :

1. A set S =1V fulfills the requirements of distinguishing set. Let (u,v) ¢ E.
Then there exists w = u € S such that dist(w, v) = dist(u, v) > 2 (otherwise
(u,v) € E).

2. Let S be any distinguishing set of G. Let us suppose that there is (u,v) € F
and w € S such that |dist(w,u) — dist(w,v)| > 2. W.Lo.g. let dist(w, u) <
dist(w,v). There exists a path from w to u of length dist(w,u). We can
prolong that path to v by the edge (u,v), thus constructing a path from w
to v of length dist(w, u) + 1 < dist(w, v), a contradiction.

The length of the label lab(v) assigned by LDS to a vertex v is
O35 log(dist(v, w;))). If dist(v,w;) = oo (i.e. v and w; belong to different
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connected components of ), we can define dist(v,w;) = —2. Therefore we can
assume that for v and w; from different connected components dist(v, w;) = O(1).
The time complexity of the adjacency test of two vertices v and v is proportional
to the sum of lengths of labels lab(u) and lab(v). This time is upper-bounded by
s(logn + ¢) for a suitable constant c.

5.2 Recursive Distance-Labeling

The second representation is based on a similar principle. The intuition behind
is as follows: Let us number the connected components of a graph GG. We choose
a representative vertex in every component and we compute distance from this
representative to every other vertex in the component. The label of every ver-
tex starts with the number of the component to which the vertex belongs and
continues with the distance to the representative. We know that two vertices
from various components or two vertices with the difference of distances greater
than 1 cannot be adjacent. We decompose the vertices in each component C'
into layers: Each layer L¢ 4 consists of vertices with the same distance d to the
representative. Each layer L¢ 4 induces new graph He 4 and each pair of adjacent
layers L¢ 4 and Le g1 “induce” the new bipartite graph K¢ 4. We use the same
method for representing H¢ 4 and K¢ 4 (recursion). More precisely, here is the
definition:

Definition 5.3 Let G = (V, E) be a graph. A recursive distance-labeling (RDL)
assigns to each verter v € V a label corresponding to a sequence of 5-tuples
{(€Coisdvis Qpins Quip, Qui—1)}ite, (nw > 0), each of which corresponds to some
subgraph G, ; of G, such that:

° G'u,l = G,
e the connected components in every G, ; are numbered by some fized unique
numbers from {1,2,...,|V|}, and every connected component C of G,; is

represented by a fized vertex we € V(C) (called a representative), i.e. if
two tuples (CU7i7 dUﬂ” a”U,i,lJ a’?],’i,OJ a”l],’i,—l) and (Cu;j7 d“;j’ a”u/vja17 auajy()’ a'uyj:_l) cor-
respond to the same subgraph G,; = G, the numbers of the connected
components of Gy; and G, ; and their representatives are identical,

e the distance of a vertex to the representative we of a connected component
C decomposes the vertices of C' into layers:

LC,d = {U c V(C) | diSt(U, wc) = d},

we refer to Le g as the d-th layer of C,
® c,; is the number of a connected component C,; of G,; containing v,
o d,; = dist(wc, ,,v) for each v in V(Cy;),
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b Zf du,i - 0; then Ayi1 = A0 = Aui,—1 = 07
otherwise a,;1 = ki (resp. ayio = ko, resp. a,; 1 = k_1) stands for the
ki-th (resp. ko-(th), resp. k_1-(th)) 5-tuple such that
- Vi={u|uecV(Cy,),dist(we, ,u) =dy; + 1},
i.e. Vi is the (d,; + 1)-th layer of the graph C,;,
Vo ={u | ueV(C,y;),dist(we,,,u) = dy;},
i.e. Vo is the d, ;-th layer of the graph C,;,
- Voi={u|uweV(Cy,),dist(we,,,u) = dy; — 1,d,; > 2},
i.e. ifdy; > 2, V_y is the (d,; — 1)-th layer of the graph C,,;, otherwise
V_y is the empty set,
if Vi =0, let ky = 0, otherwise:
Gv,kl = (‘/E) U va E(Cv,z) N (‘/E) X ‘/1 U Vi X %));
- G'U,ko = (%JE(C’U,’L) N (% X %));
—ifdy; =1, let k_y = 0, otherwise:
Goe, = VUV_,E(C,;)N (Vo x Vo UV x 1))).

i.e. Gyp, is the graph induced by the set of vertices Vo and Gy, (resp.
Gu . ) is the bipartite graph “induced” by partitions Vy and Vi (resp. Vj
and V_1),

e cvery (u,v) € E can be detected by the following algorithm:

Algorithm 5.4 (Adjacency Test)
Description: Test adjacency of two distinct vertices u and v.

1. 11; 7+ 1;

2. if ¢,; # ¢,; then report (u,v) € E);

3. if |d,; — d, ;| > 2 then report (u,v) ¢ £

4. else

5. w.lo.g. let dy; > dy;;

6. ifd,; =0 then report (u,v) € E

7. else

8. if d’u,i > du,j then ¢ « Ay, —1; ] S Quj
9. else i < a,;0; J < Qujp;
10. goto 3;

The mazimum number of calls, over all pairs (u,v), of goto in the previous
algorithm is called a depth of the RDL.

First, we notice that RDL-scheme can be applied to an arbitrary undirected

graph G, i.e. that the recursive process does not get into a loop. In the previ-
ous definition, each G, has less vertices than G, (the representative we,,; 18
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contained in none of the Gv,kj), thus the number of vertices in G, ; is the mea-
sure of recursion. After at most n — 1 “recursive calls” v must be chosen as the
representative and no additional “recursive call” is made. We have proven this
lemma:

Lemma 5.5 For any graph G = (V, E) there exists a representation by RDL-
scheme.

Now we shall discuss the correctness of Algorithm 5.4: Let e = (u, v). Clearly,
if u and v belong to different connected components, then e ¢ E(G). Further,
if there exists a vertex w such that |dist(w,u) — dist(w, v)| > 2, then e ¢ E(G).
(The argument is very similar to the proof of Lemma 5.2.) Otherwise, e may
or may not belong to F(G). We recursively test if e € E(H), where H is the
graph induced by the corresponding layers of GG. This recurrent process ends if
either e ¢ E(G) was detected or if u or v is the representative of their common
connected component of the corresponding subgraph of G. Therefore:

Lemma 5.6 The Algorithm 5.4 is correct.

In the bit-model, the length of a label lab(v) is counted in the number of bits.
We need to represent a sequence of tuples by a string of bits so that the address
of the i-th tuple can be easily detected. Hence, we add a table of these addresses
to the sequence of tuples. By the length of a label we understand the number of
bits needed to represent the sequence of tuples plus the size of the table, i.e. the
sequence of tuples is ¢, = O(X 72 (log¢,; + logd,; + logn,)) bits long and the
table takes additional n, log ¢, bits.

We shall try to minimize the length of the labels assigned by the RDL-scheme,
with respect to its depth. The sum of the lengths of the labels corresponds to the
space complexity, while the depth multiplied by logn + logl, where [ stands for
the maximum of the lengths of labels (in bits), upper bounds the time complexity
of the adjacency test.

If a graph can be represented by RDL of depth p, the number of tuples n, in
a label lab(v) can be upper bounded by O(3?), because every tuple induces the
existence of up to 3 more tuples and >V ;3 = O(3P). Hence, if for some family
of graphs the depth is constant, the length of labels is O(logn) and also the
adjacency test is O(logn). We shall study several graph families with constant
depth.

5.3 Properties of RDL and LDS

Lemma 5.7 Any tree T' of n vertices can be represented by an RDL-scheme of
constant depth.

21



Proof : First we prove that any stargraph S can be represented by RDL of
constant depth. Recall that a stargraph S is a tree such that each of its vertices
is joined by an edge to one fixed vertex vg. There are no other edges in S. If we
choose vg as the representative wg of S, we obtain an RDL of constant depth,
namely 2.

Now we can prove the lemma. Let us choose an arbitrary vertex wp as the
representative. The proof is based on simple observations: a) There are no cross-
edges within a layer. (Otherwise 7" would contain a cy-
cle.) b) Graph “induced” by layers Ly 4 and Ly 441 con-
sists of | Ly 4| connected components, each of which is a
stargraph. (If there were two distinct vertices uj, us €
Lt q both adjacent to the same v € Ly 441, T would con-
tain a cycle uq,...,wr,...,us,v.) From a) and b) one
can conclude that there exists RDL for 1" of depth 3.

At first sight one would say that the RDL is at least as efficient as the LDS.
This conjecture is disproved in the following lemma:

Lemma 5.8 Labeling by distinguishing set and recursive distance-labeling are in-
comparable, i.e.:

1. There exists a family of graphs G which needs asymptotically more space for
labels in LDS than in RDL. Time spent for adjacency testing is asymptoti-
cally smaller for the latter labeling.

2. There exists a family of graphs G which needs asymptotically more space for
labels in RDL than in LDS. Time spent for adjacency testing is asymptoti-
cally smaller for the latter labeling.

Proof :

1. Let G be the family of graphs G,, = (V,,, E,,) such that V,, = {vy,...,v,},
En = {(Ul,Ui) | i:3,...,n}U{(vi,vi+1 |Z: ]_,,Tl—l)}

First we assign an RDL for G,, € G: Let wy, = v; be the
representative of G, (G,, is connected). Therefore all
vertices (except v1) belong to the first layer, i.e. Lg, 1 =
Vi — {vi}. Since the graph H,; induced by Lg, 1 is a
path and thus a tree, by Lemma 5.7 there exists an
RDL of constant depth for H;. Therefore, the assigned
G,’s RDL has constant depth too.

On the other hand, let S be one of the distinguishing sets for G,, of mini-
mal size. All anti-edges join vertices from the set {vy,...,v,}. If vy € S,
v; would distinguish no anti-edge, since dist(vy,v;) = 1 for every i =
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2,...,n. Thus, the set S’ = S — {v;} would be distinguishing too, and
|S’| < |S], a contradiction. Let us suppose that there are three distinct
vertices vj,, Uy, Vig, 2 < 11 < i < i3 < n, such that v, v;,, v, € S. The
distance of any two vertices in G}, is at most two and it is 1 iff one of the
vertices is vy or if the indices of the two vertices differ by one. Therefore
the anti-edge (v;,,v;,) is distinguished by none of the vertices from S, a
contradiction. We have proven that |S| > n — 3.

The proposed RDL assigns to each vertex a label of O(logn) bits and adja-
cency test can be performed in O(logn) bit operations. Every distinguishing
set has size O(n), therefore the label of each vertex has length Q(n) bits
and the adjacency test takes time 2(n) too.

2. Let G = {K,, | n > 0}. Since K, has no anti-edges, the size of the labels
assigned by LDS and the time complexity of the adjacency test are constant.
On the other hand, one can easily prove by induction on n that every RDL
for K, has depth ©(n).

Although it seems that the size of a distinguishing set depends on the num-
ber of anti-edges in the graph (“the fewer anti-edges, the smaller the set”), the
following lemma contradicts this hypothesis.

Lemma 5.9 There exists a family of graphs G such that for any n > 0 there
exists a graph G € G of n vertices and O(n?) edges such that every distinguishing
set S of G has size O(n).

Proof : Let G consist of graphs G,, = (V,,, E,,), where V;, = {vq,...,v,} and
E =V, x Vy = {(vai—1,v2) | 1 <@ < [5]}. Let Gy, be a graph from G. Let S be
any distinguishing set of G,,. The distance from wvy;_; (or ve;) to any other vertex
(different from ve; ; and we;) is 1. Thus, no vertex different from wvy; | and vy
can distinguish the anti-edge (vg;_1,vy;), and therefore |S| > [§]. O

We shall try to specify those families of graphs which are effectively repre-
sentable by either LDS or RDL.

We studied the representation by RDL or LDS of several well-known and in
computer science widely studied families of graphs, such as trees, planar graphs,
p-dimensional meshes and hypercubes. Although all of these families are rep-
resentable efficiently by another representation, the proposed distance represen-
tations could serve as a generalization of various representations of the graph
families. The most challenging problem was to prove that the family of graphs
of arboricity upper bounded by some « is of depth proportional to a. Unfor-
tunately, this problem remains open. We solved it only for a restricted class of
planar graphs.
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Lemma 5.10 There exists a distinguishing set of size p + 1 for p-dimensional
hypercube.

Proof : Let H, be the p-dimensional hypercube. We choose the distinguishing
set S as follows: S contains all vertices with at most one digit 1. We show that
every anti-edge (u,v) is distinguished by some vertex from S. We denote the

number of 1s in u by ||u|| — the weight of u. If |||u|| — ||v]|| > 2, the anti-
edge (u,v) is distinguished by the vertex 0...0 € S. Otherwise, w.l.o.g. let
N————
P

llu|| < ||v||. Clearly, ||u|| > 0 (if not, 0...0 is joined to every vertex of weight

p
1 and therefore (u,v) would not be an anti-edge). Since (u,v) is an anti-edge,
at least one 1 in w is in a position where v has 0. As a distinguishing vertex for
(u,v) we can choose any vertex w € S such that the digit 1 in w is in a position in
which u has 1 and v has 0. Then dist(u, w) = ||u|| — 1, and dist(v, w) = ||v|| + L.
Thus, the anti-edge (u,v) is distinguished by w. O

Corollary 5.11 A hypercube can be represented by LDS as efficiently as by hash-
ng.

The best lower bound for the size of a distinguishing set for a hypercube is
an open problem. An answer to the question what is the complexity of the best
RDL representation of a hypercube remains open too.

We conjecture that the RDL representation of graphs of bounded arboricity
gives the same time and space complexity as the representation proposed by
Kannan et. al. (see [12]). We prove this claim for the family of planar graphs
(which have arboricity upper bounded by 3). First, we prove it for the family of
boundary planar graphs, and then we generalize it for any planar graph.

Definition 5.12 Let G be a planar graph. We call G boundary planar if it can
be embedded into a plane so that all its vertices are on a boundary of the same
face.

Let us note that a boundary planar graph is not necessarily connected. It is
a union of its connected boundary planar components.

Theorem 5.13 For any boundary planar graph G there exists a recursive dis-
tance-labeling of constant depth.

Proof : Without loss of generality we can assume that G is connected. Let us
f embed G into a plane as described in Definition 5.12. We denote the
face common to all vertices by f. Let us denote the vertices on f

3 v ]
v 01 clockwise by vy, vy, ..., v, and let us choose wg = v; to be a represen-

24



tative of G. The distance of a vertex to the representative of G decomposes the
vertices of G into layers L¢ 4. First, we show the following claim:

Let v;), Vi, ..., v, where 1 <y < iy < ... <1y <n, q=|Lggl|, be the vertices
in the Lg.q, d-th layer of G. If (vi;,v;,) € E(G), then |j — k| = 1.
We show, that e = (v;;, v;,) € E(G), for some j, k such that |j — k| > 2, leads
to a contradiction. We know that the shortest path from v,
toevery v;, forl =1,...,qhaslength d. If |[j—k| > 2, w.lo.g.
let j < k, any path from v; to v;,,, must pass through either
i v;; or v;, (because of the topology). Therefore the shortest
“We =U1 path from vy to vy, has length at least d+1, a contradiction.

Let Hzq = (L, E(G) N Lgg X Lgq). Such a graph corresponds to Gy k.
where dist(wg, v) = d and kg is from the first 5-tuple in lab(v) . As shown in the
above claim, Hg 4 is a union of vertex-disjoint paths. By Lemma 5.7, each path
can be represented by RDL-scheme of a constant depth.

We need to prove that also Kgq = (Lgg U Lga+1, E(G) N (Lga X Lg a1 U
L¢ a1 X Lga)) corresponding to G, g, can be represented by RDL-scheme of a
constant depth.

- —— == ——

Let us recall, that v; ,...,v; denote the vertices in Lggq and let j < ¢q. We
denote by wvy,,..., vy, all the vertices from Lg 441 such that i; < k& < 754, for
l=1,...,r (ie. all the vertices from L 441 lying between v;; and Uij+1)' W.lo.g.

. we can assume that k; < ... < k,. Let ¢ be the longest
Uky o A Uk number such that (vg,,v;;) € E(G). Because of the
Uij/ o \l,‘viHl embedding into the plane, no w,, t' < t can be ad-
' jacent to v;,,,. However, every v, must be adjacent
to at least one of the vertices v;, and v;,,,. Therefore
(vg,,vy;) € E(G) forl =1,...,tand (v, vi;,,) € E(G)
for I =t¢+1,...,r. The “edge” (v,,v;,,,) is optional. We call a bipartite graph
“induced” by vertices v;,, v;,,, and all vy, a block By, i.e. B; = (V] Uwvy, E(G) N
(VI x Vo uVy x V), where Vi = {v;;, V;,, } and Vj = {vy, | I=1,... 1}
We have shown that every block B; (j=1,...,¢—1) is either a tree or a
Uk, forest consisting of 2 stargraphs. The graph K¢ 4 is a
union of all blocks B;. By the above claim, two distinct
blocks B; and By share a vertex iff |j — k| = 1. If
J +1=F, the only shared vertex is v;,. Hence K¢ 4 is
a forest and by Lemma 5.7 it can be represented by an
RDL of constant depth.

Ttwe =

If G is “boundary”-embedded into a plane, the RDL of constant depth can be
created in O(n) time. Later we shall discuss the case when G is not embedded
into a plane.
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Let us mention that there is a subfamily of the family of boundary planar
graphs such that for any n there exist a boundary planar graph of n vertices
which requires the distinguishing set of size |S| = ©(n). (An example of such a
family of graphs is given in the proof of Lemma 5.8, item 1.)

Theorem 5.14 For any planar graph G there exists a recursive distance-labeling
of constant depth.

Proof : Let G = (V, E) be a planar graph embedded into the plane. W.l.o.g.
let G’ be connected. Let us choose some vertex w¢ lying on the boundary of the
outer face of this embedding of GG as the representative of G. First we prove that
each graph Hg g4, d > 0, induced by the layer Lgq is a boundary planar graph
(not necessary connected) and thus, by Theorem 5.13 it is representable by RDL
of constant depth. Let us suppose that Hg 4 is not boundary planar, i.e. there is
no embedding of H¢; 4 into a plane such that all its vertices share a common face.
Therefore the embedding of Hg 4 corresponding to the embedding of G' has this
property too. Let V¢ ; be the set of vertices in Hg 4 lying on the boundary of the
outer face. By the above assumption, there is a vertex v € V(Hgq) — Ve a lying
“inside” this embedding of Hq 4 (i.e. not on the boundary of the outer face).
Hence, all paths in G from v to wg have to pass through at least one vertex in
Vi a (because we lies on the boundary of the outer face of ), a contradiction
with the assumption that v and all vertices in V¢, ; are equally distant from wg
in G.

We need to prove that also the graph K¢ 4 “induced” by the layers Lg 4 and
L 441 has a suitable RDL-representation. There exists a set of paths {P, | v €
L¢ 4} such that each path P, is of length d, and joins v with wg. We can rearrange
the paths in this set so that no two path P,, P, cross, i.e. there exists [ such that
paths P,(wg = uy,ug, ..., uy, = u) and P,(wg = vy,...,v, = v) share exactly
the first [ vertices: u; = v; for © < [, and u; # v; for ¢,7 > . Let P,, P, be
two paths crossing each other, i.e. w; = v; for some 7,5 > 1 and there exists
k < min{i, j} such that uy # vg. If ¢ # j, either P, or P, can be shortened, a
contradiction. Therefore ¢ = j and P,, P, can be rearranged so that they share
the first 7 vertices. Continuing with this process we obtain the desired set of
paths.

vertices from L¢ 4
° vertices from L¢ g1
-=- edges from Hgq
— edges from Kg 4

""" virtual edges
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We can denote the vertices in L 4 by vy, ..., v, (¢ = |Lg.4|) in clockwise order
following the paths from w¢ (i.e. there is no other path P,, “between” paths P,
and P, +1). We can add a virtual edge between every pair of vertices v;, v;y1
(and vy, v,) without disturbing the topology. Thus, we can suppose that Hg 4
is a connected boundary planar graph such that joining any two non-adjacent
vertices by an edge embedded in the outer face of the actual embedding implies
that there is a vertex not lying on the boundary of the outer face. Further, we
can suppose that all vertices from Lg 441 are located in non-boundary faces of
Hgyd.

Let C be a connected component of K¢ 4 and let any vertex from L 4 be its
representative, w.l.o.g. let it be v; = w¢. Since K¢ 4 is a bipartite graph, each
He ¢ consists of isolated vertices and it is of constant depth. We show that all
K¢ o are of constant depth too.

Let d' be odd. Then Lcgy C Lgg41. Further, there exists a set of paths
{Ry | v € Leg} such that each R, (length of R, is d') connects v; with u in
C, and no two path R,, R, (u # v) cross. We denote the vertices in L¢ 4 by
Uy, ..., u, in clockwise order following the paths from v;. Let us suppose that
u; and u; (i < j) share a neighboring vertex v’. Then, due to the topology, for
every k (i < k < j), ug is either isolated in C, or it is joined by an edge to the
only vertex v'. Moreover, distinct u; and u; share at most one vertex. Therefore,
K¢ is a forest, and by Lemma 5.7 it is representable by an RDL of constant
depth.

Let d' be even and let Loy = {vg,,..., vk, | k1 < ... <ks}. Let u be the

vertex from the (d' + 1)-th layer of C. We show that if

vk, ket (u,vy,), (u,v) € E(C) for some i # j, then |i —j| = 1.
\{L/‘ Let us suppose that (u,vy,), (u,v;) € E(C) and j > i+ 1.
Vol Then any path from wvy,,, to we in C has to pass through

either v, w;, or u. Hence, d' = dist(vy,,,wc) >
we min{dist(vg,, we), dist(vg;, we), dist(u, we)} = d', a contra-
diction.

We can choose vy, to be the representative of the connected graph K¢ 4 (if

K¢ o is not connected, we choose the “leftmost” vy, as the representative of a

connected component C', i.e. if C' consists of ver-

tices vk, Ug,,,,- - -, Uk;, the representative of C" is

. Uki)- Both HC’,d” and KC’,d” are representable by

Yks  a constant depth RDL, because H¢r 40 does not
contain any edge and K¢ g is a stargraph.

C’/

O

There is an O(n) algorithm embedding a planar graph into a plane (N. Chiba,
T. Nishizeki, and S. Abe, see [1]). Therefore we can represent a planar graph by
RDL in O(n) time because every boundary planar subgraph that needs to be rep-
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resented is already “boundary”-embedded into the plane. Since every boundary
planar graph is planar we can represent a not embedded boundary planar graph
in O(n) time as well.

5.4 A Note on Digraphs

Digraphs can be represented by RDL with this slight modification: Let

(Cviy Ay iy Qo i1y Gy io, Gyi—1) be the i-th tuple in the label lab(v) and let d,; = 1.

Let us denote by C the connected component of G,; containing v. In this case

the number a,; _; = 0. We can modify the RDL and assign to a,;_; either 0,

—1, or —2 according to the direction of the arc between v and we (for example, 0

stands for (we,v), —1 stands for (v, we), and —2 stands for both of these arcs).
LDS can be modified similarly.
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6 Pseudoarboricity and Density

As we have already mentioned, several authors studied representations of static
graphs from the family of graphs of bounded arboricity. We want to represent
dynamic graphs from this family. There are two basic approaches: Either we can
assume that the graph to be represented always belongs to the family of graphs
of arboricity bounded by some given « (“promise”), or we can check during the
process whether the arboricity is less than « and if not, we can report an error.
We have developed an algorithm which can check if some added edge results in
arboricity greater than « in O(m) time. The space complexity of this algorithm
is optimal and the graph is always represented in the optimal space too. Since
an O(m) time for an update operation is too long, we wanted to find some lower
bound of this time complexity. Although we were not successful in finding the
lower bound, we have developed an algorithm for finding a density of a graph (see
Theorems 6.6 and 6.7 for the relation to the arboricity) which gives an intuition
what can or what cannot speed up the algorithm.

6.1 More Definitions and Basic Theorems

In the proofs of correctness of the algorithms we shall need several well-known
theorems of the graph theory. First we introduce some basic notions.

Let G = (V, E) be a graph and let A, B C V be two subsets of its vertices.
Any path from a vertex in A to a vertex in B is called an A-B path. We say that
a set of vertices S (resp. a set of edges H) separates A from B if every A-B path
contains a vertex from S (resp. an edge from H).

We can now formulate the Menger’s Theorem and its corollary:

Theorem 6.1 (Menger) Let G = (V, E) be a graph and A,B C V. Then the
minimum number of vertices separating A from B in G is equal to the mazimum
number of disjoint A-B paths in G.

Corollary 6.2 Let a and b be two distinct vertices of G. The minimum number
of edges separating a from b in G is equal to the maximum number of edge-disjoint
a-b paths in G.

In our algorithms we shall find the maximal flow in a proper network. A
network is a directed graph which has a nonnegative capacity assigned to each of
its arcs. In every network one vertex is determined as a source and one vertex as
a sink. A flow is an assignment of nonnegative values to the arcs satisfying:

1. the value of an arc is less than or equal to the capacity of this arc,

2. let the “invalue” of a vertex be the sum of the values of arcs incoming to
this vertex, and the “outvalue” be the sum of the values of arcs outgoing
from this vertex,
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3. for any vertex different from the source and the sink the “invalue” equals
the “outvalue”,

4. the “outvalue” of the source is greater or equal to its “invalue”.

The difference of the “outvalue” and the “invalue” of the source is called a flow-
value.

A pair of disjoint sets of vertices A and B such that AU B =V, A contains
the source and B contains the sink, is called a cut. A capacity of a cut is the
difference between the sum of the capacities of the arcs from A to B and the sum
of the capacities of the arcs from B to A.

Theorem 6.3 (Ford & Fulkerson) In every network, the mazimum flow-value
equals the minimum capacity of a cut.

In our algorithms we shall use the decomposition of a graph into the “pseud-
oforests” instead of finding the “continuous” density (recall Definition 2.2). A
pseudoarboricity is defined similarly as the arboricity.

Definition 6.4 A pseudotree is a connected graph which contains exactly one
cycle. A pseudoforest is a graph in which each connected component is either a
pseudotree or a tree.

Definition 6.5 A pseudoarboricity ¥(G) of a graph G is the minimal number of
edge-disjoint pseudoforests into which G can be decomposed.

The following results are due to Pickard and Queyranne (see [17]). They
stated the relation between arboricity, density and pseudoarboricity. In the next
section we give another proof of the following theorem. Our algorithms are based
on this proof.

Theorem 6.6 Let G = (V, E) be a graph of density 6(G). Then 9(G) = [§(G)].

Theorem 6.7 Let G be a graph. Then either v(G) = 9(G) or v(G) = J9(G) — 1.

6.2 Computing the Pseudoarboricity

In this section we present an algorithm which decides whether a given number &
upper-bounds the pseudoarboricity of a given graph G. (We refer to this problem
as the pseudoarboricity decision problem (PDP).) Although its time and space
complexity are the same as these complexities of the best known algorithm by
Gabow and Westermann (see [7]), we believe that the straightforward graph-
theoretic approach which we have developed is easier to understand than the
approach of Gabow and Westermann using matroids. Our algorithm has one more
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advantage — its complexity depends on a complexity of a max-flow algorithm.
Thus, speed up of a max-flow algorithm results in a speed up of our algorithm.

Step by step we shall develop several algorithms leading to the desired al-
gorithm for PDP. The main idea of the algorithms presented here consists in a
proper “orientation” of the edges of the undirected graph G.

Definition 6.8 Let G = (V, E) be an undirected graph. By replacing each edge
e = (u,v) € E by a directed arc (either (u,v) or (v,u)) we get an orientation

O(G) of G.

The following theorem states a relation between the orientations of a graph
and its decompositions into the pseudoforests. The proposed algorithms are based
on this relation.

Theorem 6.9 The pseudoarboricity of a graph G equals the minimum, over all
orientations of G, of the mazximal outdegree of its vertices; i.e.

VG) = moin maxout(O(G)),

where maxout(O(G)) is the mazimal outdegree of vertices in the orientation

0(G).

Proof : To prove ¥(G) > minp maxout(O(G)), we construct an orientation
O'(G) of G with maxout(O'(G)) < J(G).

Let us decompose G into ¥(G) edge-disjoint pseudoforests Fi,. .., Fy). For
every F; we orient its edges as follows: Let us root every tree in F; and orient
every edge of the tree from a child to the parent. In all remaining pseudotrees
in F; let us orient the edges on the cycle so that the result contains a directed
cycle. Let us remove one arc, say (u,v) from the cycle and let v be the root
of the resulting tree. Let us orient all remaining undirected edges from a child
to the parent. Clearly, the outdegree of every vertex in F; with respect to this
orientation is at most 1. Therefore the maximal outdegree in G is at most 9¥(G).

To prove ¥(G) < minp maxout(O(G)), we show that given an orientation
O'(G) of G one can decompose G into maxout(O'(G)) edge-disjoint pseudoforests.

Let O'(G) be an orientation of G. Let us color the arcs of O'(G) by colors
numbered 1, ..., maxout(O'(G)) so that no two arcs (u,v;) and (u,vy) have the
same color. We call such coloring an edge-coloring of a digraph. Let F; = (V, E;)
be the digraph consisting of the arcs of color 7 and let C' be one of its connected
components. We need to show that C is either a tree or a pseudotree. This
property follows directly from the following claim (for H = C' and F = F}):

Let F be a digraph edge-colored by a single color. Any connected subgraph H of
I is either a tree or a pseudotree.

We prove the claim by induction on |E(H)|. If |E(H)| = 0, H consists
of one vertex and it is a tree. Let |E(H)| > 0. It is simple to observe that
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outdegy (v) < 1 for every v € V' (because of the coloring). Let u be a vertex in H
such that u has no incoming arcs in H. If there is no such u, from the previous
observation it follows that the component H is a cycle and thus a pseudotree.
Otherwise, let (u,v) be the arc in H. By removing this arc from H we obtain
connected subgraph H' which, by the induction hypothesis, is a (pseudo)tree.
Since degy(u) =1, H is a (pseudo)tree too. O

The following min-max theorem can be proved using the previous theorem and
Theorem 6.6. We give another proof of it which will result in the first proposal
of an algorithm for pseudoarboricity (or ceiling of the density, by the min-max
theorem).

Theorem 6.10 Let G be a graph. Then the minimum, over all orientations of
G, of mazimal outdegree of its vertices equals the ceiling of the density, i.e.

moin maxout(O(G)) = [§(G)]

Proof : To prove minp maxout(O(G)) > [6(G)], let us fix some orientation
O'(G) and suppose that H is a subgraph of G. Then |V (H)|.maxout(O'(G))
edges cover all edges in H and therefore |V (H)|.maxout(O'(G)) > E(H). This
inequality holds for every subgraph H, thus: maxout(O'(G)) > [§(G)].

To prove minp maxout(O(G)) < [6(G)], we show the following claim:

For any graph G with n vertices, m edges and density upper bounded by some
fized o € N there exists an orientation O'(G) such that maxout(O'(G)) < a.

We prove it by induction on m. For m = 0 the claim holds. Let G; be a
graph with n vertices, m > 0 edges and the density upper bounded by a. Let us
suppose that the claim holds for any graph of n vertices, m — 1 edges and density
d < . Removing one edge (u,v) from G results in a graph Gy which fulfills
the induction hypothesis. Therefore there exists an orientation O'(Gy) such that
maxout(O’(G2)) < a. Now we add the removed edge to the oriented G5 and we
shall orient it. If any of its end vertices u, v has outdegree less than «, we can
orient the edge out from this vertex. If not, we shall follow the outgoing arcs
from both of these vertices (we can use, for example, the breadth-first search).
We shall stop either if there is a vertex of outdegree less than « or if there are no
more vertices to discover.

In the first case, let w be the vertex of outdeg(w) < « and let, e.g., u be the
vertex from which there exists a directed path to w. We switch the directions of
all arcs on this path and orient the edge (u,v) from u to v. The outdegrees of the
interior vertices on the path and of the vertex v do not change and the outdegree
of w increases by 1. Therefore every vertex in this orientation has outdegree less
than or equal to a.

In the second case, the density of GG; is greater than «, a contradiction. O
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One can easily prove Theorem 6.6 by combining Theorems 6.9 and 6.10.

We are now ready to present the first algorithm for pseudoarboricity. We
shall later show that a slight modification of this algorithm solves the PDP with
a better complexity.

Algorithm 6.11 (Pseudoarboricity)
Description: Given a graph G = (V, E), compute its pseudoarboricity 9(G) and
decompose it into corresponding pseudoforests.

1.
2.
3.

RS ™

Set 9 = 0.
Choose some undirected edge (u,v). If there is none, go to step 7.

Perform the breadth-first search from u, following directed arcs only. If any
w such that outdeg(w) < 9 is found, reverse all arcs on the path from u to
w and orient (u,v) from u to v.

(Note: Arcs counted in outdegree must be directed.)

If there is no such w, perform the step 3 with vertex v and continue with
step 5. Otherwise go to 2.

If there is no such w, increase ¥ by 1. Orient (u,v) arbitrarily.

Go to step 2.

Report pseudoarboricity 9.

Color each arc by some color from {1,...,9} so that for each verter u it
holds that no two distinct arcs (u,vy) and (u,vy) are of the same color.

Report pseudoforest F; = (V, E;) to be the graph consisting of exactly those
edges colored by the color 1.

Correctness of the algorithm follows from the proofs of Theorems 6.9 and 6.10.
Its time complexity is O(m?), where m = |E| (since the breadth-first search is
O(m) and it is performed for all edges), and the space complexity is O(m).

Algorithm 6.12 (Pseudoarboricity Decision Problem)
Description: Given a graph G = (V, E) and a number k, decide whether 9(G) < k.
If yes, decompose G into at most k pseudoforests.

1.
2.

Choose some undirected edge (u,v). If there is none, go to step 6.

Perform the breadth-first search from u, following directed arcs only. If any
w such that outdeg(w) < k is found, reverse all arcs on the path from u to
w and orient (u,v) from u to v.

(Note: Arcs counted in the outdegree must be directed.)

If there is no such w, process the step 2 with vertex v and continue with
step 4. Otherwise go to 1.

If there is no such w, return 9(G) > k.
Go to step 1.
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6. Report that 9(G) < k.

7. Color each arc by some color from {1,... k} so that for each vertex u it
holds that no two distinct arcs (u,v1) and (u,vy) are of the same color.
Report pseudoforest F; = (V, E;) to be the graph consisting of exactly those
edges colored by the color 1.

The time complexity of this algorithm is O(k?n?), while the space complexity
is O(m). In the rest of the chapter we shall optimize the time complexity of these
algorithms. The idea of the optimization is simple — in the previous algorithms
we have repeatedly performed some set of steps for each edge, and now we shall
try to perform these steps for several edges at the same time. We shall reduce
the pseudoarboricity problem to the max-flow problem:

Algorithm 6.13 (Pseudoarboricity Decision Problem)
Description: The same as for the Algorithm 6.12

1. Arbitrarily orient all edges in G.
2. Add two new vertices to G, one source s and one sink t.

3. Let S be the set of all vertices of outdegree greater than k. Add new directed
arcs from s to every vertex in S.

4. Let T be the set of all vertices of outdegree less than k. Add new directed
arcs from every vertex in T to t.

5. Assign a capacity outdeg(u) — k to every arc (s,u) and a capacity
min{indeg(u), k — outdeg(u)} to every arc (u,t). Let any other arc (not
incident to s or t) be unit-cost (i.e. set its capacity to 1).

6. Find a maz-flow on the directed G.
7. If the value of the flow is less than Y ,cg(outdeg(u) — k), return 9(G) > k.
Otherwise report that 9(G) < k, switch the directions of all the “flow” edges,

delete s and t with all their incident edges, and report pseudoforests (see
Algorithm 6.12, step 7).

Theorem 6.14 Algorithm 6.13 is correct.

Proof : We prove the following claim:

Let O1(G) be some orientation of G, k € N be an integer, S = {u € V' | outdeg(u)
>k} andT = {u € V | outdeg(u) < k}. Let M =3, cq(outdeg(u)—k). Then the
pseudoarboricity is less than or equal to k iff there exist M edge-disjoint directed
S-T paths such that every v € S is used as a start-vertexr of an S-T path ezxactly
outdeg(u) — k times and no end-vertex u € T is used as an end-vertex more than
k — outdeg(u) times.

Let us suppose that there exist M edge-disjoint S-T" paths claimed. We can
reverse all arcs on each of the paths and obtain an orientation Oy(G). (Notice
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that outdegrees have changed only for the start and end-vertices.) Since every
vertex u € S is a start-vertex of exactly outdeg(u) — k paths, by reversing the arcs
every v € S decreases its outdegree by outdeg(u) — k. Since every vertex u € T
is an end-vertex of no more than & — outdeg(u) paths, its outdegree increases by
at most k — outdeg(u). Therefore the maximal outdegree in orientation O(G) is
upper-bounded by k and by the Theorem 6.9 the pseudoarboricity of G is less or
equal to k.

Conversely, if 9(G) < k, we shall inductively construct M required edge-
disjoint S-T" paths. Let S’ be the multiset consisting of all vertices from S such
that every vertex v € S is in S’ with a multiplicity outdeg(u) — k times. (Notice
that a set of edge-disjoint S-T paths is also a set of edge-disjoint S’-T paths,
and vice-versa.) Let us denote the vertices in S’ by vy,...,v, (not necessarily
distinct) and for i € {1,...,¢} let us suppose that edge-disjoint paths P, ..., P;
have been found, such that P; starts in v; and no vertex u € T is an end-vertex of
more than k& —outdeg(u) paths. Let O, ;(G) denote the orientation of G obtained
from O;(G) by reversing all arcs on the paths Pj,..., P;. By performing the
breadth-first search from v;1; on Oq;(G), one can find a vertex w € T such that
outdegp, (@) (w) < k. If no such w exists, the subgraph of G containing all the
vertices inspected by the search has density greater than k£ and therefore, by
Theorem 6.6, ¥(G) > k, a contradiction.

Let P' = x1,...,xp be a directed path from x; = v;;1 to zy = w. We shall
inductively rearrange the paths P;,..., P; and P’ so that the new set of paths
P pew, Ponew, - -, Pit1new = Ple,, satisfies:

1. Any two different paths from the set are edge-disjoint,

2. the set of edges in G covered by paths Py,..., P;, P' is identical with the
set of edges covered by P new, - - -5 Pit1 new,

3. Pj starts in v; for each j,

4. no vertex u € T is an end-vertex of more than k& — outdeg(u) paths.

Let us switch back to the orientation O;(G). Let j' be the longest index such
that (xj11, ;) belongs to some of the P, ..., P; paths, w.lo.g. let it be P,. If
there is no such j’, the path P’ shares no edge with any other path and therefore

it could be chosen for P;, ;. Otherwise, P, = y,...,y,

L, T (in orientation O,(G)), where y; = v; and y; = xj

P p. 2y for some j > 2. We rearrange the edges on the

Yj—1 = a:jfﬂ_;g.xl‘: _ . paths P and P'. Let the new P; be yi,...,y;-1 =

Yi =i Tjig1, Ljige, ..., oy and let the new P’ be xy,..., 25 =

Vi = 4 Yi, Yj+1,-- -, Y. We can continue with the process de-

' “wiz1 =1 scribed in this paragraph with the new paths P, ...,

P; and the new P'. Since each step decreases the num-

ber of edges of P’ shared with some other path, the process is finite and results
in finding a suitable F;;;. This completes the proof of the claim.
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In order to complete the proof of the theorem, let O;(G) be the orientation
of G in step 1 and let G’ be the weighted digraph with added s and ¢ on which
max-flow is to be performed in step 6. Notice, that S-T" paths specified in the
claim extended to the start-vertex s and the end-vertex ¢ form a max-flow on
G’'. Conversely, if max-flow on G’ of value M is found, by Ford & Fulkerson and
Menger’s Theorems (see 6.3 and 6.2) one can find such S-T" paths. O

The time complexity of the Algorithm 6.13 depends on the time
complexity of the max-flow algorithm. According to the survey by Andrew
V. Goldberg (see [8]), the integer capacity max-flow can be computed in
O(min(n??, m'?)mlog(n?/m)logU), where U > 1 is the upper bound of the
capacity of an edge and n and m are the number of vertices and edges, respec-
tively. This is the result of Andrew V. Goldberg and Satish Rao, see [9]. In
our case, the graph G’ on which the max-flow is going to be performed has
capacities less than n’ = O(n), and m' = O(m), because Y ,cy(indeg(v) +
outdeg(v)) = O(m). Therefore finding the max-flow on G’ has time complex-
ity O(min(n?/?, m'/?)mlog(n?/m)logn). If we determined ¥(G) by the binary
search using Algorithm 6.13, the overall time complexity of the algorithm for
pseudoarboricity would be O(log(6(G)) min(n?/?, m*/?)mlog(n?/m)logn).

We can improve this time complexity by using a max-flow algorithm on a
graph with all edges of unit-cost. We shall slightly modify the previous algorithm
by omitting the step 5 and modifying the steps 3, 4, 6, and 7:

Algorithm 6.15 (Pseudoarboricity Decision Problem)
Description: The same as for the Algorithm 6.12

1. Arbitrarily orient all edges in G.
2. Add two new vertices to G, one source s and one sink t.

3. Let p, = outdeg(u) — k. For every vertex u € S add p, new vertices

U1, ..., Uy, and new directed arcs (s,v;) and (vi,u) for alli € {1,...,p,}.
4. Let q, = min{indeg(u),k — outdeg(u)}. For every vertex v € T add
new vertices vy, ...,vq, and new directed arcs (u,v;) and (v;,t) for all i €
{1,...,qu.}
5. Skip.

6°. Find a mazx-flow on G with all unit-cost edges.

7. If the value of the flow is less than Y_,cg(outdeg(u) — k), return 9(G) > k.
Otherwise report that 9(G) < k, switch the directions of all the “flow” edges,
delete every new vertex with all its incident edges, and report pseudoforests
(see Algorithm 6.12, step 7).

The problem of finding the max-flow on a directed graph with unit-cost edges
was solved independently by Alexander V. Karzanov (see [13]) and by Shimon
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Even and R. Endre Tarjan (see [4]). The time complexity of the algorithm is
O(min(n?3, m?)m).

In the Algorithm 6.15, the graph G’ on which the max-flow algorithm is going
to be performed (in step 6’) has O(n+m) vertices and O(m) edges. Therefore the
max-flow algorithm takes O(m3/?) time (we can assume that n = O(m)). Using
the idea of the binary search then completes the proof of the following theorem:

Theorem 6.16 For a given graph G and an integer k the question “Is the density
of G less than or equal to k?” can be answered in O(m3/?) time and O(m) space.
The pseudoarboricity 9(G) of a graph G and a decomposition of G into V(QG)
pseudoforests can be found in time O(log(9(G))m3/?).

Several authors studied the k-pseudoforest problem (here pseudoarboricity de-
cision problem, see Algorithm 6.12): Jean-Claude Picard and Maurice Queyranne
(O(m*), see [17]), James Roskind and Robert E. Tarjan (O(m? see [18]) and
Harold N. Gabow and Herbert H. Westermann (O(m?%2), see [7]). In their pa-
per, Gabow and Westermann developed some algorithms for matroids and sums
of matroids and by running the algorithms on a suitable graphic matroid they
obtained the same time complexity as the algorithm presented here. The main
contribution of our algorithm is in the reduction to a max-flow algorithm. The
coherence between the lower-bounds for the time complexity of the max-flow
problem and for the decision problem for the pseudoarboricity remains an open
problem.

6.3 Approximation Algorithm

At the end of the chapter we propose an approximation algorithm for the pseu-
doarboricity problem.

Algorithm 6.17 (Approximation of Pseudoarboricity)
Description: Given a graph G = (V, E), compute a number V' not greater than
29(G) and decompose G into ¥ pseudoforests.

1. Initially, let G, = (V1, Ey) be a copy of G and let ¥ = min,cy deg(v).

2. If there is no remaining vertexr in Gy, go to step 6. Otherwise choose a
verter u; € Vi having minimal degree. If deg(uy) > ', let 9" = deg(uq).

3. Orient each undirected edge (u,v) € E from u to v, i.e. change it into an
arc (u,v).

4. Delete vertex uy and all its incident edges from G.

5. Go to step 2.

6. Report ' and construct pseudoforests by coloring the outgoing arcs by colors
L,...,v. (See Algorithm 6.11, step 8.)
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Proof of correctness: Let us suppose that GG is a graph of density ¢. By the
pigeon-hole principle in any subgraph H of G there exists a vertex u such that
degy u < 26. (Otherwise E(H) > §V(H), a contradiction with the definition of
the density.) Therefore the vertex u; chosen in step 2 has degq, u1 < 26, thus
¥ <25 <20 0O

It often suffices to have some reasonable approximation of the pseudoarboric-
ity. The Algorithm 6.17 may be helpful in this respect. Its main advantage is
its time and space complexity — both are optimal: O(m). Finding a better ap-
proximation may further contribute as follows: If there was an approximation
algorithm reporting ¥’ such that J' < f(G)J(G), where f(G) = 14 0(1), the time
complexity of the algorithm for pseudoarboricity using binary search could be
improved (the searched interval would be smaller). Finding such approximation
algorithm remains an open problem too.
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7 Summary of Open Problems
We propose several open problems and suggestions for further work:

e [s it possible to improve the hashing-based representation of dynamic graphs?

e Does there exist an optimal recursive distance-representation for the graphs
of bounded arboricity?

e What is the lower bound for the size of a distinguishing set of a p-dimensional
hypercube? (We conjecture that it is p + 1.)

e [s it possible to represent a p-dimensional hypercube by a recursive distance-
labeling efficiently?

e Can the knowledge of the arboricity of a dynamic graph be helpful in main-
taining its representation?

e What is the relation between the time complexity of the max-flow algorithm
and the algorithm for pseudoarboricity decision problem? We have shown
that the PDP can be solved in the same time as the max-flow on directed
graph with all unit-cost edges. Does it hold conversely?

e Does there exist a better approximation algorithm for pseudoarboricity prob-
lem running in reasonable time? Such an algorithm could be used to find a
faster algorithm for computing the pseudoarboricity.
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