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 VigodaDe
ember, 2002Abstra
tEstimating the volume of a 
onvex body is an important algorithmi
 problem. High dimen-sions pose an espe
ially diÆ
ult task for the algorithm designer. To be 
onsidered eÆ
ient, therunning time must be polynomial in the dimension. The �rst provably eÆ
ient approximationalgorithm was presented by Dyer, Frieze and Kannan in 1989, and steadily improved by variousauthors over the next de
ade. Fundamental to these works is the analysis of random walks forgenerating a random point from a 
onvex body.Kannan, Lov�asz, and Simonovits re
ently analyzed a natural random walk known as theball walk. By bounding the so-
alled 
ondu
tan
e, they obtain (via a Cheeger-type inequality)a bound on the Poin
ar�e 
onstant of the random walk. Their bound proves the walk 
onvergesto a random point in time O�(n3D2), where n is the dimension and D is the diameter ofthe body. We survey and present a self-
ontained view of their work. In addition, followingan outline proposed by Jerrum, we slightly modify the KLS analysis to bound the Poin
ar�e
onstant without using a Cheeger-type inequality.
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1 Introdu
tionSampling points uniformly at random from high-dimensional 
onvex bodies is a natural problemwith many appli
ations su
h as approximating the volume of a 
onvex body.Throughout this text K � Rn denotes an n-dimensional 
onvex body of diameter D. The bodyK as well as a pre
ision " is given to the sampling algorithm and it produ
es a point, or a set of(almost) independent points, sele
ted (almost) uniformly at random from K. The proximity to theuniform distribution is 
aptured by the pre
ision " and the algorithm is required to run in (expe
ted)polynomial time in n and 1=". (In fa
t, the algorithm presented here runs in time polynomial inlog(1=").) To avoid implementation issues the body K is given by a membership ora
le where forevery point we 
an ask if the point is in the body. Time is measured in the number of ora
le 
alls.A straightforward Monte Carlo approa
h wraps the 
onvex body into a re
tangular box andsamples points from this box until it �nds one in the body. The output is a random point from thebody, but the expe
ted time needed to generate a point grows exponentially with dimension n.The �rst polynomial time randomized algorithm was obtained by Dyer, Frieze, and Kannan in1989 [5℄ and it was based on a random walk on a �ne grid embedded in K. Their result, an O�(n23)running time for the volume appli
ation, was improved several times over the next eight yearsby various 
ombinations of these authors (listed in alphabeti
al order): Applegate, Dyer, Frieze,Kannan, Lov�asz, Simonovits, see [13℄, [2℄, [12℄, [4℄, [14℄, [15℄, and [11℄. The latest algorithm byKannan, Lov�asz, and Simonovits runs in time O�(n5). (The O�-notation, or the \soft-O" notationhides logarithmi
 fa
tors and other fa
tors independent of n.) It is based, as several previousalgorithms, on a ball walk approa
h. The new analysis of the ball walk Markov 
hain grantsO�(n3D2) running time for sampling. The authors are able to transform the body into an (almost)isotropi
 position to guarantee low diameter and obtain O�(n5) time bound.Basi
 idea of all the algorithms is to design a Markov 
hain with proper limiting distribution,ideally the uniform distribution, and a good 
onvergen
e rate.The ball walk Markov 
hain is a random walk on the 
onvex body where for �xed Æ > 0 in one stepwe 
an move to a point distant at most Æ from the 
urrent point. There are two important variantsof the ball walk { the speedy walk and the Metropolis walk. In the speedy walk we 
hoose the nextpoint uniformly from all points in the body distant at most Æ. More pre
isely, if x is the 
urrentpoint and B(x; Æ) is the set of all points at most Æ away from x (a ball of radius Æ 
entered at x),then the next point is 
hosen uniformly at random from B(x; Æ)\K. If Æ is larger than the diameter,we 
ould sample points from the body in single step. This points to implementation problems withthe speedy walk. The most natural pra
ti
al implementation 
hooses a point uniformly at randomfrom B(x; Æ) and then tests whether the 
hosen point is in K. If not, it stays at the 
urrent point,otherwise it moves to the new point. This random walk is named the Metropolis version of theball walk, shortly the Metropolis walk. The goal is to bound the expe
ted number of steps untilwe rea
h a random point from the body. The key argument in the analysis is to bound the numberof the speedy and Metropolis steps separately. There is a balan
e between the size of Æ and thenumber of the speedy vs. Metropolis steps. The larger Æ, the fewer speedy steps we need. On theother hand, the smaller Æ, the fewer Metropolis steps are required. The optimal Æ (with respe
t tothe 
urrently best analysis) is of order 1=pn. The limiting distribution of neither of the ball walksis uniform but they 
an be used as a stepping stone to obtaining the uniform distribution.This thesis presents a self-
ontained presentation of the O�(n3D2) result from [11℄. The originalpaper bounds the 
ondu
tan
e of the Markov 
hain, whereas in this work we bound the Poin
ar�e2




onstant of the 
hain, formalizing an argument outlined by Jerrum in [8℄.Condu
tan
e is a 
ombinatorial tool for bounding the 
onvergen
e rate. It 
orresponds to theprobability of es
aping from a worst-
ase set in one step of the 
hain. From a fun
tional analysisperspe
tive, 
ondu
tan
e is a spe
ial 
ase of the Poin
ar�e 
onstant, see Se
tion 2 for more details.The Poin
ar�e 
onstant 
aptures the speed of de
aying of the varian
e (with respe
t to the 
hain'slimiting distribution) of the worst-
ase random variable on the sample spa
e. The spe
tral gap of aMarkov 
hain de�ned on a �nite sample spa
e is the di�eren
e between the �rst and se
ond largest(in absolute value) eigenvalues of the 
hain's transition matrix. For a reversible Markov 
hain with�nite sample spa
e, the Poin
ar�e 
onstant equals the spe
tral gap. Thus, the Poin
ar�e 
onstantmay be viewed as a 
onvenient generalization of the spe
tral gap for non-reversible Markov 
hainsand in�nite sample spa
es. It is a 
lassi
al result that the spe
tral gap (or the Poin
ar�e 
onstant)provides a bound on the 
onvergen
e rate of the 
hain to its limiting distribution. Exa
t de�nitionsand statements of the theorems are presented in Se
tion 2.A Cheeger-type inequality by Jerrum and Sin
lair [9℄ relates the two quantities: Obtaining abound on the 
ondu
tan
e provides a bound on the Poin
ar�e 
onstant (and thus a bound on the
onvergen
e rate). In the meantime, Mihail [16℄ obtained the 
onvergen
e rate from 
ondu
tan
ewithout the use of the Poin
ar�e 
onstant. However, proving a Poin
ar�e inequality dire
tly avoidsCheeger-type analysis and adds little (if any) diÆ
ulty to the proof. In addition, there are severalexamples where su
h dire
t proofs lead to improved 
onvergen
e results (via the so-
alled log-Sobolev inequality), see e.g. Frieze and Kannan [7℄, Jerrum and Son [10℄.In Se
tion 2 we review basi
 de�nitions and theorems from the theory of Markov 
hains. InSe
tion 3 we formally de�ne both ball walks and analyze their limiting distributions. The heart ofthis thesis, Se
tion 4, is devoted to the analysis of the Poin
ar�e inequality of the speedy walk. We
on
lude with Se
tion 5 where we estimate the number of Metropolis steps and present a tri
k usedfor obtaining a point uniform at random from a point sampled a

ording to the limiting distributionof the Metropolis walk.2 Preliminaries { (Continuous) Markov ChainsWe start with de�nition and properties of a dis
rete-time Markov 
hain on (possibly in�nite) samplespa
e.De�nition 1 A Markov 
hainM = (
; P ) on sample spa
e 
 is de�ned by its transition fun
tionP : 
2 ! [0; 1℄. For any state x 2 
, P (x; �) is the probability distribution on 
 determining thelikelihood of the next state after taking one step from x. Distribution � is said to be stationary if�P = �.Markov 
hain is reversible, if there exists a distribution � su
h that �(x)P (x; y) = �(y)P (y; x)for all x; y 2 
.When using Markov 
hains for sampling, we want to design a 
hain with unique stationarydistribution 
ompatible with the sampling's distribution.One 
an easily verify that if a Markov 
hain is reversible, this � is the stationary distribution.Another useful observation is that if P is symmetri
 (i.e. P (x; y) = P (y; x) for all x; y), then thisMarkov 
hain is reversible with uniform stationary distribution.3



Intuitively, mixing time of a Markov 
hain is its 
onvergen
e rate, i.e. number of steps requiredto get suÆ
iently 
lose to the stationary distribution. Before we state the formal de�nition, weneed to be able to measure distan
e of two distributions.De�nition 2 Total variation distan
e of two distributions � and � is de�ned asdtv(�; �) := supA�
 j�(A)� �(A)jDe�nition 3 Let " > 0. We say that a Markov Chain with stationary distribution � has mixingtime t = t(") if for a given initial distribution �0dtv(�t; �) � ";where the initial state is drawn a

ording to �0 and �t is the probability distribution after t steps ofthe 
hain.Surprisingly, the total variation distan
e is not always the best 
hoi
e of measure. As we willsee shortly, Theorem 6 
an be simply stated in terms of the so-
alled L2-distan
e but no equivalentform in terms of total variation distan
e is available.De�nition 4 The L2-distan
e of two probability distributions � and � is de�ned as jj� � �jj2 :=qR
 (�(x)��(x))2�(x) dx.Simple 
omputation shows that jj�� �jj2 =qR
 �(x)2�(x) dx� 1. We will use this equivalent de�ni-tion of the L2-distan
e several times.Noti
e that the L2-distan
e is not a distan
e in proper mathemati
al sense sin
e it is not symmet-ri
. However, it has some ni
e properties, the most important one for our appli
ation is summarizedin Theorem 6.Using the 
ontinuous variant of the Cau
hy-S
hwarz inequality we prove that the L2-distan
e isat least twi
e the total variation distan
e. It is easy to see that dtv(�; �) = 12 R
 j�(x)� �(x)j dx.jj� � �jj2 = sZ
 (�(x)� �(x))2�(x) dx= sZ
 (�(x)� �(x))2�(x) dxsZ
 �(x) dx� Z
 j�(x)� �(x)jp�(x) p�(x) dx= 2dtv(�; �) (1)De�nition 5 Let (
; P ) be a Markov 
hain with stationary distribution �. Given a measurablefun
tion f : 
! R we de�ne the expe
ted value of f as E�(f) := R
 �(x)f(x) dx, the varian
e off as Var�(f) := Z
 �(x)(f(x)� E�(f))2 dx;4



and the Diri
hlet form of f asE�(f; f) := Z
 �(x)h(x) dx; where h(x) := 12 Z
 P (x; y)(f(x)� f(y))2 dy:Intuitively, the Diri
hlet form is a variation within one step (lo
al variation) whereas varian
e isthe global variation. In this paper we work with dis
rete-time Markov 
hains, i.e. every step takesone time unit. One 
an also de�ne 
ontinuous-time Markov 
hains, where the Diri
hlet form simply
orresponds to the derivative of the varian
e with respe
t to time.The lazy variant of a Markov 
hain (
; P ) is the same Markov 
hain ex
ept that before makinga step it tosses a 
oin and with probability 12 it stays in the same state. In other words, the lazyMarkov 
hain (
; PZZ) is de�ned as PZZ := 12(I + P ), where I(x; x) = 1 and I(x; y) = 0 for everyx 6= y. It is straightforward to see that the important properties of the 
hain su
h as stationarydistribution and reversibility do not 
hange by making it lazy. Intuitively, the mixing time of a lazy
hain doubles 
ompared to the mixing time of the original 
hain.For a moment let us 
onsider a Markov 
hain de�ned on a �nite sample spa
e. By the Frobenius-Peron Theorem the absolute value of all its eigenvalues is upper-bounded by 1. Then the eigenvaluesof the lazy variant are guaranteed to be non-negative and there exists a unique eigenve
tor witheigenvalue 1 
orresponding to the stationary distribution of the 
hain. Thus, it is easier to bound thespe
tral gap of the lazy variant. The following theorem applies a similar argument to the Poin
ar�e
onstant.Theorem 6 Let � be a 
onstant and M = (
; PZZ) be the lazy variant of a reversible Markov
hain with stationary distribution � satisfying the Poin
ar�e inequality: For any measurable fun
tionf : 
! R, E�(f; f) � �Var�(f)Then jj�t � �jj2 � �1� �2�t jj�0 � �jj2De�nition 7 Supremum over all � satisfying the Poin
ar�e inequality is denoted �M and 
alled thePoin
ar�e 
onstant of the 
hainM. Formally,�M := inff :
!R E�(f; f)Var�(f) :If we view the Diri
hlet form as the derivative of the varian
e, then the Poin
ar�e 
onstant is ameasure of de
ay of the varian
e.If the sample spa
e of the Markov 
hain is �nite, the Poin
ar�e 
onstant equals the spe
tral gapof the 
hain. For a proof via variation 
hara
terization of the se
ond largest eigenvalue, see Aldousand Fill [1, Chapter 3, Se
tions 4 and 6℄.Proof of Theorem 6:We will prove that jj�t+1 � �jj2 � �1� �2� jj�t � �jj2 for t � 0. In fa
t, following an argument byMihail we will prove something stronger: For any measurable fun
tion f , Var�(PZZf) � Var�(f)�12E�(f; f), where PZZf(x) = R
 PZZ(x; y)f(y) dy. This statement trivially impliesVar�(PZZf) � �1� �2�Var�(f) (2)5



and we will show shortly how to get from here to the L2-distan
e of �t and �.Noti
e that the varian
e nor Diri
hlet form 
hanges if we shift f by a 
onstant. So we may as wellassume E�(f) = 0. We want to express Var�(f) � Var�(PZZf). Equivalent de�nition of varian
ebrings us 
loser to the Diri
hlet form (re
all that � is the stationary distribution of both (
; P ) and(
; PZZ) and thus �(y) = R
 �(x)P (x; y) dx):Var�(f) = 12 Z
 �(x)f(x)2 dx+ 12 Z
 �(y)f(y)2 dy= 12 Z
 �(x)f(x)2 Z
 P (x; y) dy dx + 12 Z
 Z
 �(x)P (x; y) dx f(y)2 dy= 12 Z
 Z
 �(x)P (x; y)(f(x)2 + f(y)2) dx dyIn order to express Var�(PZZf) in a form similar to the Diri
hlet form, we need another expressionfor PZZf(x): PZZf(x) = Z
�12I(x; y) + 12P (x; y)� f(y) dy= 12f(x) + 12 Z
 P (x; y)f(y) dy= 12 Z
 P (x; y)(f(x) + f(y)) dySin
e E�(f) = 0 and the stationary distribution of a Markov 
hain and its 
orresponding lazy 
hainis the same, for E�(PZZf) we getE�(PZZf) = Z
 �(x)PZZf(x) dx = Z
 �(x) Z
 PZZ(x; y)f(y) dy dx == Z
 f(y) Z
 �(x)PZZ(x; y) dx dy = Z
 f(y)�(y) dy = E�(f) = 0For Var�(PZZf) this means (using Cau
hy-S
hwarz inequality in the middle of the derivation)Var�(PZZf) = Z
 �(x) �12 Z
 P (x; y)(f(x) + f(y)) dy�2 dx= 14 Z
 �(x) hpP (x; y)(f(x) + f(y))pP (x; y) dyi2 dx� 14 Z
 �(x) �Z
 P (x; y)(f(x) + f(y))2 dy Z
 P (x; y) dy� dx= 14 Z
 �(x) Z
 P (x; y)(f(x) + f(y))2 dy dxTherefore Var�(f)� Var�(PZZf) � 14 Z
 Z
 �(x)P (x; y)(f(x)� f(y))2 dx dy = 12E�(f; f)6



To get from varian
e to the L2-distan
e, noti
e that jj� � �jj2 = Var�(���� ) = Var�(��) for anydistribution �. Let ft(x) := �t(x)=�(x). ThenPZZft(x) = Z
 PZZ(x; y)f(y) dy = Z
 PZZ(x; y)�t(y)�(y) dy= Z
 �t(y)PZZ(y; x)�(x) dy = �t+1(x)�(x) = ft+1(x)where the third equality 
omes from the reversibility of the Markov 
hain: �(x)PZZ(x; y) =�(y)PZZ(y; x).Finally, substituting ft in (2):jj�t+1 � �jj2 = Var�(ft+1) = Var�(PZZft) � �1� �2�Var�(ft) = �1� �2� jj�t � �jj2 �We 
on
lude this se
tion with the de�nition of 
ondu
tan
e. Intuitively, it is the likelihood ofes
aping from the worst-
ase set in one step.De�nition 8 The 
ondu
tan
e of Markov 
hainM = (
; P ) with stationary distribution � is�M := infS�
: 0<�(S)<1=2Pr(Xt+1 62 S j Xt � �(S))The 
ondu
tan
e 
an be viewed as a spe
ial 
ase of the Poin
ar�e inequality. If we restri
t fun
-tions f to indi
ator fun
tions, then �0 := inff :
!f0;1g E�(f;f)Var�(f) equals �M. This points to a trivialrelationship between the two quantities: �M � �M. Jerrum and Sin
lair [9℄ proved a mu
h strongerand more useful Cheeger-type inequality: �M � �2M=2. Thus, obtaining a lower bound on the 
on-du
tan
e provides a lower bound on the Poin
ar�e 
onstant.3 Markov Chains for Sampling Points in Convex BodiesThe input for our algorithms is a 
onvex body K � Rn of diameter D, and a pre
ision " (the boundon total variation distan
e from the uniform distribution). The body K is given by a membershipora
le, i.e. if x is in K the answer is YES, otherwise it is NO. (In fa
t, be
ause of the volumeappli
ation, the body is usually given by a separation ora
le, i.e. if x 2 K, the answer is YES,otherwise the answer is a hyperplane separating x from K. This allows transformations of thebody, e.g. the use of the ellipsoid method, or the isotropi
 position. A standard appli
ation of theellipsoid method 
an transform K into a 
onvex body 
ontaining the unit ball, of diameter O(n3=2),and of the same volume as K.)We will sample points using a ball-walk Markov 
hain approa
h by Lov�asz and Simonovits [15℄.We denote Æ the step size of the walk: Let x 2 K be the 
urrent state of the 
hain and Y � K bethe set of all points distant at most Æ from x. Pi
k y, the new state of the 
hain, uniformly fromY . This des
ribes our speedy walk on K. More pre
isely,7



De�nition 9 (Speedy Walk.) Fix Æ > 0 and denote B(x; r) the n-dimensional ball of radius r
entered at x. If x is the 
urrent state of the speedy walk, then the next state y is 
hosen uniformlyat random from B(x; Æ) \K. In other words, the transition distribution P (x; y) = 1voln(B(x;Æ)\K) forjjx� yjj � Æ, and P (x; y) = 0 otherwise.As we will see shortly, the stationary distribution of the speedy walk is not the uniform distri-bution. Fortunately, a little tri
k 
an get us from speedy to the uniform distribution. This will bedis
ussed in se
tion 5.5.Another problem with the speedy walk is its implementation in pra
ti
e. To be able to simulateone step of this walk, we need to sample from B(x; Æ)\K. We will sample y0 uniformly from B(x; Æ)and if y0 happens to be in K, we will move to y := y0, otherwise we stay in x, i.e. y := x. This typeof walk we 
all theMetropolis walk (a short
ut for \Metropolis version of the ball walk"). Simulatingone step of the speedy walk may require many steps of the Metropolis walk (the expe
ted numberof Metropolis steps is volnB(0;Æ)voln(B(x;Æ)\K) ). Again, we will over
ome this problem in se
tion 5.3.We will be able to analyze the mixing time of the speedy walk using the Poin
ar�e inequality(se
tion 4). However, �rst we need to know the stationary distribution of this walk. Intuitively, itshould be proportional to B(x; Æ) \ K. Before we make this intuition formal, we de�ne the lo
al
ondu
tan
e, i.e. per
entage of points in Æ-ball 
entered at X whi
h are in K:De�nition 10 For x 2 K let l(x) := voln(B(x;Æ)\K)volnB(0;Æ) . The fun
tion l : K ! R is 
alled the lo
al
ondu
tan
e on K.We 
laim that the stationary distribution ~� of the speedy walk is~�(x) = l(x)=L; where L = ZK l(y) dy:We need to verify that ~�P = ~�, where P is the transition fun
tion of the speedy walk.(~�P )(x) = Zy2K ~�(y)P (y; x) dy = Zy2B(x;Æ)\K ~�(y)P (y; x) dy == Zy2B(x;Æ)\K l(y)L � 1voln(B(y; Æ) \K) dy == 1L Zy2B(x;Æ)\K 1volnB(0; Æ) dy = l(x)L = ~�(x)Throughout this text, ~� denotes the stationary distribution of the speedy walk (and theMetropolis walk), and � is the uniform distribution on K.Note 11 We have not proven that ~� is the unique stationary distribution. This will follow fromthe Poin
ar�e inequality for the speedy walk (Se
tion 4) and from Theorem 6.4 Poin
ar�e InequalityThis se
tion is devoted to the proof of the Poin
ar�e inequality of the speedy walk. We shall followthe proof of Jerrum for 
onvex bodies satisfying the 
urvature 
ondition (\rounded" bodies, see8



[8℄). Our proof extends his proof for general 
onvex bodies and is based on many hints from MarkJerrum himself.Theorem 12 (Poin
ar�e inequality) Let K � Rn be a 
onvex body of diameter D and let Æ �
ÆD=pn (where 
Æ is independent of n). For any (measurable) fun
tion f : K ! R,E~�(f; f) � �Var~�f;where � = 
�Æ2D2nfor some dimension-independent 
onstant 
�.Throughout this se
tion we 
ompute expe
tation, varian
e, and Diri
hlet form w.r.t. ~�. Tosimplify notation, if the subs
ript ~� is 
learly understood from the 
ontext, we omit it.We will �nd very helpful spe
ial notation for the expe
ted value, varian
e, and the Diri
hlet formrestri
ted to only part of the original domain (a subset of K), while the distribution ~� remains tobe de�ned on the whole 
onvex body K.Notation 13 Let f : K ! R and K 0 � K. We writeEK0f = ZK0 ~�(x)f(x) dx;VarK0f = ZK0 ~�(x)(f(x)� 1~�(K 0)EK0f)2 dx;EK0f = ZK0 ~�(x)h(x) dx:4.1 Needle-like BodyIn this subse
tion we prove that if the Poin
ar�e inequality is violated for the whole body, then thereexists a needle-like body (a body whose all but one dimensions are bounded by a given �) violatingthe Poin
ar�e inequality.Lemma 14 If there exists f : K ! R violating the Poin
ar�e inequality, i.e. E~�(f; f) < �Var~�f ,then for every � > 0, there exists a 
onvex subset K1 � K su
h that K1 � [0; D℄� [0; �℄n�1 in someCartesian 
oordinate system, and EK1(f; f) < �VarK1f;while EK1f = 0:The idea of the proof is simple: We will eliminate the \fat" dimensions one by one. As it turnsout, to do this we need to have at least two \fat" dimensions. Then we are able to eliminate one ofthem, using these two geometri
 statements:Theorem 15 Let S be a 
onvex set in R2 . Then there exists a point x su
h that any line goingthrough x 
uts S into two parts, area of ea
h of whi
h is at least 4=9 of the area of S.9



For the proof, see e.g. [6, page 118℄. The 
onstant 4=9 is tight but for our purposes it 
ould berepla
ed by any positive number { for an easy proof when the 
onstant is 1=3, see [8, Lemma 6.11℄.Lemma 16 Let S be a 
onvex set in R2 . Then S � [0;p2 area(S)℄ � R in some Cartesian
oordinate system.Proof :Let d be the diameter of S and letA;B 2 S be two points distant d from ea
h other, i.e. jjA�Bjj = d.The x-axis in our new 
oordinate system will be identi
al to line �!AB. Let the y-axis be any lineperpendi
ular to �!AB. Let C 2 S be a point with the largest (non-negative) y-
oordinate, andD 2 S be a point with the smallest (non-positive) y-
oordinate. Then by the triangle inequality,yC � yD � jjC �Djj, and jjC �Djj � d be
ause d is the diameter. Also from the 
onvexity of S we
an 
on
lude that the triangles ABC and ABD are subsets of S. Thenarea(S) � area(ABC) + area(ABD) = d2(yC � yD) � (yC � yD)22Therefore yC � yD �p2 area(S). �We are now ready for the proof of Lemma 14.Proof of Lemma 14 :Elimination of the \fat" dimensions is based on the following 
laim:Claim: Let i � 2, Ki � K su
h that in some Cartesian 
oordinate system Ki � [0; D℄i� [0; �℄n�i,and f violates the Poin
ar�e inequality on Ki, i.e. EKi(f; f) < �VarKif and EKif = 0. Then thereexists Ki�1 � Ki su
h that in some Cartesian 
oordinate system Ki�1 � [0; D℄i�1 � [0; �℄n�i+1, andf violates the Poin
ar�e inequality on Ki�1.Proof: Let L be the proje
tion of Ki onto the i-th and (i� 1)-st dimensions (the last two \fat"dimensions). By Theorem 15 there exists a point xL 2 L su
h that any line going through xL 
utsL into two \large" pie
es. Let H be any hyperplane in Rn 
ontaining xL and orthogonal to the i-thand (i� 1)-st dimensions. This hyperplane 
uts Ki into two parts Ki \H+ and Ki \H�. Our goalis to show that there exists H� su
h that EKi\H+� = EKi\H�� = 0. Clearly,EKi(f; f) = EKi\H+� (f; f) + EKi\H�� (f; f);VarKif = VarKi\H+� f +VarKi\H�� f;and by the assumption EKi(f; f) < �VarKif:If EKi\H+� = EKi\H�� = 0, then either Ki\H+� , or Ki\H�� violates the Poin
ar�e inequality. W.l.o.g.let it be Ki\H+� . By Theorem 15 we know that the area of L\H+� (the proje
tion of Ki\H+� ontothe i-th and (i�1)-st dimensions) is at most 5=9 of the area of L. Now we 
an takeKi = Ki\H+� andL = L \H+� . By 
ontinuing this pro
ess and 
utting Ki suÆ
iently many times we 
an guaranteethat the area of L be
omes smaller than 12�2. Then, by Lemma 16 there exists Cartesian 
oordinatesystem in whi
h L � R � [0; �℄. Thus, the new Ki is in fa
t Ki�1 � [0; D℄i�1 � [0; �℄n�i+1.It remains to prove the existen
e of H�. By the assumption, EKif = EKi\H+f + EKi\H�f = 0.W.l.o.g. let EKi\H+f � 0. By rotating H around xL by � we get H0 su
h that EKi\H+0 f � 0. Thus,by 
ontinuity there exists H� satisfying EKi\H+� f = 0. � �10



4.2 Shrinking the Last DimensionLemma 17 Let K1 be the subset of K obtained in Lemma 14. Let D0 be su
h that K1 � [0; D0℄�[0; �℄n�1 and there exists a point in K1 with the �rst 
oordinate equal to 0 and a point with the �rst
oordinate equal to D0. (In other words, K1 �ts tightly in this box w.r.t. the �rst 
oordinate.) Thenfor every suÆ
iently small � > 0 and every 
onstant 
� > 0 su
h that 
�
Æ � 4100 , there exists asubset K0 � K1 su
h that K0 � [0; �℄ � [0; �℄n�1, for � := 
�Æpn � D0D , in some Cartesian 
oordinatesystem, and EK0(f; f) < 
0VarK0f;where 
0 is a 
onstant inversely proportional to 
2�.Noti
e that in the last lemma we do not have any 
onditions on the expe
ted value.Proof of Lemma 17 (part 1):We will show that we 
an 
hop K1 by 
uts perpendi
ular to the long axis into m measurable setsS0; : : : ; Sm�1, ea
h of whi
h �ts in a box of size [0; �=2℄� [0; �℄n�1, su
h that at least one of the Sior the Si [ Si+1 will be a suitable 
andidate for K0.Ideally, if we were able to write VarK1f � 
0� Pm�1i=0 VarSif , then we would get:m�1Xi=0 ESi(f; f) = EK1(f; f) < �VarK1f � 
0 m�1Xi=0 VarSif; (3)where the �rst equality follows from additivity of integrals, and the next inequality is given by theassumption of the lemma. Then by the pigeon-hole prin
iple there would exist i su
h thatESi(f; f) < 
0VarSifWhat is the sumPm�1i=0 VarSif equal to? For simpli
ity, for a measurable set S � K let us denote�fS := 1~�(S)ESf , in other words, �fS is the a
tual expe
ted value of f with the distribution ~� properlyrestri
ted on the set S.m�1Xi=0 VarSif = m�1Xi=0 ZSi ~�(x)[(f(x)� �fK1)� ( �fSi � �fK1)℄2 dx= m�1Xi=0 ZSi ~�(x)(f(x)� �fK1)2 dx+ m�1Xi=0 ZSi ~�(x)( �fSi � �fK1)2 dx��2m�1Xi=0 ZSi ~�(x)(f(x)� �fK1)( �fSi � �fK1) dx= VarK1f + m�1Xi=0 ~�(Si)( �fSi � �fK1)2 � 2m�1Xi=0 ( �fSi � �fK1)(ESif � ~�(Si) �fK1)= VarK1f � m�1Xi=0 ~�(Si)( �fSi � �fK1)2;where the last equality follows from ~�(S) �fS = ESf . In other words, this 
al
ulation tells us thatthe varian
e restri
ted to K1 
an be written as a sum of varian
es within ea
h Si plus the varian
e11



between all of these sets: VarK1f = m�1Xi=0 VarSif + m�1Xi=0 ~�(Si)( �fSi � �fK1)2 (4)If Pm�1i=0 VarSif � Pm�1i=0 ~�(Si)( �fSi � �fK1)2, then we have VarK1f � 2Pm�1i=0 VarSif . Sin
e wemay assume that 2 � 
0=�, e.g. by setting 
0 � 2
� (re
all that Æ < D), this 
ase is resolved, see 3.If Pm�1i=0 VarSif <Pm�1i=0 ~�(Si)( �fSi � �fK1)2, the analysis is more 
ompli
ated. We will prove thatin this 
ase one of the Ui := Si [ Si+1 (for properly de�ned Si) satis�es the desired inequality. Asin the �rst 
ase, we will want to express VarK1f in terms of Pm�2i=0 VarUif . Clearly, we assumeVarK1f < 2m�1Xi=0 ~�(Si)( �fSi � �fK1)2 (5)To simplify notation, we write wi = ~�(Si). Also, noti
e that�fUi = wi �fSi + wi+1 �fSi+1wi + wi+1Applying (4) on Ui instead of K1, we get:VarUif = i+1Xk=i VarSkf + i+1Xk=i wk( �fSk � �fUi)2� wi( �fSi � �fUi)2 + wi+1( �fSi+1 � �fUi)2= wi � wi+1wi + wi+1 ( �fSi � �fSi+1)�2 + wi+1 � wiwi + wi+1 ( �fSi+1 � �fSi)�2= wiwi+1wi + wi+1 ( �fSi � �fSi+1)2We will be able to express VarK1f in terms of wiwi+1wi+wi+1 ( �fSi � �fSi+1)2.If we divide inequality (5) by ~�(K1) the right hand side is a varian
e of a dis
rete randomvariable X : f0; : : : ; m� 1g ! R, where Xi := �fSi with distribution �i = ~�(Si)=~�(K1). (Noti
e thatE�(X) = 0, be
ause EK1f = 0.)Var�X = m�1Xi=0 �iX2i � (E�X)2= 12 m�1Xi=0 �iX2i + 12 m�1Xj=0 �jX2j � m�1Xi=0 �iXi m�1Xj=0 �jXj= 12 X0�i<j<m �i�j(X2i +X2j � 2XiXj)= 12 X0�i<j<m �i�j(Xi �Xj)212



Therefore, 1~�(K1)VarK1f < 2Var�X = X0�i<j<m�i�j(Xi �Xj)2Or, equivalently, we get~�(K1)VarK1f < X0�i<j<mwiwj( �fSi � �fSj )2= X0�i<j<mwiwj " j�1Xk=i rwk + wk+1wkwk+1 �r wkwk+1wk + wk+1 ( �fSk � �fSk+1)#2� X0�i<j<mwiwj " j�1Xk=i wk + wk+1wkwk+1 # � " j�1Xk=i wkwk+1wk + wk+1 ( �fSk � �fSk+1)2# ;where in the bound we applied the Cau
hy-S
hwarz inequality. Let us denoteai;j := wiwj j�1Xk=i wk + wk+1wkwk+1 (6)Then ~�(K1)VarK1f < X0�i<j<m ai;j j�1Xk=i wkwk+1wk + wk+1 ( �fSk � �fSk+1)2� X0�i<j<m ai;j j�1Xk=i VarUkfSimilarly to the �rst 
ase, if we were able to show thatPi<j ai;j � 
0� � ~�(K1)2 , see (3), then we wouldget: m�2Xi=0 EUi(f; f) � 2EK1(f; f) < 2�VarK1f � 
0 m�1Xi=0 VarUif; (7)allowing us to 
on
lude that there exists i su
h thatEUi(f; f) < 
0VarUif �In the rest of this subse
tion we will bound Pi<j ai;j. Noti
e that until now the only importantproperty of the Si was that they �t in a suÆ
iently small box. For bounding the Pi<j ai;j we willneed something more:De�nition 18 Let us �x the Cartesian 
oordinate system for K1 � [0; D0℄� [0; �℄n�1 from Lemma14, D0 � D. For x 2 R we denote S(x) := fA 2 K1 j A(1) = xg, where A(i) means the i-th
oordinate of A, and lmax(x) := maxA2S(x) l(A). In other words, lmax is the maximal l over allpoints in K1 with �xed �rst 
oordinate. Noti
e that lmax(0) > 0 and lmax(D0) > 0. We indu
tivelyde�ne xi: 13



� x0 := 0,� For i > 0, let xi be the largest number satisfying: 12 � l(xi)l(xi�1) � 2, and jxi � xi�1j � �2 .We de�ne slabs Si := K1 \ ([xi; xi+1℄� [0; �℄n�1) and denote width(Si) := jxi+1 � xij. Let m be thetotal number of slabs.First we study basi
 properties of the Si.Lemma 19 For the above de�nition of the Si there exist l; r su
h that jxi+1 � xij = �2 if and onlyif i 2 fl; : : : ; r � 1g. Furthermore, for i < l the sequen
e fjxi+1 � xijgl�1i=0 is non-de
reasing and fori � r the sequen
e fjxi+1 � xijgm�1i=r is non-in
reasing.Before we start with the proof of this lemma, we need to explore some properties of the lo
al
ondu
tan
e l. For two sets L1; L2 � Rn we de�ne their Minkowski sum L1 + L2 := fz1 + z2 j z1 2L1; z2 2 L2g. Now we 
an state the Brunn-Minkowski Theorem (see e.g. [6, Chapter 26, Thm 46℄),a helpful tool when proving geometri
 statements.Theorem 20 (Brunn-Minkowski) Let K 0 and K 00 be two 
onvex bodies in Rn . Thenvoln(K 0 +K 00)1=n � voln(K 0)1=n + voln(K 00)1=nThe following lemma is the heart of several proofs in this work.Lemma 21 Let K and L be two 
onvex bodies in Rn and let g(u) = voln(K \ (u+ L)). We de�nethe domain of g to be Dg := fu j g(u) > 0g. Then the fun
tion g(u)1=n is 
on
ave and g(u) islog-
on
ave over the domain Dg.Proof :First we prove that g(u)1=n is 
on
ave. Let � 2 [0; 1℄, x; y 2 Rn . We want to show that g(�x+ (1��)y) � �g(x) + (1� �)g(y). Suppose we know that K \ (�x + (1 � �)y + L) � �(K \ (x + L)) +(1� �)(K \ (y + L)). Then:g(�x+ (1� �)y)1=n = voln[K \ (�x+ (1� �)y + L)℄1=n� voln[�(K \ (x + L)) + (1� �)(K \ (y + L))℄1=n� voln[�(K \ (x + L))℄1=n + voln[(1� �)(K \ (y + L))℄1=n= (�n)1=nvoln[(K \ (x + L))℄1=n + ((1� �)n)1=nvoln[(K \ (y + L))℄1=n= �voln[(K \ (x+ L))℄1=n + (1� �)voln[(K \ (y + L))℄1=n= �g(x)1=n + (1� �)g(y)1=n;where the se
ond inequality follows from the Brunn-Minkowski Theorem. This implies that g(u)1=nis 
on
ave and sin
e the 
omposition of two 
on
ave fun
tions is a 
on
ave fun
tion, log(g(u)1=n) =1n log g(u) is also 
on
ave. Thus, g(u) is log-
on
ave.It remains to prove that K \ (�x+ (1� �)y + L) � �(K \ (x+ L)) + (1� �)(K \ (y + L)). Leta 2 �(K \ (x+L)), b 2 (1��)(K \ (y+L)). We want to show that a+ b 2 K \ (�x+(1��)y+L).By the assumption, a 2 �K, b 2 (1 � �)K, therefore a + b 2 �K + (1� �)K. Sin
e K is 
onvex,14



�K + (1 � �)K = K, thus a + b 2 K. Also, a 2 �(x + L) = �x + �L, b 2 (1 � �)(y + L) =(1� �)y + (1� �)L, implying a+ b 2 �x+ (1� �)y + L. This �nishes the proof of the lemma. �These are the main properties of the lo
al 
ondu
tan
e l:Lemma 22 The lo
al 
ondu
tan
e l satis�es:1. l(x)1=n is 
on
ave over K,2. l(x) is log-
on
ave over K,3. lmax(x)1=n is 
on
ave and lmax(x) is log-
on
ave over K,4. ln l(x) is Lips
hitz over K with 
onstant n=Æ, i.e. for x; y 2 K, j ln l(x)� ln l(y)j � nÆ jjx� yjjProof :Items 1 and 2 follow dire
tly from previous lemma.For part 3, we will show that if g : K1 ! R is a 
on
ave fun
tion, then gmax(x) := maxy2S(x) g(y)is 
on
ave over K1, too. This will imply that both lmax(x)1=n = maxy2S(x) l(y)1=n, and log lmax(x) =maxy2S(x) log l(y) are 
on
ave by the �rst two parts of this theorem.We want to show that for � 2 [0; 1℄ and x; y 2 [0; D0℄gmax(�x + (1� �)y) � �gmax(x) + (1� �)gmax(y)Clearly, gmax(x) is a
hieved for some A 2 S(x), similarly gmax(y) = l(B) for some B 2 S(y). Thenby 
on
avity of g(x) we have g(�A+ (1� �)B) � �g(A) + (1� �)g(B). One 
an easily verify that�A+ (1� �)B 2 S(�x+ (1� �)y) (the body K1 is 
onvex, therefore �A + (1� �)B 2 K1).gmax(�x + (1� �)y) � g(�A+ (1� �)B)� �g(A) + (1� �)g(B)= �gmax(x) + (1� �)gmax(y)For 
ase 4, noti
e that the de�nition of l(x) makes sense even for x outside of K. By Lemma 21,l(x)1=n is 
on
ave over Dl. It is easy to see that the domain Dl = K + B(0; Æ). Let A;B 2 K andlet C be on the hal
ine �!AB, distant Æ from B and jjA�Bjj+ Æ from A. Clearly, C 2 Dl. Then by
on
avity,l(B)1=n � ÆjjA� Bjj+ Æ l(A)1=n + jjA� BjjjjA�Bjj+ Æ l(C)1=n � ÆjjA� Bjj+ Æ l(A)1=nThen � l(A)l(B)�1=n � jjA�Bjj+ ÆÆTaking logarithm of both sidesj ln l(A)� ln l(B)j � n ln�1 + jjA�BjjÆ � � nÆ jjA�Bjj15



�Proof of Lemma 19:Sin
e lmax is a log-
on
ave fun
tion, there exists x01, x02 su
h that lmax is stri
tly in
reasing for x 2[0; x01℄, stri
tly de
reasing for x 2 [x02; D0℄, and 
onstant for x 2 [x01; x02℄. Let width(Si) := jxi+1�xij.We will prove that width(Si�1) � width(Si) for i su
h that xi+1 � x01. (In other words, while lmaxin
reases the width is non-de
reasing).Let i be su
h that xi+1 � x02 and suppose width(Si) < width(Si�1). This means that width of Si issmaller than �=2 and by de�nition of the Si, lmax(xi+1) = 2lmax(xi), or equivalently log lmax(xi+1) =log lmax(xi) + 1. But log lmax is a 
on
ave fun
tion:log lmax(xi) � 12[log lmax(xi � width(Si)) + log lmax(xi+1)℄Putting the last two observations together we get lmax(xi) � 2lmax(xi�width(Si)). Sin
e width(Si) <width(Si�1), this means lmax(xi) > 2lmax(xi�1), a 
ontradi
tion with the de�nition of the Si.Similar argument shows that when lmax starts de
reasing, the width is non-in
reasing. Thereforethe slabs of \full" width �=2 are the last slabs while lmax in
reases and the �rst slabs when lmaxde
reases, proving the existen
e of l and r. �Now we know that the Si 
an be divided into three groups: The \left" group, (i < l), then the\middle" group (l � i < r), and the \right" group (r � i). We will show that ea
h of these groupshas spe
i�
 properties (the \left" and \right" group have similar) whi
h will help us to bound thePi<j ai;j.We split the sum into several smaller sums and we will be able to evaluate ea
h of them separately.Xi<j ai;j = Xi<j<l ai;j + Xi<l�j<r ai;j + Xi<l;r�j ai;j + Xl�i<j<r ai;j + Xl�i<r�j ai;j + Xr�i<j ai;j (8)Pi<j<l will be 
omputed in essentially the same way as Pr�i<j, similarlyPi<l�j<r and Pl�i�r�j.We will �rst examine the slabs in the \middle" group with the help of a generalization of theBrunn-Minkowski Theorem, due to Dinghas (see [3, Thm 10.1℄):Theorem 23 (Dinghas) Let A1 and A2 be two bounded measurable sets in Rn , f be a non-negativemeasurable fun
tion de�ned on A1 [ A2, and p > 0. Letg(x) := supf(f(x1)1=p + f(x2)1=p)p j x = x1 + x2; xi 2 AigThen �ZA1+A2 g(x) dx�1=(p+n) � �ZA1 f(x) dx�1=(p+n) + �ZA2 f(x) dx�1=(p+n)Lemma 24 The sequen
e w1=(2n)l ; : : : ; w1=(2n)r�1 is 
on
ave. Consequently, sequen
e 1=wl; : : : ; 1=wr�1is 
onvex.Proof :Let i 2 fl + 1; : : : ; r � 2g. We need to prove that 2w1=(2n)i � w1=(2n)i�1 + w1=(2n)i+1 . Sin
e all Si�1, Si,16



and Si+1 have the same width and K1 is 
onvex, it is easy to observe that 2Si � Si�1 + Si+1. ByLemma 22, l(x)1=n is 
on
ave and thus if x = x1 + x2, we getl(12(x1 + x2))1=n � 12(l(x1)1=n + l(x2)1=n);or equivalently l(x2 ) � 12n supf(l(x1)1=n + l(x2)1=n)n j x = x1 + x2gNow we 
an apply Dinghas's Theorem for A1 := Si�1, A2 := Si+1, f(x) := l(x), and p := n:2w1=(2n)i = 2 �ZSi l(x) dx�1=(2n) = 2 �Z2Si l(x=2)2n dx�1=(2n)� 2 �Z2Si g(x)22n dx�1=(2n)� �ZSi�1 l(x) dx�1=(2n) + �ZSi�1 l(x) dx�1=(2n)= w1=(2n)i�1 + w1=(2n)i+1This proves the 
on
avity of faigr�1i=l , where ai := w1=(2n)i . If we apply fun
tion h(x) := x�2n to thissequen
e, we get h(ai�1) + h(ai+1) � 2h�ai�1 + ai+12 � � 2h(ai);where the �rst inequality is 
onvexity of h(x), and the se
ond inequality 
omes from the fa
t thath(x) is a de
reasing fun
tion and ai is a 
on
ave sequen
e (and thus (ai�1+ai+1)=2 � ai). Therefore,the sequen
e fh(ai)gr�1i=l is 
onvex. �The last lemma allows us to bound Pl�i<j<r ai;j: Sin
e the sequen
e 1=wl; : : : ; 1=wr�1 is 
onvex,we have Pjk=i 1=wk � (j � i + 1)(1=wi + 1=wj)=2. Then for l � i < j < r,ai;j � 2wiwj jXk=i 1wk � wiwj(j � i+ 1)� 1wi + 1wj� = (j � i + 1)(wj + wi); (9)where the �rst inequality 
omes from the de�nition of ai;j, see (6). ThenXl�i<j<r ai;j � Xl�i<j<r(j � i + 1)(wi + wj)� (r � l) Xl�i<j<r(wi + wj) = (r � l)" Xl�i<j<rwi + Xl�i<j<rwj#= (r � l)" Xl�i<r�1(r � i� 1)wi + Xl<j<r(j � l)wj#� (r � l)(r � l � 1) Xl�i<rwi� (r � l)2~�(K1) 17



For 
onvenien
e let us denote M := r � l, i.e. the number of slabs in the \middle" part. ThusXl�i<j<r ai;j = O(M2~�(K1)) (10)Now we turn our attention to the \left" and \right" se
tions of the slabs. The number M 
an beeasily bounded be
ause we know the width of the slabs { thus we 
an boundPl�i<j<r ai;j in termsof D, D0, Æ, and n. We will use similar te
hnique to bound Pi<j<l ai;j to get a bound in terms ofl. Fortunately, we are able to lower-bound the width of slabs outside the \middle" se
tion too.Lemma 25 For suÆ
iently small � the width of any slab is at least Æ2n .Proof :This statement is 
learly true for slabs in the \middle" se
tion. For the \left" se
tion (the prooffor \right" se
tion is similar), let i < l and let A 2 Si be a point with �rst 
oordinate xi attaininglmax(xi), and B 2 Si with �rst 
oordinate xi+1 be su
h that l(B) = lmax(xi+1) (i.e. the leftmost andrightmost \maximal" points). Then, by Lips
hitz, see Lemma 22, part 4, we getjjA� Bjj � Æn j ln l(A)� ln l(B)j = Æn ln 2Let A0 be the point that we obtain from A by 
hanging its �rst 
oordinate to xi+1. Then the widthof Si is jjA � A0jj. By the triangle inequality we get a bound on the width of Si: jjA � A0jj �Æn ln 2 � �pn� 1, where the term �pn� 1 represents the upper-bound on the distan
e from B toA0. Remember that we are free to pi
k � as small as we want, so we may assume width(Si) =jjA� A0jj � Æ2n . �If we were to use the same te
hnique for evaluating Pi<j<l ai;j as we did for Pl�i<j<r ai;j, wewould get a bound in terms of l2. However, l2 is more than we 
an a�ord. Therefore we need toknow more about the \left" and \right" se
tions.Lemma 26 The sequen
e w0; : : : ; wl�1 is geometri
ally in
reasing and the sequen
e wr; : : : ; wm�1is geometri
ally de
reasing. Further, wl�1 � 
wl and wr � 
wwr�1 for some 
onstant 
w > 0.Proof :First we prove that w0; : : : ; wl�1 is geometri
ally in
reasing (the proof for wr; : : : ; wm�1 is analogous).We want to �nd a 
onstant 
g > 1 su
h that for any i < l � 1 we 
an show 
gwi � wi+1. Letd := width(Si+1). We will prove that there exists a 
onstant 
g > 1 su
h that 
g RS(x) l(z) dz �RS(x+d) l(z) dz for any x 2 [xi; xi+1℄. Then
gwi = Z xi+1xi 
g ZS(x) l(z) dz dx � Z xi+1xi ZS(x+d) l(z) dz dx � Z xi+1+dxi+d ZS(x) l(z) dz dx � wi+1;sin
e xi+1 + d = xi+2 and by Lemma 19 the (i + 1)-st slab is at least as wide as the i-th slab (andthus xi + d � xi+1).Claim: Let V (x) := voln�1(S(x)). There exists a 
onstant 
0g > 1:1pe su
h that 
0gV (x)lmax(x) �V (x+ d)lmax(x + d) for every x 2 [xi; xi+1℄.On
e we have proven this 
laim, it will suÆ
e to relate V (x)lmax(x) to RS(x) l(z) dz.18



Proof: Sin
e i is from the \left" se
tion, it follows from log-
on
avity of lmax that 2lmax(x) �lmax(x+ d) (the same reasoning is used in the proof of Lemma 19, se
ond paragraph). Therefore ifV (x) � V (x + d) the 
laim follows trivially.The problem is if V (x) > V (x+ d). We show that V (x)1=n is a 
on
ave fun
tion and it will allowus to bound the speed of its de
reasing.We want to show that for x; y 2 [0; D0℄ and � 2 [0; 1℄V (�x+ (1� �)y)1=n � �V (x)1=n + (1� �)V (y)1=n (11)For � > 0, let S� := [0; �℄ � [0; �℄n�1, and g�(z) := voln(K1 \ (z + S�))1=n. Then V (x) =lim�!0 g�(x; 0; : : : ; 0)=�. Out of 
onvenien
e for x 2 R we will short
ut g�(x; 0; : : : ; 0) as g�(x). ByLemma 21 the fun
tion g�(z)1=n is 
on
ave over K1. Therefore g�(�x + (1� �)y)1=n � �g�(x)1=n +(1� �)g�(y)1=n. Dividing both sides by �1=n and taking limit as � tends to 0 gives us (11), provingthe 
on
avity of V (x)1=n.We assume that V (x)1=n > V (x + d)1=n. Further, V (D0) � 0 and V (x)1=n is 
on
ave. ThereforeV (x+ d)1=n � D0 � (x + d)D0 � x V (x)1=n + dD0 � xV (D0)1=n � D0 � (x + d)D0 � x V (x)1=nThus, V (x + d)=V (x) � (1� dD0�x)n. We will prove that sin
e lmax is in
reasing rapidly, x � D0=2.Also, d � �2 = 
�ÆD02pnD . Putting these together we getV (x+ d)V (x) � �1� �=2D0=2�n = �1� 
�ÆpnD�n � �1� 
�
Æn �n ; (12)where the last inequality 
omes from Æ � 
ÆD=pn. Sin
e (1 � tn)n � e� ntn�t for every t 2 R, and
�
Æ < 1=2 implies n� 
�
Æ > n=2, we get V (x + d) � e�2
�
ÆV (x). Thus2e2
�
Æ V (x)lmax(x) � V (x + d)lmax(x+ d)We need 
0g := 2e2
�
Æ > 1:1pe and this is satis�ed if 
�
Æ � 4100 < 12 ln 21:1pe (
onstant 4100 
omes fromthe assumption of Lemma 17).It remains to prove that x � D0=2. We know that l1=nmax is 
on
ave, lmax(0) > 0, and 2lmax(x) �lmax(x+ d). Thereforexx+ d lmax(x+ d)1=n < dx+ d lmax(0)1=n + xx + d lmax(x+ d)1=n � lmax(x)1=n � 121=n lmax(x+ d)1=nDividing both sides by lmax(x + d)1=n gives us x < d21=n�1 � �2(21=n�1) . Now we substitute theexpression for � and bound for Æ: x < 
�
ÆD0n � 12(21=n�1) . The last step is to bound 1=(21=n � 1).Sin
e et � 1 + t for any real t, if t = 1n ln 2 then 21=n � 1 + 1n ln 2 and thus 1=(21=n � 1) � n= ln 2.Therefore our bound on x is x < 
�
ÆD0=(2 ln 2). Now all we need is assumption that 
�
Æ � ln 2whi
h is 
learly true sin
e 
�
Æ � 4100 . We proved x < D0=2, 
losing the proof of the 
laim. �What is the relation of V (x)lmax(x) and RS(x) l(z) dz? Re
all that by the Lips
hitz inequality,Lemma 22, part 4, for any y; z 2 S(x) we have j ln l(y)� ln l(z)j � nÆ �pn� 1. In parti
ular, if y is19



su
h that l(y) = lmax(x) and � is suÆ
iently small so that �npn�1Æ < 12 , then l(z) � lmax(x) � pe l(z)for any z 2 S(x). Thus
0g ZS(x) l(z) dz � 
0gV (x)lmax(x) � V (x+ d)lmax(x + d) � ZS(x+d)pe l(z) dzThis gives us 
g := 
0g=pe � 1:1.Finally, we want to prove the existen
e of the 
onstant 
w. Let x 2 [xl�1; xl℄, and d := width(Sl�1).We know that lmax(x) � 4lmax(x+d) (be
ause lmax varies by a fa
tor of 2 within ea
h Si). If V (x) isstill in
reasing, we are �ne with 
w := 4pe. If V (x) already de
reases, we may use analysis similarto previous 
ase. The only thing that we 
annot guarantee anymore is x < D0=2. But we know thatxl�1 < D0=2, thus x < (D0 + �)=2. Sin
e � � 
�
ÆD0 and 
�
Æ < 1=2, for x this means: x < 34D0. A
omputation similar to (12) leads to V (x+ d)=V (x) � e�4
�
Æ . Therefore in this 
ase14e4
�
Æ V (x)lmax(x) � V (x + d)lmax(x + d)To go from V (x)lmax(x) to wl�1 we 
an 
opy the same reasoning as before and we get wl�1 � 
wlfor 
w := pe4e4
�
Æ . This 
on
ludes the proof of this lemma. �With the help of the last lemma, we 
an estimate Pi<j<l ai;j, Pi<l�j<r ai;j, and Pi<l;r�j ai;j.This will allow us to �nish the proof of Lemma 17.Caution: What follows is a tedious 
omputation using lemmas proven above. We en
ouragereaders to do the 
omputations by themselves instead of trying to read this proof.Proof of Lemma 17 (part 2):Let 
g > 1 be the 
onstant determining the speed of geometri
 in
reasing of w0; : : : ; wl�1. (By theproof of Lemma 26 we 
an take 
g := 1:1.) First we bound ai;j, assuming i < j < l:ai;j � 2wiwj jXk=i 1wk � 2wiwj jXk=i 1
k�ig wi = 2wj 1=
j�ig � 11=
g � 1 < 2
̂gwj; (13)where 
̂g := 11�1=
g . ThenXi<j<l ai;j � Xi<j<l 2
̂gwj < 2
̂gXi<l 
̂gwl�1 = O(lwl�1) (14)For i < l � j < r, we 
an estimate ai;j (using the same te
hniques as in (9) and (13)):ai;j � 2wiwj " l�1Xk=i 1wk + jXk=l 1wk#< 2wiwj �
̂g 1wi + (j � l + 1)( 1wl + 1wj )�� 2
̂gwj + 2 
wwl
l�1�ig wj(j � l + 1)( 1wl + 1wj )� 2
̂gwj + 2
w
l�1�ig (j � l + 1)(wj + wl)20



Now we 
an estimatePi<l�j<r ai;j:Xi<l�j<r ai;j < 2
̂g Xi<l�j<rwj + 2
w
1�lg Xi<l�j<r(j � l + 1)
ig(wj + wl)The �rst sum is easy Xi<l�j<rwj = l Xl�j<rwj � l~�(K1)For the se
ond sum we get (re
all that M = r � l)Xi<l�j<r(j � l + 1)
ig(wj + wl) = Xl�j<r(j � l + 1)(wj + wl)Xi<l 
ig� 
lg � 1
g � 1 Xl�j<r(j � l + 1)(wj + wl)< 
lg
g � 1M [~�(K1) +Mwl℄Therefore, Xi<l�j<r ai;j = O((l +M)~�(K1) +M2wl) (15)At last, if i < l and r � j, we have:ai;j � 2wiwj " r�1Xk=l 1wk + l�1Xk=i 1wk + jXk=r 1wk#� 2wiwj �M � 1wl + 1wr�1�+ 
̂g � 1wi + 1wj��� 2
2w
(l�1�i)+(j�r)g M(wl + wr�1) + 2
̂g(wi + wj)We need to bound these two sums:Xi<l;r�j(wi + wj) � (m� r)Xi<l wi + lXr�j wj = O((m� r)wl + lwr�1)Xi<l;r�j 1
(l�1�i)+(j�r)g = 
r�l+1g Xi<l 
igXr�j 
�jg < 
r�l+1g � 
lg
g � 1 � 
�m+1g � 
m�rg
g � 1 = 
̂2gThus, Xi<l;r�j ai;j = O(M(wl + wr) + (m� r)wl + lwr) (16)Now we are ready to estimatePi<j ai;j. We simply put together (8), (10), (14) and its equivalentfor Pr�i<j ai;j, (15) and analogous bound for Pl�i<r�j ai;j, and (16).X0�i<j<m ai;j = O((l +M + (m� r) +M2)~�(K1))21



The number M � dD0=(�=2)e is easy to bound sin
e all slabs in the \middle" se
tion are of width�=2. So M2 � d4D2n
2�Æ2 e. To bound l, resp. m � r, we will use Lemma 25: l � d2Dn=Æe. Putting itall together X0�i<j<m ai;j = O��4DnÆ + 4D2n
2�Æ2 � ~�(K1)� = O�4D2n
2�Æ2 ~�(K1)� ;where the last expression 
omes from D � Æ. If 
a is the 
onstant hidden in the O-notation (noti
ethat it does not depend on any of 
�, 
Æ, or 
�), thenXi<j ai;j � 4
aD2n
2�Æ2 ~�(K1) = 
02� ~�(K1);where 
0 := 8
a=(
2�
�). This is all we needed to �nish the proof of this lemma, see (7). �4.3 Proof of the Poin
ar�e InequalityAssuming that the Poin
ar�e inequality does not hold, with the help of Lemma 17 we �nd a 
on-tradi
tion within the set K0. More pre
isely, we show that EK0(f; f) � 
0VarK0f holds for everymeasurable K 0 � K whi
h �ts in a box of size [0; �℄� [0; �℄n�1 and the lo
al 
ondu
tan
e does notvary mu
h within K 0. First we prove that if ea
h of two \nearby" balls has a large interse
tionwith K then their interse
tion has a large interse
tion with K too. It will help us to lower-boundEK0(f; f). This lemma is by Kannan, Lov�asz, and Simonovits (see [11, Lemma 3.5℄).Lemma 27 Let x; y 2 Rn , jjx� yjj < Æ=pn. Thenvoln(K \ (B(x; Æ) \ B(y; Æ)) � 1e + 1 minfvoln(K \ B(x; Æ)); voln(K \ B(y; Æ))gProof :Without loss of generality we may assume that x = �y. Let C := B(x; Æ)\B(y; Æ), Cx := (x�y)+C,Cy := (y�x)+C. By Lemma 21 we know that the fun
tion g(u) = voln(K\(u+C)) is log-
on
ave,therefore for any z, log g(0) � log g(z)+log g(�z)2 . So,voln(K \ C)2 = g(0)2 � g(x� y)g(y � x) = voln(K \ Cx)voln(K \ Cy)voln(K \ C) � minfvoln(K \ Cx); voln(K \ Cy)g (17)We want to get a lower bound on voln(K \ Cx) in terms of voln(K \ C) and voln(K \ B(x; Æ)).The set K \ B(x; Æ) 
an be partitioned into K \ Cx and K \ (B(x; Æ) n Cx). We will estimate thevolume of the later set in terms of voln(K \ C). Let Tx := B(x; Æ) n (Cx [ C). Suppose that byblowing up C (from the origin 0 = 12(x+ y)) by a fa
tor of � we 
over Tx. Let C 0 be the blown-upC. Then voln(K \ (B(x; Æ) n Cx)) � voln(K \ C 0) � �nvoln(K \ C));where the se
ond inequality follows from the 
onvexity of K. In other words, if z0 2 K \ C 0, thenthere exists z 2 K \ C, �z = z0. Obviously, z = 1�z0 2 C. Sin
e 0; z0 2 K, by the 
onvexity of Kwe get z = 1�z0 + (1� 1� )0 2 K. 22



We will prove that if � = 1 + 44n�1 , then C 0 
overs Tx. Then,voln(K \ Cx) = voln(K \ B(x; Æ))� voln(K \ (B(x; Æ) n Cx))� voln(K \ B(x; Æ))� �nvol(K \ C)� voln(K \ B(x; Æ))� e voln(K \ C)From (17) we get:voln(K \ C) � minfvoln(K \ Cx); voln(K \ Cy)g� minfvoln(K \ B(x; Æ)); voln(K \ B(y; Æ)g � e voln(K \ C);proving the lemma.To �nish the proof, we need to show that for � = 1 + 44n�1 the set C 0 
overs Tx. Let z 2 Tx.We want to prove that 1�z 2 C. Let � = 1=�. Clearly, z 2 B(x; Æ), therefore we are left to prove�z 2 B(y; Æ), or, equivalently, that jj�z � yjj � Æ. Let z = �x + w where w is orthogonal to x.Then, jj�z � yjj2 = jj��x� yjj2 + jj�wjj2 = (� + 1)jjxjj2 + �2jjwjj2Sin
e z 2 B(x; Æ), we have jjwjj2+(��1)2jjxjj2 � Æ2. By the assumption, 2jjxjj = jjx�yjj � Æ=pn.Therefore jj�z � yjj2 � (�� + 1)2jjxjj2 + �2(Æ2 � (� � 1)2jjxjj2)= (�2[2� � 1℄ + �[2�℄ + 1)jjxjj2 + �2Æ2� (3�2 + 4� + 1) Æ24n + �2Æ2= ((4n+ 3)�2 + 4� + 1) Æ24n;where the last inequality follows from � 2 [0; 2℄. We want to �nd � as large as possible so that the
oeÆ
ient of Æ2 be
omes at most 1. Solving(4n+ 3)�2 + 4� + 1 � 4ngives us � 2 [�1; 1� 44n+3 ℄, therefore if � = 1� 44n+3 , then � = 1=� = 1 + 44n�1 . �At last, we are ready to obtain the �nal 
ontradi
tion.Proof of Theorem 12:Let K 0 � K be a measurable set whi
h �ts in a box [0; �℄ � [0; �℄n�1 in some 
oordinate system.Suppose l varies withinK 0 by a fa
tor at most 
l, in other words for x; y 2 K 0 we have l(x)=l(y) � 
l.We show that there exists a set I su
h that I � B(x; Æ) \K for every x 2 K 0 andvoln(I) � 1
l(e+ 1)voln(B(xmax; Æ) \K); (18)where xmax is su
h that l(xmax) = maxx2I l(x). ThenEK0(f; f) = ZK0 ~�(x) � 12 voln(B(x; Æ) \K) ZB(x;Æ)\K(f(x)� f(y))2 dy� dx� 12 voln(B(xmax; Æ) \K) ZK0 ~�(x) �ZI(f(x)� f(y))2 dy� dx= 12 voln(B(xmax; Æ) \K) ZI ZK0 ~�(x)(f(x)� f(y))2 dx dy23



It 
an be easily veri�ed that RK0 ~�(x)(f(x)� 
)2dx is minimized for 
 = �fK0. ThereforeEK0(f; f) � 12 voln(B(xmax; Æ) \K) ZI dy ZK0 ~�(x)(f(x)� �fK0)2 dx= voln(I)2 voln(B(xmax; Æ) \K) ZK0 ~�(x)(f(x)� �fK0)2 dx� 12
l(e+ 1)VarK0f;where the last inequality 
omes from (18).On the other hand for K 0 = K0 from Lemma 17, we have EK0(f; f) < 
0VarK0f where 
0 dependson 
2�. Also, by the de�nition of our slabs, the fun
tion lmax varies by a fa
tor at most 2 withinea
h slab and at most 4 within K0 (be
ause K0 may 
onsist of two adja
ent slabs). We would liketo say something about the variability of l itself. Let xmin be a point of minimal l over K0 andlet x(1)min be its �rst 
oordinate. By the Lips
hitz inequality, see Lemma 22, part 4, we know thatj ln lmax(x(1)min)� ln l(xmin)j � nÆ �pn� 1, or equivalently lmax(x(1)min)=l(xmin) � enÆ �pn�1. Re
all that wemay 
hoose � as small as needed so we may assume that lmax(x(1)min)=l(xmin) � 2. For any y; z 2 K0we want to bound l(y)=l(z) by a 
onstant.l(y)l(z) � lmax(y(1))l(xmin) � lmax(y(1))lmax(x(1)min)=2 � 8Therefore we 
an 
hoose a dimension-independent 
� so that 
0 := 8
a
2�
� � 116(e+1) (be
ause 
l = 8in this 
ase), and we obtain a 
ontradi
tion.The very last step in this proof is the 
onstru
tion of the set I. Let A and B be the farthestpoints in K 0. If A and B were in the \opposite 
orners" of K 0, by the triangle inequality we getjjA � Bjj � � + �pn� 1 � 2� (sin
e we may pi
k � as small as we want). We show that the setI := B(A; Æ0) \ B(B; Æ0) \K for some Æ0 < Æ satis�es the two required 
onditions, namely(a) I � B(x; Æ) \K for every x 2 K 0, and(b) voln(I) � 1
l(e+1)voln(B(xmax; Æ) \K).Let Æ0 := Æ � �pn� 1 and l0(x) := voln(B(x; Æ0) \K)=volnB(0; Æ0) (lo
al 
ondu
tan
e w.r.t. Æ0).The requirement (a) follows dire
tly from the triangle inequality: Let C 2 I, x 2 K 0, and x0 be theproje
tion of x onto the line  !AB su
h that the �rst 
oordinates of x and x0 are equal. Then thetriangle ABC lies within I, sin
e I is 
onvex. Thus jjC� x0jj � maxfjjC�Ajj; jjC�Bjjg � Æ0. Forthe distan
e from C to x this means: jjC � xjj � jjC � x0jj+ jjx0 � xjj � Æ0 + �pn� 1 = Æ.For (b), we will use Lemma 27:voln(I) � 1e+ 1voln(B(x0min; Æ0) \K); (19)where x0min is a point in K 0 a
hieving minimal lo
al 
ondu
tan
e w.r.t. Æ0. We would like to lower-bound the right-hand side of this inequality in terms of voln(B(xmax; Æ) \K). To get from x0min toxmax we will prove that for suÆ
iently small � also l0 varies by a 
onstant fa
tor over K 0.24



We assume that for any x; y 2 K 0, l(x)=l(y) � 
l. Our goal is to show that there exists a 
onstant
0l su
h that l0(x)=l0(y) = voln(B(x; Æ0) \ K)=voln(B(y; Æ0) \ K) � 
0l. It is easy to observe thatl0(x) � l(x) for every x 2 K. Now we need to upper-bound l0 in terms of l. We 
an 
hoose � smallenough so that Æ0 � Æ=21=n and therefore volnB(0; Æ0) � volnB(0; Æ)=2. Thenl0(x) = voln(B(x; Æ0) \K)volnB(0; Æ0) � voln(B(x; Æ) \K)volnB(0; Æ)=2 = 2l(x)For l0(x)=l0(y) this means: l0(x)l0(y) � l(x)2l(y) � 
l2So 
0l := 
l=2. Applying this to (19) we getvoln(I) � 1e + 1 � voln(B(xmax; Æ0) \K)
0l � 1
0l(e+ 1) � voln(B(xmax; Æ) \K)2 ;where the last inequality 
omes from the assumption Æ0 � Æ=21=n and from the observation that forany x 2 K if we shrink B(x; Æ) \K from x by a fa
tor Æ0=Æ, we will get a subset of B(x; Æ0) \ K.More pre
isely, let y be any point in B(x; Æ)\K and w.l.o.g. we 
an 
hange the 
oordinate systemso that x = 0. Sin
e Æ0=Æ < 1, x 2 K and K is 
onvex, we get Æ0Æ y 2 K. Thus, Æ0Æ (B(x; Æ)\K) � K.Clearly, Æ0Æ (B(x; Æ) \K) � B(x; Æ0). Thereforevoln(B(xmax; Æ0) \K) � �Æ0Æ �n voln(B(xmax; Æ) \K) � 12voln(B(xmax; Æ) \K)We have proven (b), �nishing the proof of the Poin
ar�e inequality. �5 From Poin
ar�e for Speedy Walk to Uniform Sampling5.1 OverviewWe know the bound on mixing time of the speedy walk from the Poin
ar�e inequality. However, asmentioned in the introdu
tion, the speedy walk is a ni
e 
on
ept but 
annot be implemented in realappli
ations. Instead, we need to estimate the mixing time of the Metropolis walk. Assuming thatwe have a reasonably ni
e starting distribution, we will prove that the Metropolis walk 
onvergesto the stationary distribution qui
kly (Theorem 34).The next tri
k is to obtain a good starting distribution. We assume that B(0; 1) � K and pi
ka starting point a

ording to the speedy distribution in the body K0 := B(0; 1). Then we de�ne a\
hain of bodies", i.e. interse
tions of K with 
on
entri
 balls doubling in volume. We will run theMetropolis walk in Ki (where Ki is the interse
tion of K with the i-th ball), starting at the point inKi�1 returned by the previous Metropolis walk. Eventually, we will get a sample point in K withdistribution 
lose to the speedy distribution. This is summarized in Algorithm 35 and Theorem 37.Finally, we want to get from speedy to the uniform distribution. To do this, we will \shrink" Kappropriately, obtaining K 0. We will sample points in K a

ording to the speedy distribution untilwe a
hieve a point in K 0. The speedy density at this point will be 
lose to the uniform density and25



we output the 
orresponding point in K (proje
tion of the point in K 0 onto K). Formalization ofthis intuition is 
aptured in Algorithm 38 and Theorem 40.When 
omputing the volume of a 
onvex body, we need to obtain a sample of several (almost)independent points. To make the pi
ture 
omplete we in
lude Algorithm 41 and Theorem 42 dealingwith this 
ase.The algorithms and theorems in this se
tion are only minor modi�
ations of the results in [11,Se
tion 4℄. However, the authors of [11℄ obtained a bound on 
ondu
tan
e of the speedy walkand therefore use the so-
alled M -distan
e to measure proximity of distributions. We re-state andre-prove their theorems for the Poin
ar�e 
onstant and L2-distan
e.5.2 More De�nitionsWe will need some de�nitions from probability theory. The �rst de�nition deals with independen
eof random variables. In our setting we 
annot hope for true independen
e but as it turns out,\almost" independent random variables (samples) are all we need.De�nition 28 Two random variables X and Y are "-independent if for every two measurable setsA;B � 
, jPr(X 2 A; Y 2 B)� Pr(X 2 A) Pr(Y 2 B)j � "A set of random variables X1; : : : ; Xk 2 
 is said to be "-good for a distribution � if(a) dtv(�i; �) < ", where �i is the distribution of Xi,(b) for every i 6= j the variables Xi and Xj are "-independent.The next de�nition deals with expe
ted value 
onditioned on a non-\ex
eption" event of largeprobability, the so-
alled expe
ted value with ex
eption. Unfortunately we are not able to boundthe real expe
ted running time of all algorithms presented in this work but we 
an bound theirexpe
ted running time with a small ex
eption (authors of [11℄ 
onje
ture that the theorems remainvalid with \ordinary" expe
tation but 
an prove them only for \expe
tation with ex
eption"). Goodnews is that if the ex
eption is small, we 
an modify the original algorithm so that it always �nisheswithin pres
ribed number of steps and it will su

eed with high probability. This is more pre
iselysummarized in Note 30.De�nition 29 We say that a random variable X has expe
tation at most E with ex
eption " ifthere exists A � 
 su
h that Pr(A) � 1� " and the expe
ted value of X 
onditioned on A is at mostE.Note 30 Suppose we proved that an algorithm runs in expe
ted time T0 with ex
eption ". Thisalgorithm takes more than 2T0 steps with probability at most 12(1�")+". We 
an run this algorithmfor at most 2T0 steps and if it has not �nished, we forget its 
omputation and start over. If we repeatthis k times, the probability of not su

eeding within these 2kT0 steps is 1 � (1+"2 )k = 1 � 2�
(k),assuming 1=2� " = 
(1). Noti
e that this modi�ed algorithm takes at most 2kT0 steps, as opposedto only having a bound on its expe
ted running time.An important parameter in determining the mixing time is the average lo
al 
ondu
tan
e, as wewill see in Theorem 34. 26



De�nition 31 Average lo
al 
ondu
tan
e is de�ned as � := 1voln(K) RK l(x) dx.5.3 Realization of the Speedy WalkAs mentioned earlier, we are not able to run speedy walk in pra
ti
e. If we were, after polynomialnumber of steps t we would be suÆ
iently 
lose to the stationary distribution ~�. This idea is morepre
isely summarized in the following theorem.Theorem 32 Let Æ < 
ÆD=pn, where 
Æ is a dimension-independent 
onstant. Let �0 be an initialprobability distribution su
h that jj�0 � ~�jj2 < 1 and let x0; x1; x2; : : : be the random variables
orresponding to the state of the speedy walk on K starting from distribution �0, xt is the state aftert steps. Then1. jj�t � ~�jj2 � jj�0 � ~�jj2 e��t22. For � = (jj�0 � ~�jj2 + 12) e��t2 the random variables x0 and xt are � -independent.Proof :The �rst 
laim follows dire
tly from Theorem 6, the Poin
ar�e inequality (Theorem 12), and from(1� �=2)t � e��t=2.For the � -independen
e, let A;B be any two measurable sets. We want to boundjPr(x0 2 A; xt 2 B)� Pr(x0 2 A) Pr(xt 2 B)j = �0(A)jPr(xt 2 B j x0 2 A)� �t(B)j (20)by � . Let �0t be the distribution after t steps starting from distribution �0 restri
ted to the set A.Then (20) equals �0(A)j�0t(B)� �t(B)j � �0(A)(j�0t(B)� ~�(B)j+ j�t(B)� ~�(B)j). Using the �rst
laim, we will bound j�0t(B)� ~�(B)j and j�t(B)� ~�(B)j in terms of jj�0 � ~�jj2 separately.Re
all that 2dtv(�; ~�) = RK j�(x) � ~�(x)j dx � jj� � ~�jj2 (see (1)), and by de�nition of dtv wehave j�(C)� ~�(C)j � dtv(�; ~�) for any measurable set C. Thereforej�t(B)� ~�(B)j � 12 jj�t � ~�jj2 � 12 jj�0 � ~�jj2 e��t=2;where the last inequality 
omes from the �rst part of this theorem.We are left to bound j�0t(B) � ~�(B)j. We 
an use the same argument as before to get j�0t(B) �~�(B)j � 12 jj�00 � ~�jj2 e��t=2, where �00 is the initial distribution �0 restri
ted to the set A. Thus,�00(x) = �0(x)�0(A) . Now we want to express jj�00 � ~�jj2 in terms of jj�0 � ~�jj2:jj�00 � ~�jj2 =vuutZK ( �0(x)�0(A) � ~�(x))2~�(x) dx = 1�0(A)sZK (�0(x)� �0(A)~�(x))2~�(x) dx (21)
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Sin
e �0(A) � 1, basi
 properties of absolute values give us j�0(x)� �0(A)~�(x)j � j�0(x)� ~�(x)j+j~�(x)� �0(A)~�(x)j � j�0(x)� ~�(x)j+ ~�(x). ThereforeZK (�0(x)� �0(A)~�(x))2~�(x) dx � ZK (j�0(x)� ~�(x)j+ ~�(x))2~�(x) dx= ZK (�0(x)� ~�(x))2~�(x) dx+ 2 ZK j�0(x)� ~�(x)j dx+ 1� jj�0 � ~�jj2 + 2jj�0 � ~�jj2 + 1= (jj�0 � ~�jj2 + 1)2For (21) this implies jj�00 � ~�jj2 � 1�0(A)(jj�0 � ~�jj2 + 1)We bounded all quantities we needed. Colle
ting all the terms we get�0(A)jPr(xt 2 B j x0 2 A)� �t(B)j � �0(A)�12 � 1�0(A)(jj�0 � ~�jj2 + 1) e��t=2 + 12 jj�0 � ~�jj2 e��t=2�= 12e��t=2 (jj�0 � ~�jj2 + 1 + �0(A)jj�0 � ~�jj2)� 12(2jj�0 � ~�jj2 + 1)e��t=2 = (jj�0 � ~�jj2 + 12)e��t=2This proves that jPr(x0 2 A; xt 2 B) � Pr(x0 2 A) Pr(xt 2 B)j � � (see (20)), �nishing the proofof � -independen
e of x0 and xt. �We 
an simulate the speedy walk using the Metropolis walk whi
h we 
an easily implement inpra
ti
e. The previous theorem gives us a bound for the expe
ted number of steps of the speedywalk until it gets suÆ
iently 
lose to its stationary distribution. However, for the simulation to betime-eÆ
ient, we need to be able to bound the number of non-speedy steps, i.e. steps when we stayin the same state. We examine it in the next theorem.Algorithm 33 (Realization of the Speedy Walk) Run Metropolis walk from a distribution �0.For given pre
ision " > 0, stop after t = d 2� ln( 52")e proper (i.e. speedy) steps.Theorem 34 Let Æ < 
ÆD=pn, where 
Æ is a dimension-independent 
onstant. Then1. Let �0 be the starting distribution su
h that jj�0 � ~�jj2 � 2, and �i be the distribution afteri (non ne
essarily proper) steps of Algorithm 33. Let f be the total number of steps. Thenjj�f � ~�jj2 � " and the starting point x0 and the �nal point xf are "-independent.2. If m0 := jj�0 � ~�jj2 < 1, then the expe
tation of f with ex
eption m20 is at most 3t�(1�m20) .Proof :First part of this theorem follows dire
tly from Theorem 32 after substituting the expression for tfrom Algorithm 33.For the se
ond part, let V := fx 2 K j �0(x)~�(x) � 3g. This set will be our ex
eption, in other wordswe will show that the expe
ted number of proper and improper steps 
onditioned on starting thewalk outside of V is at most 3t�(1�m20) . 28



First we want to bound �0(V ):m20 = ZK (�0(x)� ~�(x))2~�(x) dx � ZV (�0(x)� ~�(x))2~�(x) dx == ZV �0(x)~�(x) �0(x) dx� 2 ZV �0(x) dx+ ZV ~�(x) dx �� ZV 3�0(x) dx� 2�0(V ) + ~�(V ) � 3�0(V )� 2�0(V ) = �0(V )Therefore �0(K nV ) � 1�m20. A

ording to De�nition 29, let A be the event that we start the walkoutside of V (then by the above Pr(A) � 1�m20), and let X be the total number of steps taken bythe algorithm. We want to show that E(XjA) � 3t�(1�m20) . Let xi be the state after i proper (speedy)steps, 
onditioned on the event A, and let �0i be the 
orresponding probability distribution. Clearly,for all x 62 V we have �0(x) < 3~�(x) and thus�00(x) = �0(x)�0(K n V ) � 3~�(x)1�m20By indu
tion on i we will prove that for any x 2 K�0i(x) � 31�m20 � ~�(x)Let i > 0 and suppose the statement to be true for i� 1. Then�0i(x) = ZK �0i�1(y)P (y; x) dy � 31�m20 ZK ~�(y)P (y; x) dy == 31�m20 ZK ~�(x)P (x; y) dy = 31�m20 ~�(x) ZK P (x; y) dy � 31�m20 ~�(x);where P is the transition distribution of the speedy walk on K and the se
ond equality 
omes fromthe reversibility of this walk.Now we are ready to bound the expe
ted number of improper steps between two 
onse
utiveproper steps, 
onditioned on the event A. Clearly, expe
ted number of improper steps before takinga proper move from a state x is 1=l(x) (this is the number of improper steps plus the proper move).Thus, 
onditioned on A the expe
ted number of steps needed to get from xi to xi+1 isZK �0i(x) 1l(x) dx � 31�m20 ZK ~�(x) 1l(x) dx = 31�m20 ZK � l(x)RK l(y) dy� 1l(x) dx == 31�m20 � 1RK l(y) dyvoln(K) = 3�(1�m20)The statement of the theorem follows from the linearity of expe
tation. �5.4 Obtaining a Suitable Starting DistributionWhy 
annot we just run Algorithm 33 to obtain a sample point from the speedy distribution? Theproblem is that we do not have a good starting distribution to pi
k the initial point for the speedy29



walk from. By Theorem 34 we need jj�0 � ~�jj2 to be small enough. In this se
tion we present amethod whi
h over
omes this problem.We assume B(0; 1) � K � B(0; D) and we de�ne intermediate 
on
entri
 balls as follows: Fori = 0; : : : ; b let Bi := B(0; 2i=n), where b = dn logDe. In other words, the volume of the ballsdoubles from i to i + 1 and the last ball is guaranteed to 
over all of the body K. Further, letKi := Bi \ K and let ~�i be the speedy distribution on Ki (the step-size Æ is �xed beforehand).Indu
tively we will show that we 
an simulate distributions �i with L2-distan
e within " from ~�i.Thus the last distribution �b is a good approximation of the distribution ~�b = ~�. For 
onvenien
ewe de�ne li as the lo
al 
ondu
tan
e within Ki, i.e. li(x) := voln(B(x;Æ)\Ki)volnB(0;Æ) .Algorithm 35 (Sampling from Speedy Distribution) Given " < 12 do:1. Let Æ < 25pn .2. Let x0 be 
hosen a

ording to the speedy distribution ~�0 from K0. (This 
an be done by
hoosing a point x uniformly from B0 = K0 and 
hoosing a point y uniformly from B(x; Æ).If y 2 K0 then x0 := x, otherwise repeat. This 
learly pi
ks x0 a

ording to ~�0. Also, thenumber of trial points x is expe
ted to be 
onstant sin
e l0(z) is lower-bounded by a 
onstantfor every z 2 K0.)3. For i = 1; : : : ; b do: Run Algorithm 33 on 
onvex body Ki from starting point xi�1. Let xi bethe point returned by this algorithm.4. Return y = xb.Before we analyze this algorithm, we state a geometri
 lemma by Kannan, Lov�asz, and Simonovits(see [11, Corollary 4.6℄) lower-bounding the average lo
al 
ondu
tan
e in terms of radius of a ball
ontained within the 
onvex body K.Lemma 36 If B(0; r) � K, then � � 1� Æpn2r .Theorem 37 Let �i be the distribution of the point xi generated in the i-th iteration of the Algo-rithm 35. Then jj�i � ~�ijj2 � " for every i 2 f0; : : : ; bg.The total number of ora
le 
alls with ex
eption b"2 is expe
ted to be less than10bt1� "2 = O�n3D2 lnD ln 1"� ;where t = d 2� ln( 52")e, and � is the Poin
ar�e 
onstant of the body K.Proof :Not surprisingly, for every i we prove that if jj�i � ~�ijj2 � ", then jj�i � ~�i+1jj2 � 2. This willallow us to apply Theorem 34 and 
on
lude that jj�i+1� ~�i+1jj2 � ". Sin
e �0 = ~�0, we would havejj�i � ~�ijj2 � " for every i.To 
ompare jj�i� ~�ijj2 with jj�i� ~�i+1jj2 we need to be able to express ~�i(x) in terms of ~�i+1(x).~�i(x) = li(x)RKi li(y) dy � li+1(x)RKi li(y) dy = RKi+1 li+1(y) dyRKi li(y) dy ~�i+1(x)30



We will bound the ratio RKi+1 li+1= RKi li using �i, the average lo
al 
ondu
tan
e of the i-th bodyKi. Sin
e li+1(y) � 1, 
learly RKi+1 li+1 � voln(Ki+1). On the other hand RKi li = �ivoln(Ki):~�i(x)~�i+1(x) � RKi+1 li+1(y) dyRKi li(y) dy � voln(Ki+1)�ivoln(Ki) � 2�i (22)Therefore jj�i � ~�i+1jj22 = Zx2K �i(x)2~�i+1(x) dx� 1 � Zx2K �i(x)2�i2 ~�i(x) dx� 1 == 2�i jj�i � ~�ijj22 + 2�i � 1 � 2�i � "2 + 2�i � 1Sin
e B(0; 1) � Ki for every i, we may use Lemma 36 to bound �i � 4=5. Thus we getjj�i � ~�i+1jj22 � 2("2 + 1)=�i � 1 � 5� 1 = 4, proving jj�i � ~�i+1jj2 � 2.For the se
ond part of the theorem, to bound the number of ora
le 
alls, we will follow the proofof Theorem 34, part 2. More pre
isely, we will show that for every i the expe
ted number of ora
le
alls with ex
eption "2 is less than 10ti=(1�"2), where ti is the number of speedy steps of Algorithm33 run in the body Ki. Clearly, the diameter Di of the body Ki in
reases with i, thus by Theorem12 the �i de
rease with i and therefore t0 � t1 � � � � � tb = t. So by linearity of expe
tation weexpe
t the total number of steps to be less than 10bt=(1� "2) with ex
eption b"2.In this 
ase, let Vi := fx 2 Ki j �i(x)~�i(x) � 3g be our ex
eption set in the i-th body. (Noti
e thatthis set is slightly di�erent from the one in Theorem 34, part 2. There Vi would be the set of allx 2 Ki su
h that �i(x) � 3~�i+1(x).)Mimi
king the proof of Theorem 34, part 2, for this new ex
eption set we get that �i(Vi) �jj�i � ~�ijj22 � "2. Similarly, let A be the event that we start the i-th walk outside of Vi and let Xbe the number of steps taken by the i-th iteration of the Algorithm 33. We 
an bound E(XjA) asbefore: Let yi;j be the state after j speedy steps starting the walk from xi 62 V , i.e. yi;0 := xi, andlet �0i;j be the 
orresponding probability distribution. Then for y 62 V�0i;j(y) = �i(y)�i(K n V ) � 3~�i(y)1� "2 � 7:5~�i+1(y)1� "2 ;where the last inequality 
omes from (22). By indu
tion on j we get �0i;j(y) � 7:51�"2 ~�i+1(y) for anyy 2 Ki. Now we 
an bound the expe
ted number of steps of the i-th walk, 
onditioned on the eventA: E(XjA) � 7:5ti�i(1�"2) < 10ti1�"2 . �5.5 From Speedy Distribution to the Uniform DistributionAlgorithm 38 (Sampling from Uniform Distribution) Let A be an algorithm generating sam-ples from K. Using A generate samples y1; y2; : : : until a point yk is obtained su
h that z := 2n2n�1yk 2K. Return z.We will use this well-known geometri
 statement for the analysis of this algorithm.31



Lemma 39 Let H be a half-spa
e not 
ontaining the point y. If the distan
e t of H from y satis�esÆ=pn < t, then voln(H \ B(y; Æ))volnB(0; Æ) < e�nt2=(2Æ2)Theorem 40 Let Æ � 1p8n ln(1=") and " < 1=10. If � is the distribution asso
iated with algorithm Asu
h that dtv(�; ~�) � ", and �0 is the distribution of Algorithm 38, then dtv(�0; �) < 11". Further,the expe
ted number k of samples yi needed in Algorithm 38 is less than 5.Proof :Let � = 1 � 12n and K 0 := �K. We sear
h for the �rst yi in K 0. Let �0 be the average lo
al
ondu
tan
e of K 0, i.e. �0 := 1voln(K0) RK0 l(y) dy. We will show that �0 > 1 � ", allowing us to
on
lude that �(K 0) > 1=5, as well as dtv(�0; �) < 11".Let us assume �0 > 1 � ". For the total variation distan
e, we want to prove that for anymeasurable set S � K, the di�eren
e j�0(S)� �(S)j < 11". Sin
e �0(z) = �(�z)=�(K 0), we get�0(S)� �(S) = �(�S)�(K 0) � �(S) � ~�(�S) + "~�(K 0)� " � �(S);where the last inequality 
omes from the assumption about the total variation distan
e of ~� and �.~�(�S) = R�S l(y) dyRK l(y) dy � voln(�S)RK l(y) dySimilarly, ~�(K 0) = �0 voln(K 0)RK l(y) dy � (1� ") voln(K 0)RK l(y) dy (23)By de�nition of uniform distribution, �(x) = 1=voln(K). Thus �(S) = voln(S)voln(K) = voln(�S)voln(K0) . For�0(S)� �(S) we get�0(S)� �(S) � voln(�S) + " RK l(y) dy(1� ")voln(K 0)� " RK l(y) dy � voln(�S)voln(K 0)Sin
e ��n � en=(2n�1) � e, we 
an bound RK l(y) dy � voln(K) = ( 1�)nvoln(K 0) � evoln(K 0). Then�0(S)� �(S) � voln(�S) + "evoln(K 0)� (1� "� "e)voln(�S)(1� "� "e)voln(K 0)= "e1� "� "e + "(1 + e)1� "� "e � voln(�S)voln(K 0)� 2"e+ "1� "� "e � 2e+ 11� 110(1 + e)" < 11";where in the se
ond inequality we used �S � K 0, and the third inequality holds for suÆ
ientlysmall " (i.e. " < 1=10). Thus we get �0(S)� �(S) < 11", proving dtv(�0; �) < 11".32



Now we 
an bound ~�(K 0) using (23).~�(K 0) � (1� ")�nvoln(K)RK l(y) dy = (1� ")�n� � 1� "e� > 15 + ";where the last inequality 
omes from � � 1 and " < 1=10. By the assumption on the total variationdistan
e of ~� and �, we know that �(K 0) > 1=5, allowing us to 
on
lude that the expe
ted numberof yi 
omputed by the algorithm is less than 5.At last, we need to prove the bound on �0, i.e. �0 > 1� ". We will show that RK0(1� l(x)) dx <"voln(K 0) from where the �0 bound follows dire
tly. Sin
e 1� l(x) = voln(B(x;Æ)\K)volnB(0;Æ) , we haveZK0(1� l(x)) dx = 1volnB(0; Æ)vol2nf(x; y) j x 2 K 0; y 62 K; jjx� yjj � ÆgTherefore ZK0(1� l(x)) dx = Zt>0 1volnB(0; Æ) Z(1+t+dt)Kn(1+t)K voln(B(y; Æ) \K 0) dy dtLet y 62 (1 + t)K. Using Lemma 39 we 
an bound voln(B(y; Æ) \ K 0): Let % be the hyperplaneseparating y fromK tangent to (1+t)K. Let d% be the distan
e from the origin to the 
orrespondinghyperplane tangent to K. The perpendi
ular distan
e from y to the 
orresponding hyperplanetangent to K 0 is at least (1 + t � �)d%. Sin
e B(0; 1) � K, we have d% � 1 and the distan
e is atleast 1 + t� � = t+ 12n . Now we 
an use Lemma 39:voln(B(y; Æ) \K 0) � e�n(t+ 12n )2=(2Æ2)volnB(0; Æ)= e�1=(8nÆ2)e�t=(2Æ2)e�nt2=(2Æ2)volnB(0; Æ) � e�1=(8nÆ2)e�t=(2Æ2)volnB(0; Æ)For RK0(1� l(x)) dx this means:ZK0(1� l(x)) dx � Zt>0 Z(1+t+dt)Kn(1+t)K e�1=(8nÆ2)e�t=(2Æ2) dy dtSin
e (1 + t)K � (1 + t + dt)K (be
ause K 
ontains the origin), we 
an estimate the volume of(1 + t+ dt)K n (1 + t)K:voln((1 + t + dt)K n (1 + t)K) = voln((1 + t + dt)K)� voln((1 + t)K)= [(1 + t+ dt)n � (1 + t)n℄voln(K)= n(1 + t)n�1voln(K) dt � nentvoln(K) dtThus,ZK0(1� l(x)) dx � voln(K) Zt>0 e�1=(8nÆ2)e�t=(2Æ2)nent dt � e�1=(8nÆ2)voln(K) < "voln(K)For the se
ond inequality one needs to 
ompute one-dimensional integral Rt>0 e�t=(2Æ2)+nt dt � 1n .The last inequality follows from substituting for Æ. This 
on
ludes the proof of this theorem. �33



Algorithm 41 (Sampling N almost independent points from the uniform distribution.)Given is " > 0, N 2 N, and K, a 
onvex body su
h that B(0; 1) � K � B(0; D).1. Let x1 be the point returned by Algorithm 35.2. Let i := 2 and j := 0.3. While j < N do: Run Algorithm 33 from xi�1 and obtain xi. If 2n2n�1xi 2 K, then j := j + 1,and yj := xi.4. Return y1; : : : ; yN .Theorem 42 Algorithm 41 uses O�(n3D2 + Nn2D2) ora
le 
alls. If �j is the distribution of yj,then �j is "-
lose to the uniform distribution � in total variation distan
e, and for every i 6= j thepoints yi and yj are "-independent.Proof :Let �i be the distribution of xi. Then by Theorem 37 the distribution �1 is 
lose to ~� in the L2-distan
e: jj�1�~�jj2 � ". Thus we have a good starting distribution and we may apply Theorem 34 toget jj�i� ~�jj2 � " for every i. By the same theorem the points x1; x2; : : : are pairwise "-independentsin
e for every i and j > i we did get from xi to xj using more than t steps of the speedy walk.Re
all that dtv(�i; ~�) � 12 jj�i � ~�jj2 (see (1)). Therefore Theorem 40 gives us dtv(�j; �) < 11=2".The expe
ted number of ora
le 
alls in step 1 is O�(n3D2), see Theorem 37. For generating xifor i > 1 we need O�( 1�) = O�(n2D2) ora
le 
alls, see Theorem 34 and Theorem 12. By Theorem37 the total expe
ted number of xi generated by the algorithm is less than 2N . By Wald's equalitythis gives us total O�(n3D2 +Nn2D2) ora
le 
alls. �6 A
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