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Abstract

Estimating the volume of a convex body is an important algorithmic problem. High dimen-
sions pose an especially difficult task for the algorithm designer. To be considered efficient, the
running time must be polynomial in the dimension. The first provably efficient approximation
algorithm was presented by Dyer, Frieze and Kannan in 1989, and steadily improved by various
authors over the next decade. Fundamental to these works is the analysis of random walks for
generating a random point from a convex body.

Kannan, Lovasz, and Simonovits recently analyzed a natural random walk known as the
ball walk. By bounding the so-called conductance, they obtain (via a Cheeger-type inequality)
a bound on the Poincaré constant of the random walk. Their bound proves the walk converges
to a random point in time O*(n®D?), where n is the dimension and D is the diameter of
the body. We survey and present a self-contained view of their work. In addition, following
an outline proposed by Jerrum, we slightly modify the KLS analysis to bound the Poincaré
constant without using a Cheeger-type inequality.



1 Introduction

Sampling points uniformly at random from high-dimensional convex bodies is a natural problem
with many applications such as approximating the volume of a convex body.

Throughout this text K C R" denotes an n-dimensional convex body of diameter D. The body
K as well as a precision ¢ is given to the sampling algorithm and it produces a point, or a set of
(almost) independent points, selected (almost) uniformly at random from K. The proximity to the
uniform distribution is captured by the precision ¢ and the algorithm is required to run in (expected)
polynomial time in n and 1/e. (In fact, the algorithm presented here runs in time polynomial in
log(1/e).) To avoid implementation issues the body K is given by a membership oracle where for
every point we can ask if the point is in the body. Time is measured in the number of oracle calls.

A straightforward Monte Carlo approach wraps the convex body into a rectangular box and
samples points from this box until it finds one in the body. The output is a random point from the
body, but the expected time needed to generate a point grows exponentially with dimension n.

The first polynomial time randomized algorithm was obtained by Dyer, Frieze, and Kannan in
1989 [5] and it was based on a random walk on a fine grid embedded in K. Their result, an O*(n?*)
running time for the volume application, was improved several times over the next eight years
by various combinations of these authors (listed in alphabetical order): Applegate, Dyer, Frieze,
Kannan, Lovdsz, Simonovits, see [13], [2], [12], [4], [14], [15], and [11]. The latest algorithm by
Kannan, Lovész, and Simonovits runs in time O*(n°). (The O*-notation, or the “soft-O” notation
hides logarithmic factors and other factors independent of n.) It is based, as several previous
algorithms, on a ball walk approach. The new analysis of the ball walk Markov chain grants
O*(n®D?) running time for sampling. The authors are able to transform the body into an (almost)
isotropic position to guarantee low diameter and obtain O*(n®) time bound.

Basic idea of all the algorithms is to design a Markov chain with proper limiting distribution,
ideally the uniform distribution, and a good convergence rate.

The ball walk Markov chain is a random walk on the convex body where for fixed § > 0 in one step
we can move to a point distant at most ¢ from the current point. There are two important variants
of the ball walk — the speedy walk and the Metropolis walk. In the speedy walk we choose the next
point uniformly from all points in the body distant at most 6. More precisely, if = is the current
point and B(x,d) is the set of all points at most § away from = (a ball of radius § centered at x),
then the next point is chosen uniformly at random from B(z,d)NK. If § is larger than the diameter,
we could sample points from the body in single step. This points to implementation problems with
the speedy walk. The most natural practical implementation chooses a point uniformly at random
from B(x,0) and then tests whether the chosen point is in K. If not, it stays at the current point,
otherwise it moves to the new point. This random walk is named the Metropolis version of the
ball walk, shortly the Metropolis walk. The goal is to bound the expected number of steps until
we reach a random point from the body. The key argument in the analysis is to bound the number
of the speedy and Metropolis steps separately. There is a balance between the size of 0 and the
number of the speedy vs. Metropolis steps. The larger 9, the fewer speedy steps we need. On the
other hand, the smaller §, the fewer Metropolis steps are required. The optimal § (with respect to
the currently best analysis) is of order 1/y/n. The limiting distribution of neither of the ball walks
is uniform but they can be used as a stepping stone to obtaining the uniform distribution.

This thesis presents a self-contained presentation of the O*(n3D?) result from [11]. The original
paper bounds the conductance of the Markov chain, whereas in this work we bound the Poincaré



constant of the chain, formalizing an argument outlined by Jerrum in [§].

Conductance is a combinatorial tool for bounding the convergence rate. It corresponds to the
probability of escaping from a worst-case set in one step of the chain. From a functional analysis
perspective, conductance is a special case of the Poincaré constant, see Section 2 for more details.

The Poincaré constant captures the speed of decaying of the variance (with respect to the chain’s
limiting distribution) of the worst-case random variable on the sample space. The spectral gap of a
Markov chain defined on a finite sample space is the difference between the first and second largest
(in absolute value) eigenvalues of the chain’s transition matrix. For a reversible Markov chain with
finite sample space, the Poincaré constant equals the spectral gap. Thus, the Poincaré constant
may be viewed as a convenient generalization of the spectral gap for non-reversible Markov chains
and infinite sample spaces. It is a classical result that the spectral gap (or the Poincaré constant)
provides a bound on the convergence rate of the chain to its limiting distribution. Exact definitions
and statements of the theorems are presented in Section 2.

A Cheeger-type inequality by Jerrum and Sinclair [9] relates the two quantities: Obtaining a
bound on the conductance provides a bound on the Poincaré constant (and thus a bound on the
convergence rate). In the meantime, Mihail [16] obtained the convergence rate from conductance
without the use of the Poincaré constant. However, proving a Poincaré inequality directly avoids
Cheeger-type analysis and adds little (if any) difficulty to the proof. In addition, there are several
examples where such direct proofs lead to improved convergence results (via the so-called log-
Sobolev inequality), see e.g. Frieze and Kannan [7], Jerrum and Son [10].

In Section 2 we review basic definitions and theorems from the theory of Markov chains. In
Section 3 we formally define both ball walks and analyze their limiting distributions. The heart of
this thesis, Section 4, is devoted to the analysis of the Poincaré inequality of the speedy walk. We
conclude with Section 5 where we estimate the number of Metropolis steps and present a trick used
for obtaining a point uniform at random from a point sampled according to the limiting distribution
of the Metropolis walk.

2 Preliminaries — (Continuous) Markov Chains

We start with definition and properties of a discrete-time Markov chain on (possibly infinite) sample
space.

Definition 1 A Markov chain M = (Q, P) on sample space € is defined by its transition function
P : Q% — [0,1]. For any state v € Q, P(x,-) is the probability distribution on 2 determining the
likelihood of the next state after taking one step from x. Distribution m is said to be stationary if
TP =.

Markov chain is reversible, if there exists a distribution © such that w(x)P(z,y) = w(y)P(y, x)
for all x,y € ().

When using Markov chains for sampling, we want to design a chain with unique stationary
distribution compatible with the sampling’s distribution.

One can easily verify that if a Markov chain is reversible, this 7 is the stationary distribution.
Another useful observation is that if P is symmetric (i.e. P(x,y) = P(y,z) for all z,y), then this
Markov chain is reversible with uniform stationary distribution.



Intuitively, mixing time of a Markov chain is its convergence rate, i.e. number of steps required
to get sufficiently close to the stationary distribution. Before we state the formal definition, we
need to be able to measure distance of two distributions.

Definition 2 Total variation distance of two distributions m and u is defined as

dyy (7, 1) 1= sup |7 (A) — p(A)]

ACQ

Definition 3 Let ¢ > 0. We say that a Markov Chain with stationary distribution p has mixing
time t = t(e) if for a given initial distribution pg

dtu(/uta N) S g,

where the initial state is drawn according to jy and py is the probability distribution after t steps of
the chain.

Surprisingly, the total variation distance is not always the best choice of measure. As we will
see shortly, Theorem 6 can be simply stated in terms of the so-called Lo-distance but no equivalent
form in terms of total variation distance is available.

Definition 4 The Lo-distance of two probability distributions m and p is defined as ||m — p||e ==

m(z)—pu(x))?
NIREETEI

Simple computation shows that ||m — pu||e = \/fQ 7;5(?)

tion of the Ly-distance several times.

Notice that the Lo-distance is not a distance in proper mathematical sense since it is not symmet-
ric. However, it has some nice properties, the most important one for our application is summarized
in Theorem 6.

Using the continuous variant of the Cauchy-Schwarz inequality we prove that the L2 distance is
at least twice the total variation distance. It is easy to see that dy,(m, u) = 3 [, |7 (x (x)] dx.

I lle = \/ [T,
= \// /; )de\//gﬂ(l“)da:

> /|7T |mdaz

- 2dt’u(ﬂ'7:u’) (1)
Definition 5 Let (2, P) be a Markov chain with stationary distribution ,u Gwen a measurable
function f:Q — R we define the expected value of f as E,( fQu ) dz, the variance of
f as

Var(f) = [ (@) = Bu()* do.
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and the Dirichlet form of f as

Eu(F 1) = [ nle)hla) da, where hie) =5 [ Pley)(F(o) - 7)) d

Intuitively, the Dirichlet form is a variation within one step (local variation) whereas variance is
the global variation. In this paper we work with discrete-time Markov chains, i.e. every step takes
one time unit. One can also define continuous-time Markov chains, where the Dirichlet form simply
corresponds to the derivative of the variance with respect to time.

The lazy variant of a Markov chain (2, P) is the same Markov chain except that before making
a step it tosses a coin and with probability % it stays in the same state. In other words, the lazy
Markov chain (€, P;z) is defined as Pyz := 3(I + P), where I(z,z) = 1 and I(z,y) = 0 for every
x # y. It is straightforward to see that the important properties of the chain such as stationary
distribution and reversibility do not change by making it lazy. Intuitively, the mixing time of a lazy
chain doubles compared to the mixing time of the original chain.

For a moment let us consider a Markov chain defined on a finite sample space. By the Frobenius-
Peron Theorem the absolute value of all its eigenvalues is upper-bounded by 1. Then the eigenvalues
of the lazy variant are guaranteed to be non-negative and there exists a unique eigenvector with
eigenvalue 1 corresponding to the stationary distribution of the chain. Thus, it is easier to bound the
spectral gap of the lazy variant. The following theorem applies a similar argument to the Poincaré
constant.

Theorem 6 Let A\ be a constant and M = (2, Pzz) be the lazy variant of a reversible Markov
chain with stationary distribution p satisfying the Poincaré inequality: For any measurable function
f:Q—=R,

Eu(f: f) = AVary(f)
Then

A t
o=l < (1-3) Thio = sl

Definition 7 Supremum over all \ satisfying the Poincaré inequality is denoted Ayq and called the
Poincaré constant of the chain M. Formally,

o Gl f)

)‘M = f:lﬁn—f;Rm'

If we view the Dirichlet form as the derivative of the variance, then the Poincaré constant is a
measure of decay of the variance.

If the sample space of the Markov chain is finite, the Poincaré constant equals the spectral gap
of the chain. For a proof via variation characterization of the second largest eigenvalue, see Aldous
and Fill [1, Chapter 3, Sections 4 and 6.

Proof of Theorem 6:
We will prove that ||pc1 — plla < (1= 3) || — p]|2 for ¢ > 0. In fact, following an argument by

Mihail we will prove something stronger: For any measurable function f, Var,(Pzzf) < Var,(f) —
sE.(f, f), where Py f(x) = [, Pzz(x,y)f(y) dy. This statement trivially implies

Var,(Przf) < (15 ) Vany (1) 2)
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and we will show shortly how to get from here to the Lo-distance of p; and .

Notice that the variance nor Dirichlet form changes if we shift f by a constant. So we may as well
assume E,(f) = 0. We want to express Var,(f) — Var,(Pzzf). Equivalent definition of variance
brings us closer to the Dirichlet forrn (recall that u is the stationary distribution of both (2, P) and
(Q, P;z) and thus p(y) = [, p(e y) dx):

1

Var,(f) = 5/Q,Jd(gc)f( ) dx+;/ﬁb(y)f(y)2

_ 1/ (g:)f()/P(xy dy du + = // P(z,y) dz f(y)* d
_ // (F(2)? + F(y)?) da dy

In order to express Var, (P f) in a form similar to the Dirichlet form, we need another expression
for Pyzf(x):

Paafe) = [ () + 3P0 500 dy
= @+ [ Penr)
= 3 | PeaG@+ 1) dy

Since E,,(f) = 0 and the stationary distribution of a Markov chain and its corresponding lazy chain
is the same, for E, (P, f) we get

Fulfazd) = / @) Pzzf(z) dv = /Q () /Q Pyz(a,9) ] (y) dy du =
— /f / Pzz(xy)da:dy_/f (y) dy = E,(f) = 0

For Var,(Pzzf) this means (using Cauchy-Schwarz inequality in the middle of the derivation)

Ver(Pasf) = [0 [5 [ P + s a] ae
= 1 ] r@) [VPG (@ + )Pl ] o

< 1 [n@ | [ Pease v 1w ay [ Py i) do

= 1 [ w@) [ P + 1) dy do

Therefore

Va(f) = Varu(Pezf) = 1 [ [ i) Pla)(f0) = £ do dy = 58,(4.5)



To get from variance to the Ly-distance, notice that ||m — pl[; = Var,(*£) = Var,(%) for any
distribution 7. Let fi(z) := p(x)/p(x). Then

_ _ ru(y)
Pyzfi(z) = /QPZZ(%?J)f(y) dy = /QPZZ(%?J) u(y) dy

- PZZ(yal") _ Mt+1(33) _ -

= g = i =

where the third equality comes from the reversibility of the Markov chain: p(z)Pysy(z,y) =

() Pzz(y, o).
Finally, substituting f; in (2):

A A
[pte41 — pll2 = Varu(le) = Varu(PZth) < (1 - 5) Varu(ft) = (1 - 5) e — 1|2

We conclude this section with the definition of conductance. Intuitively, it is the likelihood of
escaping from the worst-case set in one step.

Definition 8 The conductance of Markov chain M = (2, P) with stationary distribution p is

(b./\/l = inf PI'(Xt+1 ¢ S | Xt ~ M(S))

N SCQ: 0<p(S)<1/2

The conductance can be viewed as a special case of the Poincaré inequality. If we restrict func-

tions f to indicator functions, then \' := infy.q_0 1 \g,gff(’?) equals ®,,. This points to a trivial

relationship between the two quantities: Ay < @ 4. Jerrum and Sinclair [9] proved a much stronger
and more useful Cheeger-type inequality: Ay > ®3,/2. Thus, obtaining a lower bound on the con-
ductance provides a lower bound on the Poincaré constant.

3 Markov Chains for Sampling Points in Convex Bodies

The input for our algorithms is a convex body K C R™ of diameter D, and a precision ¢ (the bound
on total variation distance from the uniform distribution). The body K is given by a membership
oracle, i.e. if x is in K the answer is YES, otherwise it is NO. (In fact, because of the volume
application, the body is usually given by a separation oracle, i.e. if x € K, the answer is YES,
otherwise the answer is a hyperplane separating = from K. This allows transformations of the
body, e.g. the use of the ellipsoid method, or the isotropic position. A standard application of the
ellipsoid method can transform K into a convex body containing the unit ball, of diameter O(n3/ 2),
and of the same volume as K.)

We will sample points using a ball-walk Markov chain approach by Lovasz and Simonovits [15].
We denote 0 the step size of the walk: Let x € K be the current state of the chain and Y C K be
the set of all points distant at most ¢ from x. Pick y, the new state of the chain, uniformly from
Y. This describes our speedy walk on K. More precisely,



Definition 9 (Speedy Walk.) Fiz § > 0 and denote B(xz,r) the n-dimensional ball of radius r
centered at x. If x is the current state of the speedy walk, then the next state y is chosen uniformly
at random from B(xz,0) N K. In other words, the transition distribution P(x,y) =

||z —yl| <9, and P(z,y) = 0 otherwise.

1
Vol (B(z,0)NK) for

As we will see shortly, the stationary distribution of the speedy walk is not the uniform distri-
bution. Fortunately, a little trick can get us from speedy to the uniform distribution. This will be
discussed in section 5.5.

Another problem with the speedy walk is its implementation in practice. To be able to simulate
one step of this walk, we need to sample from B(z,d)N K. We will sample ¢’ uniformly from B(z, ¢)
and if 3" happens to be in K, we will move to y := ¢/, otherwise we stay in z, i.e. y := x. This type
of walk we call the Metropolis walk (a shortcut for “Metropolis version of the ball walk”). Simulating
one step of the speedy walk may require many steps of the Metropolis walk (the expected number
of Metropolis steps is %) Again, we will overcome this problem in section 5.3.

We will be able to analyze the mixing time of the speedy walk using the Poincaré inequality
(section 4). However, first we need to know the stationary distribution of this walk. Intuitively, it
should be proportional to B(x,d) N K. Before we make this intuition formal, we define the local
conductance, i.e. percentage of points in d-ball centered at X which are in K:

Definition 10 For z € K let I(z) := %. The function | : K — R is called the local
conductance on K.

We claim that the stationary distribution i of the speedy walk is

fi() = I(x)/L, where L= /K I(y) dy.

We need to verify that iP = fi, where P is the transition function of the speedy walk.

- ') . ! dy =

veB@onk L vol,(B(y,d) N K)

_ 1 1 =)
B /eBxdﬂKVOl B(0, 5)d _T_M(x)

Throughout this text, i denotes the stationary distribution of the speedy walk (and the
Metropolis walk), and p is the uniform distribution on K.

Note 11 We have not proven that ji is the unique stationary distribution. This will follow from
the Poincaré inequality for the speedy walk (Section 4) and from Theorem 6.

4 Poincaré Inequality

This section is devoted to the proof of the Poincaré inequality of the speedy walk. We shall follow
the proof of Jerrum for convex bodies satisfying the curvature condition (“rounded” bodies, see
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[8]). Our proof extends his proof for general convex bodies and is based on many hints from Mark
Jerrum himself.

Theorem 12 (Poincaré inequality) Let K C R" be a conver body of diameter D and let § <
csD/+/n (where cs is independent of n). For any (measurable) function f: K — R,

gﬂ(f: f) Z )\V&rﬁf,

where
CA52

D?n
for some dimension-independent constant cy.

Throughout this section we compute expectation, variance, and Dirichlet form w.r.t. p. To
simplify notation, if the subscript /i is clearly understood from the context, we omit it.

We will find very helpful special notation for the expected value, variance, and the Dirichlet form
restricted to only part of the original domain (a subset of K), while the distribution i remains to
be defined on the whole convex body K.

Notation 13 Let f : K — R and K' C K. We write

Eg f = . fi(x) f(x) da,
Varg f = [ j@)(/(a) - ﬁm{ £)? dz.
Exf= [ pmx)h(x) d.
.

4.1 Needle-like Body

In this subsection we prove that if the Poincaré inequality is violated for the whole body, then there
exists a needle-like body (a body whose all but one dimensions are bounded by a given ¢) violating
the Poincaré inequality.

Lemma 14 If there exists f : K — R wiolating the Poincaré inequality, i.e. Ex(f, f) < AVarf,
then for every € > 0, there exists a conver subset K, C K such that K; C [0, D] x [0,¢]"! in some
Cartesian coordinate system, and

gKl(f: f) < )\V&I'Klf,

while

EKlf =0.

The idea of the proof is simple: We will eliminate the “fat” dimensions one by one. As it turns
out, to do this we need to have at least two “fat” dimensions. Then we are able to eliminate one of
them, using these two geometric statements:

Theorem 15 Let S be a convex set in R%. Then there exists a point x such that any line going
through © cuts S into two parts, area of each of which is at least 4/9 of the area of S.

9



For the proof, see e.g. [6, page 118]. The constant 4/9 is tight but for our purposes it could be
replaced by any positive number — for an easy proof when the constant is 1/3, see [8, Lemma 6.11].

Lemma 16 Let S be a conver set in R?. Then S C [0,4/2 area(S)] x R in some Cartesian

coordinate system.

Proof :

Let d be the diameter of S and let A, B € S be two points distant d from each other, i.e. ||A—B|| = d.
The z-axis in our new coordinate system will be identical to line 1@ Let the y-axis be any line
perpendicular to 1@ Let C' € S be a point with the largest (non-negative) y-coordinate, and
D € S be a point with the smallest (non-positive) y-coordinate. Then by the triangle inequality,
yo —yp < ||C' — DJ|, and ||C — D|| < d because d is the diameter. Also from the convexity of S we
can conclude that the triangles ABC' and ABD are subsets of S. Then

- d (ye — yD)2
area(S) > area(ABC) + area(ABD) = i(yc —yp) > s

Therefore yo — yp < /2 area(S). [ |

We are now ready for the proof of Lemma 14.

Proof of Lemma 14 :

Elimination of the “fat” dimensions is based on the following claim:

CramM:  Let i > 2, K; C K such that in some Cartesian coordinate system K; C [0, D]" x [0, €]" ",
and [ wviolates the Poincaré inequality on K;, i.e. Ex,(f, f) < AVarg,f and Ex,f = 0. Then there
exists K; 1 C K; such that in some Cartesian coordinate system K; 1 C [0, D]"™* x [0, ¢]"™", and
f wiolates the Poincaré inequality on K;_ ;.

PROOF: Let L be the projection of K; onto the i-th and (i — 1)-st dimensions (the last two “fat”
dimensions). By Theorem 15 there exists a point z7, € L such that any line going through z cuts
L into two “large” pieces. Let H be any hyperplane in R" containing x; and orthogonal to the i-th
and (7 — 1)-st dimensions. This hyperplane cuts K; into two parts K; N H" and K; N H~. Our goal
is to show that there exists H. such that E y+ = Ep - = 0. Clearly,

ng(f, f) = EKmH;*(fJ f) + EKmH;(fa f):
Varg, f = VarKiﬁij + Varg - f,
and by the assumption
Ek,(f, f) < AVarg, f.

IfEx g+ = Eg.qg- =0, then either K; NH, or K;NH, violates the Poincaré inequality. W.l.o.g.
let it be K; N H;". By Theorem 15 we know that the area of LN H." (the projection of K; N H onto
the i-th and (i—1)-st dimensions) is at most 5/9 of the area of L. Now we can take K; = K;NH} and
L = LN H. By continuing this process and cutting K; sufficiently many times we can guarantee
that the area of L becomes smaller than %62. Then, by Lemma 16 there exists Cartesian coordinate
system in which L C R x [0, ¢]. Thus, the new Kj is in fact K; ; C [0, D]'""' x [0, ¢/ ~**1.

It remains to prove the existence of H,. By the assumption, Ex,f = Ex,ag+f + Ex,ng-f = 0.
W.lo.g. let Eg,np+f > 0. By rotating H around z; by m we get H, such that EKmngf < 0. Thus,
by continuity there exists H* satisfying Ey p+f =0. U

[ |
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4.2 Shrinking the Last Dimension

Lemma 17 Let K, be the subset of K obtained in Lemma 14. Let D" be such that K; C [0, D'] x
[0, €]t and there exists a point in Ky with the first coordinate equal to 0 and a point with the first
coordinate equal to D'. (In other words, K fits tightly in this box w.r.t. the first coordinate.) Then

for every sufficiently small € > 0 and every constant ¢, > 0 such that c,cs < ﬁto’ there exists a

subset Ky C Ky such that Ko C [0,n] X [0,€]"", for n := C\/Lg : %, in some Cartesian coordinate
system, and
gKo(f) f) < CovarK0f7

where ¢y s a constant inversely proportional to 6727.

Notice that in the last lemma we do not have any conditions on the expected value.
Proof of Lemma 17 (part 1):
We will show that we can chop K by cuts perpendicular to the long axis into m measurable sets
Sos -+, Sm_1, each of which fits in a box of size [0,7/2] x [0, €]*"!, such that at least one of the S;
or the S; U S;11 will be a suitable candidate for Kj.

Ideally, if we were able to write Varg, f < £ Zl 0 Varg f, then we would get:

m—1 m—1
N & (f ) = Exi(f. 1) < AVarg,f < 0 Varg, f, (3)
=0 1=0

where the first equality follows from additivity of integrals, and the next inequality is given by the
assumption of the lemma. Then by the pigeon-hole principle there would exist 7 such that

Es,(f, f) < coVars, f

What is the sum > " Varg f equal to? For simplicity, for a measurable set S C K let us denote
fg:= ( Esf, in other words, fs is the actual expected value of f with the distribution fi properly
restricted on the set S.

nii;\/argif = H:ZO/
==§/(Mﬂ)him+2/ s~ i) da -

Si

le) (fSi_le)]z

‘t;z

2 [ W@ - f) s~ i) da

i

m—1 m—1
= Varlﬁf + Z/l(sl)(fsz - fK1)2 —2 Z(fsz - le)(ESif - /]’(Sl)le)
i=0 1=0
m—1
= Varg, f — Zﬂ( )(fs, — [xr)™
=0

where the last equality follows from fi(S)fs = Egf. In other words, this calculation tells us that
the variance restricted to K can be written as a sum of variances within each S; plus the variance

11



between all of these sets:

m—1
Varg, f =Y Varg,f + Z — fie,)? (4)
=0

If 3" Vars, f > S (S (fs, — fx,)?, then we have Varg, f < 237 ! Varg, f. Since we
may assume that 2 < ¢y/A, e.g. by setting ¢y > 2¢, (recall that 6 < D), this case is resolved, see 3.

If S Varg, £ < S i(Si) (fs, — fiy )2, the analysis is more complicated. We will prove that
in this case one of the U; := S; U S;4; (for properly defined S;) satlsﬁes the desired inequality. As
in the first case, we will want to express Vary, f in terms of > " VarU f. Clearly, we assume

Varg, f < 2Zu )(fs: — i)’ (5)

To simplify notation, we write w; = f1(S;). Also, notice that

wz’fSi + wi+1f5i+1
W; + Wit

fu. =

Applying (4) on U; instead of K, we get:

i+1 i+1

Vary, f = ZVargkf—l-Zwk fs. — fu.)?

> wi(fSi - fUz) +wi+1(f5i+1 - fUi)2

2 2
wi—l—l — _
= wi |—————(fs, = fo.s)| +wi — fs,
i [wi+wi+1 (fs. fslﬂ)] +1[ Z+wz+1 (fsiea — [s1)
o WiWiy1 7 7 9
W; + Wit (sz f5i+1)

We will be able to express Varg, f in terms of wwf’u’fil (fsi = fsipn)?

If we divide inequality (5) by f(/) the right hand side is a variance of a discrete random
variable X : {0,...,m—1} — R, where X; := fg with distribution m; = i(S;)/i(K;). (Notice that
E.(X) =0, because Eg, f =0.)

m—1
Var, X = mXE— (B, X)?
=0
1 m—1 1 m— m— m—1
— Y2 -
= 52 mXi+5 POEEEI SRR S
=0 7=0 1=0 j=
1
0<i<j<m
1 2
= 5 mim; (Xi — Xj)

o

12
A
.
A
3
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Therefore,
——Varg, f < 2Var,X = Y mm(X; - X;)

0<i<j<m

1
fi( K1)
Or, equivalently, we get

A(Ky)Varg, [ < Z wiwj(fsi—fsj)2

0<i<j<m
2
[ Wk + Wk41 WEWk41 (Fs, — o)
: Ski1
W W41 Wk + Wiy
j

j—1
Wk + Wiy WEWry1 7 = 9
S Z w;w; 7] . [Z 410]6 n Wit (fS;c - f5k+1) )

wrw
0<i<j<m k=i FTkHL k=i

-1

<.

I
M
HE

I |
)—‘ .

where in the bound we applied the Cauchy-Schwarz inequality. Let us denote
wk + We41
a; j = WwW; E _ 6
e ! WrWg+1 ( )

Then

j—1

A Varg, f < 0 a4y Y L (fo )

S Z Qg 4 Z V&I’ka

0<i<j<m k=i

Similarly to the first case, if we were able to show that ) i < Y see (3), then we would

. i<j Qi =\

get:
m—2
ZgUi(fa f) S 28K1(f7 f) < 2)‘V3rK1f S CﬂzvarUifa (7)
1=0 1=0

allowing us to conclude that there exists ¢ such that

gUi (f, f) < COV&I'Uif
|

In the rest of this subsection we will bound ZK]. a;j. Notice that until now the only important
property of the S; was that they fit in a sufficiently small box. For bounding the > ._.a;; we will
need something more:

1<J

Definition 18 Let us fiz the Cartesian coordinate system for K; C [0, D'] x [0,€]*~" from Lemma
14, D' < D. For x € R we denote S(x) = {A € K, | AV = 1}, where A®) means the i-th
coordinate of A, and lm.(v) := maxacg@) [(A). In other words, ln. is the mazimal 1 over all
points in Ky with fized first coordinate. Notice that lnax(0) > 0 and lpn.x(D') > 0. We inductively
define x;:

13



l(z;
S l(:l(:f:)l) S 27 and |'Z‘7, - :Ei—1| S g

We define slabs S; := K1 N ([z;, zi11] X [0,€]"7!) and denote width(S;) := |x;11 — x;|. Let m be the

total number of slabs.

o Fori >0, let x; be the largest number satisfying: %

First we study basic properties of the S;.

Lemma 19 For the above definition of the S; there exist l,r such that |v;41 — x;| = 3 if and only
ifi €{l,...,r —1}. Furthermore, for i < | the sequence {|x;1 — x;|}._y is non-decreasing and for

i > r the sequence {|xiy1 — x|} is non-increasing.

Before we start with the proof of this lemma, we need to explore some properties of the local
conductance [. For two sets Li, Ly, C R" we define their Minkowski sum Ly + Loy := {z1 + 23 | 21 €
Ly, 2z € Ly}. Now we can state the Brunn-Minkowski Theorem (see e.g. [6, Chapter 26, Thm 46]),
a helpful tool when proving geometric statements.

Theorem 20 (Brunn-Minkowski) Let K' and K" be two convex bodies in R". Then
vol, (K" + K")™ > vol, (K")"/" + vol,,(K") /"
The following lemma is the heart of several proofs in this work.

Lemma 21 Let K and L be two convex bodies in R" and let g(u) = vol,,(K N (u+ L)). We define
the domain of g to be D, := {u | g(u) > 0}. Then the function g(u)'/" is concave and g(u) is
log-concave over the domain D,.

Proof :

First we prove that g(u)'/™ is concave. Let x € [0,1], 7,y € R*. We want to show that g(kz + (1 —
k)y) > kg(x) + (1 — k)g(y). Suppose we know that K N (kx + (1 —k)y + L) 2 k(K N (x + L)) +
(1—k)(KN(y+L)). Then:

g(rz + (1= &)y)"™ = vol, [K N (kz + (1 — k)y + L)'/
> vol, [k(K x+L))+(1—/1)(Kﬂ (y + L))"
> 2+ L))" + vol, [(1 = k) (K 0 (y + L))]'/"

ol [ (K
)1 Kn(z+ L))]l/n +((1- H)n)l/nV01n[(K N (y+ L))]l/"
vol,[(K N (z 4+ L))]Y" + (1 — k)vol,[(K N (y + L))"

g(x)" + (1 —K)gy)M",

"vol,, [

I
xxﬁ<

where the second inequality follows from the Brunn-Minkowski Theorem. This implies that g(u)'/™
is concave and since the composition of two concave functions is a concave function, log(g(u)*/™) =
£ log g(u) is also concave. Thus, g(u) is log-concave.

[t remains to prove that K N (ke + (1 —k)y+ L) Dk(KN(x+ L))+ (1 —k)(KN(y+ L)). Let
a€k(KN(x+L)),be (1—kr)(KN(y+L)). We want to show that a+b € KN(kz+ (1 —k)y+L).
By the assumption, a € kK, b € (1 — k)K, therefore a + b € kK + (1 — k) K. Since K is convex,
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kK + (1 -k)K = K, thusa+b € K. Also, a € k(x +L) = ke +kL, be (1 —r)(y+L) =
(1 —r)y+ (1 — k)L, implying a + b € Kz + (1 — k)y + L. This finishes the proof of the lemma. W

These are the main properties of the local conductance I:

Lemma 22 The local conductance | satisfies:
1. 1(x)Y™ is concave over K,
2. l(x) is log-concave over K,
3. Lmax(2)"™ is concave and lyax(z) is log-concave over K,
4. Inl(x) is Lipschitz over K with constant n/d, i.e. for v,y € K, |Inl(z) —Inl(y)| < %||z — y||

Proof :
Items 1 and 2 follow directly from previous lemma.

For part 3, we will show that if g : K; — R is a concave function, then gmax () := maxycs() 9(y)
is concave over K, too. This will imply that both .. (z)"/™ = MaXyes(z) ()", and log lax(7) =
maxycs(z) logl(y) are concave by the first two parts of this theorem.

We want to show that for x € [0,1] and z,y € [0, D’]

Imax(Fx + (1 = £)y) > Kgmax() + (1 = £) gmax(¥)

Clearly, gmax(z) is achieved for some A € S(x), similarly gma.(y) = [(B) for some B € S(y). Then
by concavity of g(x) we have g(kA + (1 — k)B) > rkg(A) 4+ (1 — k)g(B). One can easily verify that
kA4 (1 —k)B € S(kx + (1 — k)y) (the body K is convex, therefore kA + (1 — k)B € K;).

g(kA+ (1 —k)B)
rg(A) + (1 — r)g(B)
- Hgmax( ) + (1 - )gmax(y)

gmax(/ﬁx + (]- - K)y) Z
>

For case 4, notice that the definition of {(z) makes sense even for x outside of K. By Lemma 21,
I(x)*™ is concave over D;. It is easy to see that the domain D; = K + B(0,6). Let A, B € K and
let C' be on the halfline z@) distant 0 from B and ||A — B|| 4+ 0 from A. Clearly, C' € D;. Then by
concavity,

1A - Bl|

)
S L L 110 LA
|M—BH+5()

)
[(B)Y™ > o
(B) ~||A-BJ||+0

—lAl/"
A= W

1(A)r

Then
(A" _ A= Bl +6
[(B) - 1)
Taking logarithm of both sides

HMM%JM@HSMHO+&%;E>§%M—BH
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Proof of Lemma 19:
Since lpax is @ log-concave function, there exists o/, z, such that [,y is strictly increasing for z €
[0, 2], strictly decreasing for x € [z}, D'], and constant for z € [, }]. Let width(S;) := |z;11 — x4].
We will prove that width(S;—,) < width(S;) for ¢ such that x;1; < . (In other words, while l;,y
increases the width is non-decreasing).

Let i be such that x;; < 2/, and suppose width(S;) < width(S; ;). This means that width of S; is
smaller than 7/2 and by definition of the S;, lyax(%it1) = 2lmax(2;), or equivalently log lyax(zi41) =
10g lmax () + 1. But loglnax is a concave function:

[log lmax(xi — Wldth(SZ)) + log lmax(xi—l—l)]

NN

log lmax (xz) Z

Putting the last two observations together we get liax (%;) > 2l nax(x;—width(S;)). Since width(S;) <
width(S; 1), this means lyax(2;) > 2lmax(2; 1), a contradiction with the definition of the S;.
Similar argument shows that when [, starts decreasing, the width is non-increasing. Therefore
the slabs of “full” width 1/2 are the last slabs while [, increases and the first slabs when [,y
decreases, proving the existence of [ and r. [ |

Now we know that the S; can be divided into three groups: The “left” group, (i < [), then the
“middle” group (I < i < r), and the “right” group (r <i). We will show that each of these groups
has specific properties (the “left” and “right” group have similar) which will help us to bound the
Zi<j Qi

We split the sum into several smaller sums and we will be able to evaluate each of them separately.
D= agt Y aigt D gt Y ag+ Y a+ ) aig (8)
1<J 1<j<l i<I<j<r i<l,r<j [<i<j<r 1<i<r<j r<i<j

> icj< Will be computed in essentially the same way as >~ ;_;, similarly >, ., and 37 o).

We will first examine the slabs in the “middle” group with the help of a generalization of the
Brunn-Minkowski Theorem, due to Dinghas (see [3, Thm 10.1)):

Theorem 23 (Dinghas) Let A, and Ay be two bounded measurable sets in R”, f be a non-negative
measurable function defined on Ay U Ay, and p > 0. Let

g(x) := SUP{(f(fUl)l/p + f(%)l/p)p |z =21 + 22, 7; € A}

Then
1/(p+n) 1/(p+n) 1/(p+n)
[/ g(x) dx] > [ f(x) dm] + [ f(z) dx]
A14Az Ay Az
Lemma 24 The sequence w;/(zn), . wif(f") is concave. Consequently, sequence 1/wy,...,1/w, 4
1S CONVeEL.
Proof :

Let i € {{+1,...,r —2}. We need to prove that 2w;’®" > !/ + !/, Since all S; 4, S;
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and S;;; have the same width and K is convex, it is easy to observe that 25; O S; 1 + S;11. By
Lemma 22, [(z)'/™ is concave and thus if z = 21 + 25, we get

(5 (o + 2" > 1)+ 1)),

or equivalently

1
1E) 2 o sup{U(e) V" + a2 ) o=+ )

Now we can apply Dinghas’s Theorem for A; := S;_1, Ay := S;41, f(x) :=(z), and p := n:

1/(2n) 1/(2n)
2wy’ =2 { / I(x) dx] / He/2) da;]
S; 2g, 2"
1/(2n)
g()
> 2 [ / 52 dm]
2S;

1/(2n) 1/(2n)
> / () daj} + [/ () daj}
Si 1 Si—1

= w;oy T+ wily

DO
1

1/(2n)

This proves the concavity of {a;}/=}, where a; := w;""*". If we apply function h(z) := 272" to this

sequence, we get
h(ai 1) + h(ai) > 2h (%) > 2h(a;),

where the first inequality is convexity of h(z), and the second inequality comes from the fact that
h(x) is a decreasing function and a; is a concave sequence (and thus (a;_1+a;41)/2 < a;). Therefore,
the sequence {h(a;)}/_} is convex. |

The last lemma allows us to bound Zl<i<j<r a;;: Since the sequence 1/wy, ..., 1/w,_; is convex,
we have 327 1/wy, < (j — i+ 1)(1/w; + 1/w;)/2. Then for | <i < j <r,

<2ww]Z <ww]j—z+1)<i+i>:(j—i+1)(wj+wz~), (9)

w; w
where the first inequality comes from the definition of a; ;, see (6). Then

Z ai,j S Z (]-Z+1)(’U)l+’w])

I<i<j<r I<i<j<r
< (r—=1) Z (w; +wj) = (r—1) [Z w; + Z w]]
I<i<j<r I<i<j<r I<i<j<r
= (r—1) Z (r—i—1w; + Z(j—l)w]
I<i<r—1 I<j<r
< (r=Dr—1-1) ) w
I<i<r

< (r=1D*(K,)
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For convenience let us denote M :=r — [, i.e. the number of slabs in the “middle” part. Thus

S any = O(Mi(KY) (10)

I<i<j<r

Now we turn our attention to the “left” and “right” sections of the slabs. The number M can be
easily bounded because we know the width of the slabs — thus we can bound }_,;_;_, a;; in terms
of D, D', §, and n. We will use similar technique to bound Zi<j<l a;j to get a bound in terms of
[. Fortunately, we are able to lower-bound the width of slabs outside the “middle” section too.

Lemma 25 For sufficiently small € the width of any slab is at least %

Proof :

This statement is clearly true for slabs in the “middle” section. For the “left” section (the proof
for “right” section is similar), let i < [ and let A € S; be a point with first coordinate z; attaining
lmax(z;), and B € S; with first coordinate x;,; be such that {(B) = lax(xi1) (i.e. the leftmost and
rightmost “maximal” points). Then, by Lipschitz, see Lemma 22, part 4, we get

0 J
— > — — = —
I|A B||_n|lnl(A) Inl(B)| nln2

Let A’ be the point that we obtain from A by changing its first coordinate to x; ;. Then the width
of S;is [|[A — A'||. By the triangle inequality we get a bound on the width of S;: |[A — A'|| >
%ln2 — ey/n — 1, where the term ey/n — 1 represents the upper-bound on the distance from B to
A'. Remember that we are free to pick € as small as we want, so we may assume width(S;) =
A=Al = 5. u

If we were to use the same technique for evaluating >, a;; as we did for >, , . a;;, we
would get a bound in terms of /2. However, [? is more than we can afford. Therefore we need to
know more about the “left” and “right” sections.

Lemma 26 The sequence wy, ..., w;_ 1 is geometrically increasing and the sequence w,, ..., Wy, 1
15 geometrically decreasing. Further, wi_; < cw; and w, < cyw,_1 for some constant ¢, > 0.

Proof :

First we prove that wy, ..., w;  is geometrically increasing (the proof for w,, ..., w,, ; is analogous).
We want to find a constant ¢, > 1 such that for any : < [ — 1 we can show c,w; < w;y;. Let
d = width(S;11). We will prove that there exists a constant ¢, > 1 such that ¢, fs(x) [(z) dz <

fS(m+d) [(z) dz for any x € [2;,2;41]. Then

Tit1 Tit1 xz+1+d
Cow; = / / ) dz doz < / / ) dz dx < / / ) dz dx < wiqq,
S(z+d)

since x;+1 + d = x;19 and by Lemma 19 the (i + 1)-st slab is at least as wide as the i-th slab (and
thus z; + d > x;41).
Cram:  Let V(x) := vol, 1(S(x)). There exists a constant ¢, > 1.1/e such that ¢,V (7)lmax(v) <
V(x4 d)lmax(z + d) for every x € [x;, xit1].

Once we have proven this claim, it will suffice to relate V' (z)lynax(x) to fs

18



PROOF: Since i is from the “left” section, it follows from log-concavity of [ax that 2. (z) <
Imax(z + d) (the same reasoning is used in the proof of Lemma 19, second paragraph). Therefore if
V(z) < V(x + d) the claim follows trivially.

The problem is if V (z) > V(z +d). We show that V(x)/™ is a concave function and it will allow
us to bound the speed of its decreasing.

We want to show that for z,y € [0, D'] and x € [0, 1]

V(kr + (1 — f@)y)l/" > /d/(a:)l/" + (1 - m)V(y)l/n (11)

For p > 0, let S, := [0,p] x [0,¢e]"}, and g,(z) = vol,(K; N (2 + S,))"/". Then V(z) =
lim, 0 g,(,0,...,0)/p. Out of convenience for z € R we will shortcut g,(z,0,...,0) as g,(z). By
Lemma 21 the function g,(z)'/" is concave over K;. Therefore g,(kz + (1 — &)y)'/" > kg, (z)"/™ +
(1 - k)g,(y)/". Dividing both sides by p'/" and taking limit as p tends to 0 gives us (11), proving
the concavity of V(z)Y/".

We assume that V(2)'/" > V(x + d)'/". Further, V(D') > 0 and V(z)'/™ is concave. Therefore

D' — (z+d)
D —zx

d

D' — (z+d)
D —zx

1% )™ >
(x+d)'" > D — 1

Thus, V(z +d)/V(x) > (1 — 5)". We will prove that since lmax is increasing rapidly, = < D'/2.

Also,d < 1 = ;z}—nD[;. Putting these together we get

Gt (e

where the last inequality comes from 6 < ¢sD/y/n. Since (1 — £)" > e 7 for every t € R, and
cncs < 1/2 implies n — ¢,c5 > n/2, we get V(x +d) > e 2V (z). Thus

2

e2cncs

V(@) lmax(z) < V(@ + d)loax(z + d)

We need c; = 20,,05
the assumption of Lemma 17).

It remains to prove that © < D'/2. We know that Im s concave, lnay(0) > 0, and 2/, (z) <
lmax(z + d). Therefore

> 1.1 /e and this is satisfied if ¢, ¢c; < 100 +1n W (constant 130 comes from

* L (@ 4 d) ™ < Loy ()" < Lnasc (2 + d) /™

lmax(x + d)l/n < lmax(o)l/n + - m

T +d Tz +d T +d

d < Ui

2l/n—1 — 2(21/n—1)"
expression for n and bound for §: = < C"C,iD ' 2(21/1n,1). The last step is to bound 1/(2"/™ — 1).
Since €' > 1+t for any real ¢, if t = LIn2 then 2'/” > 14+ LIn2 and thus 1/(2"/" — 1) < n/In2.
Therefore our bound on z is x < cn05D’/(2 In2). Now all we need is assumption that ¢,c; < In2

which is clearly true since ¢,c; < 100 We proved x < D'/2, closing the proof of the claim. O
What is the relation of V(z)lpa.x(z) and f S ) dz? Recall that by the Llpschltz inequality,
Lemma 22, part 4, for any y, 2z € S(z ) we have |lnl( ) —Inl(2)| < %ev/n — 1. In particular, if y is

Dividing both sides by Il (z + d)Y/" gives us z < Now we substitute the
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such that [(y) = lmax(2) and € is sufficiently small so that e2¥2=1 < 1 then {(2) < lpax(z) < Ve l(2)
for any z € S(z). Thus

¢ / 1(2) dz < V(@) () < V(@ + )l + ) < Ve l(z) dz
S(x) S(z+d)

This gives us ¢, := ¢, /\/e > 1.1.

Finally, we want to prove the existence of the constant ¢,,. Let z € [z, 1, ], and d := width(S; ;).
We know that liax(2) < 4lmax(x +d) (because [y, varies by a factor of 2 within each S;). If V(z) is
still increasing, we are fine with ¢, := 4\/e. If V (z) already decreases, we may use analysis similar
to previous case. The only thing that we cannot guarantee anymore is © < D'/2. But we know that
211 < D'/2, thus x < (D' +n)/2. Since n < ¢,¢;D" and ¢,¢5 < 1/2, for 2 this means: z < 3D'. A
computation similar to (12) leads to V(z + d)/V (x) > e™*%. Therefore in this case

1

Jedencs

V() (z) < V(@ + d)loax( + )

To go from V(z)lmax(z) to w;_; we can copy the same reasoning as before and we get w;_; < cwy,
Ve

Jelencs -
With the help of the last lemma, we can estimate ZKKZ i, Zi<l§j<r a;;, and Zi<l,1°§j ;-
This will allow us to finish the proof of Lemma 17.
Caution: What follows is a tedious computation using lemmas proven above. We encourage
readers to do the computations by themselves instead of trying to read this proof.

Proof of Lemma 17 (part 2):
Let ¢, > 1 be the constant determining the speed of geometric increasing of wy, ..., w;_1. (By the
proof of Lemma 26 we can take ¢, := 1.1.) First we bound a, j, assuming ¢ < j < [:

for ¢, := This concludes the proof of this lemma. [ |

Zj 1 Zj 1 1= =1
=1 =1

where ¢, := —L_ Then

1-1/¢q
Z a;.j < Z Qég’w]' < 269 Zég’wl,1 = O(lwl,l) (14)
1<j<l 1<j<l i<l

For i <1 < j <r, we can estimate a;; (using the same techniques as in (9) and (13)):

e BN AN |
ai,j S 2wlw][ w—k+zw_k]
k—i k=l
< 2w — =+ 1) (—+ —
vy o+ (=1 )+ D)
~ Cw [ 1
< 2ngj+2 1 w](] l+1)(—+—)
9 l J
R c
< Qng]nLclfle( — 1+ 1)(w; +w,)
g



Now we can estimate >, ;. a;;:
Z a;; < 2¢, Z wj + Qché’l Z (j—1+ ].)C;('U)j + wy)
i<i<j<r i<i<j<r i<i<j<r
The first sum is easy
D wi=1) wy UK
i<I<j<r I<j<r

For the second sum we get (recall that M =r — )

Z (j—l+1)cg(wj+wl) = Z(j_l+1)(wj+wz)zcg

i<l<j<r 1<j<r i<l
cé -1 ]
< _IZ(J—Z+1)(wj+wz)
“ I<j<r
g,
< g M[/l(Kl) +Mwl]
cg— 1
Therefore,
> iy =01+ M)i(Ky) + M*w) (15)
1<I<j<r

At last, if ¢ < [ and r < 7, we have:

r—1 1 -1 1 j 1
a;,; < 2ww, — + - 4 Z il
Wk ! W Wy
k=l k=1 k=r
1 1 11
< 2ww; {M <—+ >+ég <_+_>]
wy Wy -1 w; wj
2c? X
< g M (Wt we) + 280 (w; + w)

We need to bound these two sums:

Z (w; +w;) < (m—r)Zwi+lij = O((m —r)w; + lw,_y)

i<lr<j i<l r<j
1 Cl cmneT
o or—l+1 ) —J r—I+1 g o —m+l 7Y _ a2
Z (I—1—i)+(j—r) Cq § :Cg 2 :Cg <G c —1 Cg c —1 Cq
i<lyr<j Cg i<l r<j g g
Thus,
E a;; = O(M(w, +w,) + (m — r)w; + lw,) (16)
i<lr<j

Now we are ready to estimate Y, a;;. We simply put together (8), (10), (14) and its equivalent
for >, ;; aij, (15) and analogous bound for -, . a;;, and (16).

Y ay =0+ M+ (m—r)+ M*)i(Ky))

0<i<j<m
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The number M < [D'/(n/2)] is easy to bound since all slabs in the “middle” section are of width
n/2. So M? < [P To bound [, resp. m — r, we will use Lemma 25: [ < [2Dn/§]. Putting it

czo?
all together
4Dn  4D%n)\ _ AD*n
2 “w‘:O(( KR +—5> “(K1)>:O<W“(K”>’
0<i<j<m " !

where the last expression comes from D > §. If ¢, is the constant hidden in the O-notation (notice
that it does not depend on any of ¢, ¢s, or ¢,), then

4caD2n - Co
D iy < =g iKY = 51K,
i<j n
where co := 8c,/(c;cy). This is all we needed to finish the proof of this lemma, see (7). |

4.3 Proof of the Poincaré Inequality

Assuming that the Poincaré inequality does not hold, with the help of Lemma 17 we find a con-
tradiction within the set Ky. More precisely, we show that Ex/(f, f) > coVarg, f holds for every
measurable K’ C K which fits in a box of size [0,7] x [0,€]*~" and the local conductance does not
vary much within K'. First we prove that if each of two “nearby” balls has a large intersection
with K then their intersection has a large intersection with K too. It will help us to lower-bound
Ex:(f, f). This lemma is by Kannan, Lovasz, and Simonovits (see [11, Lemma 3.5]).

Lemma 27 Let z,y € R", ||z —y|| < d/\/n. Then
vol, (K N (B(x,0) N B(y,0)) > % min{vol,, (K N B(x,0)), vol, (K N B(y,d))}
e

Proof :

Without loss of generality we may assume that = —y. Let C' := B(z,0)NB(y,0), C, := (r—y)+C,
Cy, = (y—=)+C. By Lemma 21 we know that the function g(u) = vol, (KN (u+C)) is log-concave,
therefore for any z, log g(0) > w. So,

vol, (K N C)? = g(0)* > g(z — y)g(y — x) = vol,,(K N C,)vol, (K N C,)

vol, (K N C) > min{vol, (K N Cy),vol, (K NC,)} (17)

We want to get a lower bound on vol, (K N C,) in terms of vol, (K N C) and vol,(K N B(z,J)).
The set K N B(x,d) can be partitioned into K N C, and K N (B(z,d) \ C,). We will estimate the
volume of the later set in terms of vol, (K N C). Let T, := B(z,0) \ (C; UC). Suppose that by
blowing up C (from the origin 0 = 1(z + y)) by a factor of 3 we cover T,. Let C’ be the blown-up
C. Then

vol, (K N (B(z,0) \ Cy)) < vol,(KNC") < p"ol, (K NC)),

where the second inequality follows from the convexity of K. In other words, if 2’ € K N (", then
there exists z € KN C, Bz = 2. Obviously, z = 12/ € C. Since 0, 2 € K, by the convexity of K

B
we get z = 32/ + (1 - 5)0 € K.
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We will prove that if 3 =14 -, then C" covers T,. Then,

vol, (K N Cy) = vol,(K N B(x,0)) — vol, (K N (B(x,d) \ Cy))
> vol,, (K N B(z,0)) — 8"vol(K N C)
> vol, (K N B(z,0)) — e vol,, (K NC)
From (17) we get:
vol, (K N C) > min{vol, (K N Cy),vol,, (K NCy)}
> min{vol,, (K N B(x,d)), vol, (K N B(y,d)} —e vol,,(K N C),
proving the lemma.
To finish the proof, we need to show that for # = 1 + ﬁ the set C" covers 1,. Let z € T,.

We want to prove that %z € C. Let o = 1/p. Clearly, z € B(z,9), therefore we are left to prove
az € B(y,0), or, equivalently, that ||az — y|| < 0. Let 2 = ox + w where w is orthogonal to z.
Then,
oz = y||* = llaow — yl|* + [Jaw[]* = (a + 1)]|2]]* + o*[[w]]*
Since z € B(w, ), we have |[w]|*+ (0 —1)?[[z[|* < 6. By the assumption, 2|[z|| = ||z —y|| < §//n.
Therefore
|z = yl|* < (a0 + 1)?[Ja]]” + a*(6% — (o — 1)*|=]]*)
= (?[20 — 1]+ a[20] + 1)||z||* + o?6*
2

< (3a® +4a + 1)— + a?6?
4n
2

= ((4n + 3)a® + 4 1)—
((4n + 3)a” + 4o + )4n’

where the last inequality follows from o € [0,2]. We want to find « as large as possible so that the
coefficient of 62 becomes at most 1. Solving

(4n+3)a2+4a+1<4n

4n+3] therefore if o« = 1 — 4n+3, then 8 =

At last, we are ready to obtain the final contradiction.
Proof of Theorem 12:
Let K' C K be a measurable set which fits in a box [0,7] x [0,¢]""! in some coordinate system.
Suppose [ varies within K’ by a factor at most ¢;, in other words for z,y € K’ we have [(z)/l(y) < ¢.
We show that there exists a set I such that I C B(z,d) N K for every z € K" and

gives us a € [—1,1 —

1
Ly(I) > ———vol, (B(2max, 0) N K), 18
501, (1) 2 ol (Bt ) 1 ) (18)
where Zax is such that [(2.x) = maxger (). Then

enih0) = [0 oG S 0~ T o] e

= 9l (B(g;rlnax,a) / @) [/(f(x) —f(y)’ dy] d
" 2 v0ly(B(2man, 0) N K) // — f(y))? dz dy




It can be easily verified that [, ji(z)(f(z) — ¢)*dz is minimized for ¢ = fgs. Therefore

Exr(f, f) = 5 VoL, (B(l"max, AR /dy/K, — Fx)? d
vol, (1)
- e L @) = Fe) d

1
7\/ ,
Sale 1) vaw S

where the last inequality comes from (18).

On the other hand for K" = Kj from Lemma 17, we have Ex.(f, f) < coVark: f where ¢q depends
on 0727. Also, by the definition of our slabs, the function [, varies by a factor at most 2 within
each slab and at most 4 within K (because K may consist of two adjacent slabs). We would like
to sa something about the variability of [ itself. Let x.;, be a point of minimal [ over K, and

let z'") be its first coordinate. By the Lipschitz inequality, see Lemma 22, part 4, we know that

min

| In lax (2 ) ) —Inl(2nin)| < Fev/n — 1, or equivalently lyax(z mm)/l(ajmm) < esVn=1 Recall that we

may choose € as small as needed so we may assume that [y, (z Enin)/l(a:mm) < 2. For any y, z € K
we want to bound [(y)/l(z) by a constant.

(1) (1)
lma,x(y ) S lmax (?{ ) S 8
[(Tmin)  ~ Lpax (2))/2

min

<

8cq 1

C%—CA ~ m (because C = 8

Therefore we can choose a dimension-independent ¢y so that ¢ :=
in this case), and we obtain a contradiction.

The very last step in this proof is the construction of the set I. Let A and B be the farthest
points in K'. If A and B were in the “opposite corners” of K', by the triangle inequality we get
|A— B|| < n+eyn—1<2n (since we may pick € as small as we want). We show that the set
I:=DB(A,§)NB(B,d)N K for some ¢" < § satisfies the two required conditions, namely

(a) I C B(z,d)N K for every x € K', and

(b) vol,(I) > volo (B (#max, §) N K).

N
ci(e+1)

Let 0’ := 6 —ey/n — 1 and I'(x) := vol,(B(z,0") N K)/vol,,B(0,d") (local conductance w.r.t. ¢').
The requirement (a) follows directly from the triangle inequality: Let C' € I, x € K', and 2’ be the

projection of x onto the line jzlﬁ) such that the first coordinates of z and 2’ are equal Then the
triangle ABC' lies within I, since I is convex. Thus ||C' — 2'|| < max{||C — A|l, ||C — B||} < ¢'. For
the distance from C' to x this means: ||[C — z|| < ||C = 2/|| + ||z’ — 2| < +e/n—1=1.

For (b), we will use Lemma 27:

vol, (1) >

§)NK), (19)

min?

1
vol, (B(z!
e+1

where x]; is a point in K’ achieving minimal local conductance w.r.t. §'. We would like to lower-

bound the right-hand side of this inequality in terms of vol,,(B(Zmyax, ) N K). To get from x| ;, to
Tmax We Will prove that for sufficiently small € also [' varies by a constant factor over K'.
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We assume that for any x,y € K', [(z)/l(y) < ¢;. Our goal is to show that there exists a constant
¢, such that I'(x)/l'(y) = vol,,(B(x,0") N K)/vol,,(B(y,¢') N K) < ¢. It is easy to observe that
I'(x) > l(x) for every x € K. Now we need to upper-bound !’ in terms of [. We can choose € small
enough so that ¢’ > §/2/" and therefore vol, B(0,§") > vol,B(0,d)/2. Then

vy vol,(B(x,8")NK) _ vol,(B(z,0) N K)
(@) = —oLB0.5) = voLBO.o2 AW

For I'(z)/l'(y) this means: !'(z) I(z)
Iy = A0y~ 2

So ¢} := ¢;/2. Applying this to (19) we get

1 vol,(B(Zmax, o) N K) o 1 vol, (B(Zmax, 0) N K)

1, (I ,
Yo ()_e+1 ¢ ~le+1) 2

V

where the last inequality comes from the assumption 6’ > §/2Y/" and from the observation that for
any r € K if we shrink B(z,d) N K from z by a factor 6'/d, we will get a subset of B(x,d") N K.
More precisely, let y be any point in B(z,d) N K and w.l.o.g. we can change the coordinate system
so that = 0. Since 0'/6 < 1, z € K and K is convex, we get %y € K. Thus, %(B(x,d) NK)CK.
Clearly, %(B(x,é) NK) C B(x,0"). Therefore

!

voly (B(ama, &) N K) > <%> voly(B(#max, 6) A K) > %voln(B(me, 5) N K)

We have proven (b), finishing the proof of the Poincaré inequality. [

5 From Poincaré for Speedy Walk to Uniform Sampling

5.1 Overview

We know the bound on mixing time of the speedy walk from the Poincaré inequality. However, as
mentioned in the introduction, the speedy walk is a nice concept but cannot be implemented in real
applications. Instead, we need to estimate the mixing time of the Metropolis walk. Assuming that
we have a reasonably nice starting distribution, we will prove that the Metropolis walk converges
to the stationary distribution quickly (Theorem 34).

The next trick is to obtain a good starting distribution. We assume that B(0,1) C K and pick
a starting point according to the speedy distribution in the body Ky := B(0,1). Then we define a
“chain of bodies”, i.e. intersections of K with concentric balls doubling in volume. We will run the
Metropolis walk in K; (where K; is the intersection of K with the i-th ball), starting at the point in
K;_y returned by the previous Metropolis walk. Eventually, we will get a sample point in K with
distribution close to the speedy distribution. This is summarized in Algorithm 35 and Theorem 37.

Finally, we want to get from speedy to the uniform distribution. To do this, we will “shrink” K
appropriately, obtaining K’'. We will sample points in K according to the speedy distribution until
we achieve a point in K. The speedy density at this point will be close to the uniform density and
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we output the corresponding point in K (projection of the point in K’ onto K). Formalization of
this intuition is captured in Algorithm 38 and Theorem 40.

When computing the volume of a convex body, we need to obtain a sample of several (almost)
independent points. To make the picture complete we include Algorithm 41 and Theorem 42 dealing
with this case.

The algorithms and theorems in this section are only minor modifications of the results in [11,
Section 4]. However, the authors of [11] obtained a bound on conductance of the speedy walk
and therefore use the so-called M-distance to measure proximity of distributions. We re-state and
re-prove their theorems for the Poincaré constant and Ls-distance.

5.2 More Definitions

We will need some definitions from probability theory. The first definition deals with independence
of random variables. In our setting we cannot hope for true independence but as it turns out,
“almost” independent random variables (samples) are all we need.

Definition 28 Two random variables X and Y are e-independent if for every two measurable sets
A, B CQ,
|Pr(X € A Y € B)—Pr(X €e A)Pr(Y € B)| <e¢

A set of random variables Xy, ..., Xy € Q is said to be e-good for a distribution m if
(a) dy,(m;,m) < e, where 7; is the distribution of X;,
(b) for every i # j the variables X; and X; are e-independent.

The next definition deals with expected value conditioned on a non-“exception” event of large
probability, the so-called expected value with exception. Unfortunately we are not able to bound
the real expected running time of all algorithms presented in this work but we can bound their
expected running time with a small exception (authors of [11] conjecture that the theorems remain
valid with “ordinary” expectation but can prove them only for “expectation with exception”). Good
news is that if the exception is small, we can modify the original algorithm so that it always finishes
within prescribed number of steps and it will succeed with high probability. This is more precisely
summarized in Note 30.

Definition 29 We say that a random wvariable X has expectation at most E with exception ¢ if
there exists A C Q such that Pr(A) > 1—¢ and the expected value of X conditioned on A is at most
E.

Note 30 Suppose we proved that an algorithm runs in erpected time Ty with exception €. This
algorithm takes more than 2Ty steps with probability at most %(1 —¢)+e. We can run this algorithm
for at most 2Ty steps and if it has not finished, we forget its computation and start over. If we repeat
this k times, the probability of not succeeding within these 2kT, steps is 1 — (I—JQFE)"c =1— 2%k
assuming 1/2 —e = Q(1). Notice that this modified algorithm takes at most 2kTy steps, as opposed
to only having a bound on its expected running time.

An important parameter in determining the mixing time is the average local conductance, as we
will see in Theorem 34.
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Definition 31 Awerage local conductance is defined as A := m [ Uz) da.

5.3 Realization of the Speedy Walk

As mentioned earlier, we are not able to run speedy walk in practice. If we were, after polynomial
number of steps ¢ we would be sufficiently close to the stationary distribution fi. This idea is more
precisely summarized in the following theorem.

Theorem 32 Let 6 < csD/+/n, where c5 is a dimension-independent constant. Let ug be an initial
probability distribution such that ||po — fills < oo and let xg,xq,x2,... be the random variables
corresponding to the state of the speedy walk on K starting from distribution ug, x; is the state after
t steps. Then

1.

At

e = fille < flpo — fill2 €=
2. For 7 = (||po — fil]2 + 3) e s the random variables ©o and x, are T-independent.

Proof :
The first claim follows directly from Theorem 6, the Poincaré inequality (Theorem 12), and from
(1—=X/2)" <e M2,

For the 7-independence, let A, B be any two measurable sets. We want to bound

| Pr(zg € A, 2y € B) — Pr(zg € A)Pr(z; € B)| = po(A)|Pr(zy € B | zg € A) — j14(B)] (20)

by 7. Let p} be the distribution after ¢ steps starting from distribution g restricted to the set A.
Then (20) equals po(A)|p(B) — pu(B)| < po(A) (|1 (B) — i(B)| + |im(B) — a(B)]). Using the first
claim, we will bound |u}(B) — a(B)| and | (B) — fa(B)| in terms of || — fi]|2 separately.

Recall that 2d, (7, i) = [, |7(z) — ()| dz < ||7 — fi]]s (see (1)), and by definition of dy, we
have |7(C) — i(C)| < dy (7, i) for any measurable set C'. Therefore

i 1 o o
e(B) = (B)| < Sl = flle < Sllmo — fll2 e M2,

where the last inequality comes from the first part of this theorem.
We are left to bound |u,(B) — fi(B)]. We can use the same argument as before to get |u}(B) —
i(B)] < i||uh — ill2 e /%, where pf is the initial distribution s restricted to the set A. Thus,

() = Z(?((fl)) Now we want to express ||py — fi||2 in terms of ||ug — il]2:

T Gty — A=) 1 (Ho(z) — po(A)fi(x))*
o — Al = /K 20 dv = e \//K ) da (21)

|
=
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Since 9(A) < 1, basic properties of absolute values give us |uo(x) — po(A)(x)| < |po(z) — f(z)] +
() = po(A) ()] < [po(x) — ful@)| + A(x). Therefore
(o () — po(A) i) (po(r) —
—r s |

X

= 7;1

()] + fa(x))?
(@) I
(po(x) — fi(w))? i
/K ii(z) dx+2/K |o(x) — fu(z)| do +1
< o — fill2 + 2 po — il|2 + 1
= (Il — fill2 +1)*

A

We bounded all quantities we needed. Collecting all the terms we get

1 1 5 _ 1 - _
oI Pren € B 20 € ) = uB)] < nla) (5o = o+ 1) e 4 Fllno = il )
fo(A) 2
1 _ _ _
= 5 (lluo — allz + 1+ po(A)llao — il
1 . . 1, -
< 5(2||M0—H||2+1) M2 = (|| — H||2+§)€ M2
This proves that |Pr(xy € A, 2, € B) — Pr(zp € A)Pr(z; € B)| < 7 (see (20)), finishing the proof
of 7-independence of xy and z;. [ |

We can simulate the speedy walk using the Metropolis walk which we can easily implement in
practice. The previous theorem gives us a bound for the expected number of steps of the speedy
walk until it gets sufficiently close to its stationary distribution. However, for the simulation to be
time-efficient, we need to be able to bound the number of non-speedy steps, i.e. steps when we stay
in the same state. We examine it in the next theorem.

Algorithm 33 (Realization of the Speedy Walk) Run Metropolis walk from a distribution py.
For given precision ¢ > 0, stop after t = (% ln(z—i)] proper (i.e. speedy) steps.

Theorem 34 Let § < ¢csD/\/n, where ¢5 is a dimension-independent constant. Then

1. Let py be the starting distribution such that ||py — fl|lz < 2, and p; be the distribution after
i (non necessarily proper) steps of Algorithm 33. Let f be the total number of steps. Then
||y — fill2 < € and the starting point xo and the final point x; are e-independent.

2. If mg := || — fi|]2 < 1, then the expectation of f with exception m3 is at most A(%’fm%)
Proof :
First part of this theorem follows directly from Theorem 32 after substituting the expression for ¢
from Algorithm 33.

For the second part, let V := {z € K | “0 ) > 3}. This set will be our exception, in other words
we will show that the expected number of proper and improper steps conditioned on starting the
walk outside of V' is at most A(%tmg)
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First we want to bound g (V):

Therefore po(K\V) > 1—m2. According to Definition 29, let A be the event that we start the walk
outside of V' (then by the above Pr(A) > 1 —m2), and let X be the total number of steps taken by
the algorithm. We want to show that E(X|A) < A(%ﬁné) Let x; be the state after ¢ proper (speedy)
steps, conditioned on the event A, and let x be the corresponding probability distribution. Clearly,
for all x ¢ V' we have py(z) < 3/i(x) and thus

po(K\ V) = 1 —mg
By induction on ¢ we will prove that for any z € K

3

1—m

pi() < 7 - Alx)

(=)

Let + > 0 and suppose the statement to be true for ¢ — 1. Then

pilw) = /I(u§1(y)P(y,I) dy < 1_3m%/K/l(y)P(y,x) dy =
Tl _3m3 /Kﬂ(m)P(w,y) dy = 7 _3mgﬂ(x)/KP(a:,y) dy < < —3mgﬂ(x)’

where P is the transition distribution of the speedy walk on K and the second equality comes from
the reversibility of this walk.

Now we are ready to bound the expected number of improper steps between two consecutive
proper steps, conditioned on the event A. Clearly, expected number of improper steps before taking
a proper move from a state x is 1/I(x) (this is the number of improper steps plus the proper move).
Thus, conditioned on A the expected number of steps needed to get from x; to z;;1 is

/Kug(x)ﬁ dr < 1zm%/Kﬂ($1)l(z) dr = 137713/1;(&%3 dy> l(i:) dr =

T oT-md [ ) dyVOl”(K) T AL md)

The statement of the theorem follows from the linearity of expectation. [ ]

5.4 Obtaining a Suitable Starting Distribution

Why cannot we just run Algorithm 33 to obtain a sample point from the speedy distribution? The
problem is that we do not have a good starting distribution to pick the initial point for the speedy
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walk from. By Theorem 34 we need ||po — fi||2 to be small enough. In this section we present a
method which overcomes this problem.

We assume B(0,1) C K C B(0,D) and we define intermediate concentric balls as follows: For
i =0,...,blet B; := B(0,2"/"), where b = [nlogD]. In other words, the volume of the balls
doubles from 7 to ¢ + 1 and the last ball is guaranteed to cover all of the body K. Further, let
K; := B; N K and let fi; be the speedy distribution on K; (the step-size ¢ is fixed beforehand).
Inductively we will show that we can simulate distributions m; with Ly-distance within € from fi;.
Thus the last distribution 7, is a good approximation of the distribution fi, = fi. For convenience
we define [; as the local conductance within K;, i.e. [;(z) := %&‘)}W
Algorithm 35 (Sampling from Speedy Distribution) Given ¢ < 3 do:

1. Let 6 < %

2. Let xy be chosen according to the speedy distribution [iy from Ky. (This can be done by
choosing a point x uniformly from By = Ko and choosing a point y uniformly from B(x,?).
If y € Ky then zy := x, otherwise repeat. This clearly picks xy according to jig. Also, the
number of trial points x is expected to be constant since ly(z) is lower-bounded by a constant
for every z € Ky.)

3. Fori=1,...,b do: Run Algorithm 33 on convex body K; from starting point x;_,. Let x; be
the point returned by this algorithm.

4. Return y = xy.

Before we analyze this algorithm, we state a geometric lemma by Kannan, Lovasz, and Simonovits
(see [11, Corollary 4.6]) lower-bounding the average local conductance in terms of radius of a ball
contained within the convex body K.

Lemma 36 If B(0,r) C K, then A > 1 — %Y.

2r

Theorem 37 Let m; be the distribution of the point x; generated in the i-th iteration of the Algo-
rithm 35. Then ||m; — full2 < € for every i € {0,...,b}.
The total number of oracle calls with exception be? is expected to be less than

106t 1
—— =0 <n3D21nDln—> ,
1—-¢ €

where t = [$1n(2)], and X is the Poincaré constant of the body K.

Proof :
Not surprisingly, for every i we prove that if ||m; — ;|2 < e, then ||m; — fip1||2 < 2. This will
allow us to apply Theorem 34 and conclude that ||m; 11 — fii41|]2 < e. Since my = fig, we would have
||mi — fil|2 < e for every i.

To compare ||m; — fi;||2 with ||7; — f1;41||2 We need to be able to express fi;(x) in terms of ;1 (z).

N 1C) livi(2) S, lin(y) dy
fli(v) = fKi li(y) dy < fKZ Li(y) dy = fKi Li(y) dy Hi+1
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We will bound the ratio fKi+1 liv1/ fKi [; using A;, the average local conductance of the i-th body
K;. Since l;41(y) < 1, clearly me liv1 < vol,(Ki;1). On the other hand fK i = Nyvol, (K;):

iu(z) S i) Ay vol, (Kiih)

[\

- < < < = 22
i) = J b0) Ay = Aol () S X, .
Therefore
. 2
||7Ti—ﬂi+1||§ = / mi(2) —1</ mi(7) de —1 =
vek Hit1(T K 71 (33
2 2
= —||m — i —1< = ¢? —1

Since B(0,1) C K, for every i, we may use Lemma 36 to bound A; > 4/5. Thus we get
|7 — fig1l]s < 2(e2 +1)/A; —1 <5 — 1 =4, proving ||m; — fliz1|]2 < 2.

For the second part of the theorem, to bound the number of oracle calls, we will follow the proof
of Theorem 34, part 2. More precisely, we will show that for every 7 the expected number of oracle
calls with exception €2 is less than 10¢; /(1 —&?), where ¢; is the number of speedy steps of Algorithm
33 run in the body K;. Clearly, the diameter D; of the body K; increases with i, thus by Theorem
12 the \; decrease with ¢ and therefore ¢y, < t; < --- < t, = t. So by linearity of expectation we
expect the total number of steps to be less than 10bt/(1 — £%) with exception be?.

In this case, let V; := {2 € K; | 3 7” > 3} be our exception set in the i-th body. (Notice that
this set is slightly different from the one in Theorem 34, part 2. There V; would be the set of all
x € K; such that m;(z) > 3f41(x).)

Mimicking the proof of Theorem 34, part 2, for this new exception set we get that m;(V;) <
||mi — f15]|3 < 2. Similarly, let A be the event that we start the i-th walk outside of V; and let X
be the number of steps taken by the i-th iteration of the Algorithm 33. We can bound E(X|A) as
before: Let y; ; be the state after j speedy steps starting the walk from x; € V, i.e. y;0 := x;, and
let m; ; be the corresponding probability distribution. Then for y ¢ V/

' Ty 3i(y) _ T-5ftiy1(y)
W) S S mAY) ST S 12

where the last inequality comes from (22). By induction on j we get 7} ;(y) < 1225 fiz41(y) for any

y € K;. Now we can bound the expected number of steps of the ¢-th walk, conditioned on the event
A B(X|A) < 528 < 4% u

i(1—e2) 1—e2

5.5 From Speedy Distribution to the Uniform Distribution

Algorithm 38 (Sampling from Uniform Distribution) Let A be an algorithm generating sam-
ples from K. Using A generate samples y1, s, ... until a point yy is obtained such that z := QZT_Lka €
K. Return z.

We will use this well-known geometric statement for the analysis of this algorithm.
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Lemma 39 Let H be a half-space not containing the point y. If the distance t of H from y satisfies

§//n < t, then
VOln(H N B(y, 5)) < e_nt2/(262)

vol, B(0, ¢)

Theorem 40 Let § < ﬁ and ¢ < 1/10. If 7 is the distribution associated with algorithm A

such that dy, (7, 1) < e, and 7' is the distribution of Algorithm 38, then dy, (7', u) < 11e. Further,
the expected number k of samples y; needed in Algorithm 38 is less than 5.

Proof :
Let @ = 1 — 5= and K’ := oK. We search for the first y; in K'. Let A’ be the average local
conductance of K’', i.e. A := Vol fK, ) dy. We will show that A" > 1 — ¢, allowing us to

conclude that w(K") > 1/5, as Well as dtu(ﬂ' u) < 1le.
Let us assume A’ > 1 — e. For the total variation distance, we want to prove that for any
measurable set S C K, the difference |7'(S) — u(S)| < 1le. Since 7'(z) = 7(az)/7(K'), we get

_ 7(aS)
w(K')

a(aS) + ¢
(K") =
where the last inequality comes from the assumption about the total variation distance of fi and 7.

[.sly) dy - vol, (aS)

T lly) dy = [ 1(y) dy

—u(S) < — u(S),

plas) =

Similarly,
vol, (K") vol, (K')

——— > (1—¢

Tl ds =~ T 1) dy
By definition of uniform distribution, u(z) = 1/vol,(K). Thus u(S) = :;’11:((?) = Zgiz((‘;‘(s,; For
7'(S) — u(S) we get

A(K") = A’ (23)

. vol, (aS) +6fK dy _ vol,(aS)
() = n(S) = (1 —¢)vol,(K") — st vol,, (K")

Since ™" < e/~ < e, we can bound [, l(y) dy < vol,(K) = (£)"vol,(K") < evol,(K'). Then

vol, (aS) + eevol,, (K') — (1 — € — ge)vol, (aS)
(1 —e —ee)vol, (K')
ce N e(l+e) vol,(aS)
l—e—ce 1—ec—ce vol,(K')
2ee+¢€ 2e +1

<

l—e—ce ™ 1—5(1+e)

m'(S) —u(S) <

e < 1leg,

where in the second inequality we used «S C K', and the third inequality holds for sufficiently
small € (i.e. € < 1/10). Thus we get 7'(S) — pu(S) < 1le, proving dy, (7', ) < 1le.
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Now we can bound ji(K") using (23).

a"vol, (K)
fK l(y) dy

where the last inequality comes from A < 1 and € < 1/10. By the assumption on the total variation
distance of /1 and 7, we know that w(K') > 1/5, allowing us to conclude that the expected number
of y; computed by the algorithm is less than 5.

At last, we need to prove the bound on A’, i.e. A’ > 1—e. We will show that [,,(1—1(z)) dz <

evol,, (K') from where the A’ bound follows directly. Since 1 —[(z) = %

1_6>1+
el 5 =

K > (1-2) —1-95 >

, we have

/,(1 () dr = mml%{u,w s e Ky ¢ K, ||z -yl <6}

Therefore

1
1—I(z da::/ 7/ vol,(B(y,d) N K') dy dt
/'( (=) 1>0 vol, B(0,6) (1+t+dt) K\(1+t) K (B(y.9) )

Let y ¢ (1 4+ t)K. Using Lemma 39 we can bound vol,(B(y,0) N K'): Let o be the hyperplane
separating y from K tangent to (14+¢)K. Let d, be the distance from the origin to the corresponding
hyperplane tangent to K. The perpendicular distance from y to the corresponding hyperplane
tangent to K’ is at least (14t — a)d,. Since B(0,1) C K, we have d, > 1 and the distance is at
least 1 +t—a =1+ % Now we can use Lemma 39:

vol,(B(y,0) N K') < e ™t+2:°/)y01, B(0, 8)

_ 6—1/(8n62)e—t/(262)e—nt2/(262)VO1nB(07 5) < 6—1/(87162)e—t/(2<52)volnB(07 5)

For [,.(1 —I(x)) dx this means:

/ (1—=1I(z)) dx < / / ¢V Bn0%) =t 2% gy gy
' >0 J (1+t+dt) K\(1+0) K

Since (1 +¢)K C (1 +t+ dt)K (because K contains the origin), we can estimate the volume of
(14+t+dt)K\ (1 +t)K:

vol,(L+t+dt)K\ (1 +t)K) = vol,((1+t+dt)K)—vol,((1+t)K)
= [(1+t+dt)" — (1 +t)"]vol,(K)
= n(1 +t)" 'vol,(K) dt < ne™vol,(K) dt

Thus,

/ (1—1I(x)) dx < voln(K)/ ¢ M) et/ ent gy < o=/ )yl (K < evol, (K)
K’ £>0

For the second inequality one needs to compute one-dimensional integral ft>0 e~t/(20%)+nt gy < %
The last inequality follows from substituting for 6. This concludes the proof of this theorem. W
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Algorithm 41 (Sampling N almost independent points from the uniform distribution.)
Given ise >0, N € N, and K, a convez body such that B(0,1) C K C B(0, D).

1. Let zy be the point returned by Algorithm 35.

2. Leti:=2 and j:=0.

3. While 3 < N do: Run Algorithm 33 from x; 1 and obtain x;. If 222%’ € K, then j:=j+1,
and y; = x;.

4. Return yi,...,yn.

Theorem 42 Algorithm /1 uses O*(n*D? + Nn?D?) oracle calls. If w; is the distribution of y;,
then 7 is e-close to the uniform distribution p in total variation distance, and for every i # j the
points y; and y; are e-independent.

Proof :
Let o; be the distribution of x;. Then by Theorem 37 the distribution o is close to /i in the Lo-
distance: ||o;—fi|]2 < e. Thus we have a good starting distribution and we may apply Theorem 34 to
get ||o; — fi||2 < e for every i. By the same theorem the points x1, 25, ... are pairwise e-independent
since for every 7 and j > ¢ we did get from x; to x; using more than ¢ steps of the speedy walk.
Recall that dy, (0, 1) < 1[|o; — ]2 (see (1)). Therefore Theorem 40 gives us dy,(m;, p) < 11/2¢.
The expected number of oracle calls in step 1 is O*(n®D?), see Theorem 37. For generating z;
for i > 1 we need O*(3) = O*(n>D?) oracle calls, see Theorem 34 and Theorem 12. By Theorem
37 the total expected number of z; generated by the algorithm is less than 2/N. By Wald’s equality
this gives us total O*(n®D? + Nn*D?) oracle calls. |
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